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Abstract

In this paper, we consider the Cauchy problem to the heat conductive compress-
ible Navier—Stokes equations in the presence a of vacuum and with a vacuum far
field. Global well-posedness of strong solutions is established under the assumption,
among some other regularity and compatibility conditions: that the scaling invari-
ant quantity [l pollos (Il 0115 + 1l 201136 /B0t l1) (I Vuoll3 + | pollsoll /R0 Eoll3) is
sufficiently small, with the smallness depending only on the parameters R, y, u, A,
and « in the system. Notably, the smallness assumption is imposed on the above
scaling invariant quantity exclusively, and it is independent of any norms of the
initial data, which is different from the existing papers. The total mass can be either
finite or infinite. An equation for the density-more precisely for its cubic, derived
from combining the continuity and momentum equations-is employed to get the
L (L?) type estimate of the density.

1. Introduction

In this paper, we consider the following heat conductive compressible Navier—
Stokes equations for the ideal gas:

0rp + div (pu) =0, (L.D)
p@u~+ u-Vyu) — pAu — (u+ 1)Vdivu + Vp = 0, (1.2)
cpp (0,0 +u-VO)+ pdivu — kA0 = Q(Vu), (1.3)

in R? x (0, 00), where the unknowns p > 0,u € R3, and & > 0, respectively,
represent the density, velocity, and absolute temperature. Here p = Rp0, with
positive constant R, is the pressure, ¢, > 0 is a constant, constants pu and A are
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the bulk and shear viscous coefficients, respectively, positive constant « is the heat
conductive coefficient, and

Q(Vu) = %m (V)2 + A(divi)?,

(Vu)! is the transpose of Vu. The viscous coefficients u and A satisfy the physical
constraints

uw>0, 2u+31=20.

The additional assumption 24 > XA will also be used in this paper.

Due to their fundamental importance in fluid dynamics, extensive studies have
been carried out and many developments have been achieved on the compress-
ible Navier—Stokes equations over the last seventy years. Mathematical studies on
the compressible Navier—Stokes equations started with the uniqueness results by
GRAFFI [15] in 1953 for barotropic fluids and by SERRIN [43] in 1959 for gen-
eral fluids, and include the local existence result by NAsH [41] in 1962 for the
Cauchy problem. Since that time, comprehensive mathematical theories have been
established for the compressible Navier—Stokes equations.

The mathematical theory for the compressible Navier—Stokes equations in 1D is
satisfactory and, in particular, the corresponding global well-posedness for arbitrary
large initial data and the initial density can either be uniformly positive or only
nonnegative (that is, it can vanish on some subset of the domain). For the case in
which the initial density is uniformly positive, the global well-posedness of strong
solutions with large initial data was first proved in [23] for the isentropic case,
and later in [25] for the general case, and the asymptotic behavior of the solutions
was recently proved in [29], (see also [2,22,24,49,50]) for some related results.
For the case in which the initial density contains a vacuum, the corresponding
global well-posedness of strong solutions was recently proved by the author and
his collaborator; see [27,28,31,32].

Compared with the one dimensional case, the mathematical theory for the multi-
dimensional case is far from satisfactory and, in particular, some basic problems
such as the global existence of strong solutions and the uniqueness of the weak
solution are still unknown. In the case that the initial density is uniformly positive,
the local well-posedness was proved a long time ago, (see [20,36,41,44,45,47] and,
in particular, that the inflow and outflow were allowed in [36]), however, the general
global well-posedness is still unknown. Global well-posedness of strong solutions
with small initial data was first proved in [37-40], and later further developed in
many papers; see, e.g., [3,4,8-11,16,26,42,46]. In the case that the initial density
allows a vacuum, the global existence of weak solutions was first proved in [34,35]
(see [1,12-14,21] for further developments), but the uniqueness is still an open
problem. The local well-posedness of strong solutions was proved in [5—7], and the
global well-posedness with small initial data but allowing large oscillations, was
proved in [19] (see [18,30,48] for further developments).

The aim of this paper is to establish the global existence of strong solutions
to the Cauchy problem of (1.1)—(1.3), under some smallness assumptions on the
initial data, in the presence of initial vacuum, and with a vacuum far field. The
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main novelty of this paper is that the smallness assumption is imposed exclusively
on some quantities that are scaling invariant with respect to the following scaling
transform:

(P03 (x), 02, (x), 602, (x)) = (po(Ax), Aug(Ax), A20p(Ax)), VA #0. (1.4)

This scaling transform on the initial data inheres in the following natural scaling
invariant property of system (1.1)—(1.3):

P (x, 1) = p(hx, A1), up(x, 1) = Au(ix, A%1),  6i(x, 1) = A20(hx, A%1);

that is, if (p, u, 0) is a solution with initial data (g, ug, ), then (o, uy, 6;) is
also a solution for any nonzero A, but with initial data (po;, uo;., 6ox.)-

The reason for us to impose the smallness assumptions on scaling invariant
quantities, rather than on those that have not, is the following fact: if assuming that
A is a functional such that

M (poy., oy, Bop) = A (po, 1o, 6p), YA #0, forsome constant £ #~ 0,

and that the global well-posedness holds, for any initial data (g, ug, 6p) satisfying
M (po, uo, 6p) < o, and for some g9 > 0 depending only on the parameters of the
system, then, by suitably choosing the scaling parameter X, one can show that the
system is actually globally well-posed for arbitrary large initial data. This global
well-posedness for arbitrary large initial data is, however, far from what we have
already known.

Before stating the main results, we first clarify some necessary notations used
throughout this paper. For I £ ¢ < oo and positive integer m, we use L9 =
L4(R3) and W™4 = W™4(R3) to denote the standard Lebesgue and Sobolev
spaces, respectively, and in the case that ¢ = 2, we use H” to replace W2, For
simplicity, we also use notations L¢ and H™ to denote the N product spaces (L)Y
and (H™)N, respectively. We always use lull; to denote the L9 norm of u. For
shortening the expressions, we sometimes use ||(f1, f2, ..., fu)llx to denote the

norm vazl Il fillx orits equivalent, (ZlNzl ||f,-||§()§. We denote
phr = {u e Ll (R3) ’ IV5ul, < oo}, D* = Dk2,
D} = {u e LSRY) ) 1Vully < oo}.

For simplicity of notations, we adopt

/fdx:/IR3fdx.

Definition 1.1. Let 7 be a positive time and assume that

p0,00 =20, poe H' nW"9, (ug,6) € D} N D*.
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A triple (p, u, 0) is called a strong solution to system (1.1)—(1.3), on R3 x (0, T),
with initial data (pg, uo, 6p), if it enjoys the regularities

peCq0, Tl H' nWh4), (u,0) € C([0, T1; D} N D*) N L0, T; D*9),
pr €C([0, T1; L*NLY), (u;,6,)€L*(0,T: D)), (/pus, \/00) €LS(0,T; L?),

loc

satisfies (1.1)—(1.3) a.e.in R? x (0, T'), and fulfills the initial condition
(p, u, O)li=0 = (po, uo, 6o).

Remark 1.1. Note that the solutions considered in this paper have the regularities
(u,0) € C([0, T1; Dé N D2), and the initial values of p, u, and 6 are well-defined.
Therefore, one can impose the initial conditions on u and 6, even if the initial
vacuum is involved.

Definition 1.2. Assume that (pg, ug, 6p) satisfies the conditions in Definition 1.1.
A triple (p, u, 0) is called a global strong solution to system (1.1)—(1.3), with initial
data (pg, uo, 8o), if it is a solution to the same system with the same initial data on
R3 x (0, T) for any positive time 7.

We are now ready to state the main result of this paper.

Theorem 1.1. Assume 2 > A and let g € (3, 6] be a fixed constant. Assume that
00, Ug, and Oy satisfy

00,6020, p<p, poeH NnWi,  /pobo € L?, (uo, ) € Dy N D?,
—uAug — (u+ 2)Vdivug + Vpo = /pog1, kA + Q(Vuo) = /pog2

for a positive constant p and some (g1, g2) € L2, where po = Rpobo.

Then, there is a positive number &y depending only on R, y, i, A, and k, such
that system (1.1)—(1.3), with initial data (po, ug, 6o), has a unique global strong
solution provided that

A6 = p(lpolls + A2 l/Pouoll3) (IVuoll3 + pliv/poEoli3) < eo.

Remark 1.2. (i) One can easily check that the quantity .4g in Theorem 1.1 is scal-
ing invariant with respect to the scaling transform (1.4). Therefore, Theorem 1.1
provides the global well-posedness of system (1.1)—(1.3) under some smallness
assumption on a scaling invariant quantity, in the case that the vacuum is al-
lowed. We were not aware of this kind of result before for the compressible
Navier—Stokes equations, even for the isentropic case.

(i1) Global well-posedness of strong solutions to the Cauchy problem of system
(1.1)—(1.3) in the presence of vacuum has been proved in [18,48], with a
non-vacuum far field and a vacuum far field, respectively. The assumptions
concerning the smallness in [18,48] are imposed as

P0
Co /(7|uo|2+R<pologpo—po+1)+y_1

é 80 = 80(”p0”009 ”00”007 ||VM()||2, R’ % ,lL, A-’ K)

po(Bo — log 6y + 1)) dx
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and
/Po dx < g0 = e0(llpolloo, I/ P00 2, IVuoll2, R, ¥, 1, &, k),

respectively. Since the explicit dependence of g9 on || 00 [l co, 16000, |/P0b0 2
and ||Vugll2 are not derived in [18,48], the scaling invariant quantities, on
which the smallness guarantees the global well-posedness, cannot be identified
there.

(iii) Compared with the global well-posedness result in [48], our result, Theo-
rem 1.1, allows the initial mass to be infinite. This will be crucial for obtaining
the global entropy-bounded solutions in our forthcoming paper [33].

Compared with the isentropic case considered in [19], the additional difficulty
for studying the global well-posedness of the full compressible Navier—Stokes equa-
tions is that the following basic energy inequality does not provide any dissipation

estimates:
2 2
[p (% +c,,9) dx = /,00 (@ +cv90) dx.

Note that the dissipation estimates of the form fOT ||Vu||% < C, which can be
guaranteed by the basic energy estimates for the isentropic case, is crucial in the
arguments of [19]. To overcome this difficulty, some types of dissipation estimates
were recovered in [18,48], in the cases with a non-vacuum and a vacuum far field,
respectively, by using the entropy inequality and the conservation of mass. Noticing
that the entropy inequality (a crucial tool in [18]) holds only in the case of having a
non-vacuum far field and the finiteness of mass is crucial in [48], and recalling that
we consider the case with a vacuum far field and allowing possible infinite mass,
the arguments in [18,48] do not apply to the current paper.

A crucial ingredient for obtaining the dissipation estimates in this paper is the
following equation for p> (see the proof in Proposition 2.4):

2 A
K32 600% + div up™) + p*p + 07 A~ div (ou); + p° A~ divdiv (pu ® u)

:O’

which is derived in the same spirit of (5.42) in Chapter 5 of [35]. Note that the
temperature equation plays no role in deriving the above equation. This equation
is employed to get the L>(0, T; L) estimate of p. Compared with the continuity
equation, the main advantage of the above is that it enables us to get the time
independent L>(0, T'; L?) estimate of p without appealing to the L} (L°°) of div u.
In fact, the above equation leads to the inequality

T 2 1 1
sup ||p||§+/ /p%dxdz < C sup (ol lv/pulls lIvolul® 5 113)
0<t<T 0 0<t<T

T
+C/ ol 2 o131 Vul3 df + Clipol3;
0
(1.5)
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see Proposition 2.4. A key point of the above estimate is that the time integral
fOT ) ||go ||,o||§ IVu ||% dr is quadratic with respect to Vu and, thus, can be expected
to be time independent, due to the presence of viscosity in the system. Moreover,
the above inequality also provides a time independent estimate for fOT i p3pdxdr,
which, though not used in this paper, is expected to be will useful for studying the
large time behavior of global solutions. Note that if using the density equation, i.e.,
(1.1), to perform the same type of estimate, then the corresponding inequality reads
as

T
sup ||p||%§||po||§+zf fldivu|p3dxdt,
0St<T 0

which requires some decay property of divu for getting the desired estimate for
lell3.

Inequality (1.5) motivates us to impose a smallness condition on the quantity
Il oo ||§o l/Pouoll2 ||¢%|u0|2 I, which is one of the terms of .4 in Theorem 1.1, to
get the bound of || p||3. Inequality (1.5) also suggests that we should carry out the
estimates on || /oull pooo.7:12ys I/ PE I Looo.7:12) and [|pll Lo (0,7;1o0) Which are
performed in Propositions 2.2, 2.3, and 2.6, respectively. Higher order estimates are
required in the estimate for | ol (0, 7; 1), and they are carried out with the help
ofw =V xuand G = 2u+ 1)divu — p; see Proposition 2.5. Combining Propo-
sitions 2.2-2.6 and by continuity arguments, we are able to get a time-independent
estimate on a scaling invariant quantity .47 (its expression is given in Proposition
2.7) as long as it is small initially. With this a priori estimate for .47, one can further
get the time-independent a priori estimates of [|Vu|| 109 7.72) and [ o[l L>0,7; L),
based on which the blow-up criteria apply, and thus the global well-posedness
follows.

Throughout this paper, we use C to denote a general positive constant which
may vary from line to line. A < B means A < C B for some positive constant C.

2. A Priori Estimates

This section is devoted to deriving some a priori estimates for the solutions
to the Cauchy problem of system (1.1)—(1.3). The local well-posedness of strong
solutions is guaranteed by the following proposition, which is proved in [7]:

Proposition 2.1. Under the conditions in Theorem 1.1, system (1.1)—(1.3) has a
unique local strong solution with initial data (pg, uo, 6p).

In the rest of this section, we always assume that (p, u, 8) is a strong solution
to system (1.1)—(1.3) on R3 x (0, T) for some positive time 7', with initial data
(po, ug, 6p). By definition, (p, u, 6) has the regularities stated in Definition 1.1.

2.1. Energy Inequalities

Proposition 2.2. The following estimate holds:
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T T
sup ||w3u||%+/ IIVMII%dt§CII«/_/00M0||%+C/ lol21V6I3 dr.
0<I<T 0 0

for a positive constant C depending onlyon R, y, u, A, and k.

Proof. Multiplying (1.2) by u and integrating the result over R3, and noticing that
® 4+ A > 0, it follows from integration by parts and the Cauchy inequality that

d . .
EII\/EMH% + ullVulls £ Rllplsl0lslldivalls < Cllollsl Vo2 lIdivul,
< (w+Mldivals + CllpI3IVOI3,
from which the conclusion follows by integrating in t. O

Proposition 2.3. Assume that 2p > A. Then, the following estimate holds:

T
sup ||ﬁE||%+/ (VO3 + IllulVull3) dr
0t <T 0

r 1
< ClvpoEoll3 + C/ lollsolloll3 1/P0 11211 (VO, [ul Vi) |3 dt,
0

forapositive constant C depending onlyon R, y, i, A, and k, where E = %—i—cv&
Proof. One can verify that
PO E+u-VE)+div(up) — kA6 =div(S - u), 2.1

where S = w(Vu + (Vu)') + Adivul. Multiplying (2.1) by E and integrating the
result over R3, it follows from integration by parts that

EallﬁEllz-l-KCvllV@Hz

\V/ 2
=/[—§Ve.vm|z+(up—5.u).(ch9+ Jul )} dx

2

CyK
< ; ||ve||%+C|||u|w||%+C/p292|u|2dx,
which yields
d
anﬁEnﬁ +keo|VOI3 S Nl Vull3 +/p292|u|2dx. (2.2)

Multiplying (1.2) by |u|?u, it follows from integration by parts that
1d .
33 IVAIPIE = [ Gusuct a0 Vaive) - lufuds

= —fpdiv(|u|2u)dx

A
< (u—5)/|u|2|Vu|2dx+C/,0292|u|2dx.
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Some elementary calculations show that
— f (WAu + (u + A)Vdiva) - [u)Pudx = Qu — ,\)/ lu)?|Vul|* dx.
Combining the above two inequalities leads to
%nmwzu% +2Q2u = Ml Vul3 S / p*0°|ul® dx. (2.3)

Multiplying (2.3) by a sufficiently large number K dependingonlyon R, y, i, A
and k and summing the result with (2.2), one obtains

d
3 UVPEI + KIV/plul?13) + ke lVOI3 + @i — MK [l Vull3
< fp292|u|2 dx,
from which, noticing that the Holder and Sobolev inequalities yield
3
/p292|u|2dx < 1IVPe 1218 ll6ll1ulll6ll o1l
1
S V0121Vl V w21l plloo 1 o115 2.4
one obtains
L VBEIR + KIVBluPI3) + kel VOI3 + Qu — MK | ul Yl
ar PLEIS plul=lz v 2 M 2
1
S lplloolloll3 Ip0I2VO 211V 1wl l2.
Integrating this in ¢ and using the Cauchy inequality, the conclusion follows. O

Proposition 2.4. The following estimate holds:

T 2 1 1
sup ||p||§+/ /p3pdxdr <C sup (ol lvaulll 1vall i oD
0T 0 0=t<T

T
+c/ Lol 1o121Vull2 di + Cllol,
0

for a positive constant C depending only on R, y, i, X, and k.
Proof. Applying the operator A~ !div to (1.2) yields

A7 div (pu); + A7 Ndivdiv (ou ® u) — Qu + Mdivu+ p=0.  (2.5)
Multiplying the above equation by p3 and noticing that

30> + div (up?) + 2divup® = 0,
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one obtains

2u 4+ A . 1. a4
,uz (3,p3+dlv(up3))+,03p+,o3A div (pu), + p> A~ divdiv (pu @ u)

—0. (2.6)

Integrating the above equation over R? yields

2u+ A
2

d 1
E||p||§+/p3pdx+/p3A Ydiv (pu); dx
= —/,o3A_1divdiv (pu ® u)dx. 2.7
Using (1.1), one deduces
3a—14:
/,0 A7 div (pu); dx
d 3A—14: . 3 . 3 14
=a p A7 div (pu)dx 4+ | [div (p”u) + 2divup’]A™ div (pu) dx
= /[Zdiv up> A Ndiv (pu) — p2u - VA~ div (pu)] dx
d 3414
+E p” A7 div (pu) dx.

Therefore, it follows from (2.7) that

d 20+ A
— < REA | A-div (,ou)> pddx + / 03 pdx
dt 2
= / [,03(u - VA 'div (pu)— A~ divdiv (pu ® u))—2div up3A71div (,ou)] dx.
(2.8)
Noticing that
IVA~Ydiv (pu)ll2 S llpullz S llelsllulls,
1A divdiv (ou @ w)ll3 < lllullly < lolsllull,
it follows from the Holder and Sobolev embedding inequality that
/,03(u - VA~ div (pu) — A~ divdiv (pu @ u)) dx
S lel3leolslulg < lollzlol3lVull3. (2.9)

By the Sobolev embedding and elliptic estimates we have that

A~ div (pu)lle S VAT div (pu)ll2 S llpull
S llellsllulls < lelislValla,
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and, thus, the Holder inequality yields

‘/divup3A‘1div (pu)dx| < Idivulallp 1311311 Vulla < ol N3 Vull3.
(2.10)

By the Gagliardo-Nirenberg inequality and using the elliptic estimates, it follows
that

1 2
A~ div (pu)lloe S AT iV (o) |12 IV AT div (ou)II;

1 2 2 1 1
S loully lpull < Ioldlv/oully I/elu?l3 . (2.11)

Integrating (2.8) in ¢, using (2.9)—(2.11), and by some straightforward calculations,
the conclusion follows. 0O

Proposition 2.5. Assume that

sup Ipllc = 4p.
0T

Then, there is a positive constant C depending only on R, y, (u, A and k, such that

(555

< ClIVuol3 +Cp sup II/pbl3 +Cp° fo IVull31(Vu, /5/00)3 dt

0<t<T

dr

sup ||Vu||2+/

0<t<T

T 1
+C [ G+ BRI IO 96. lvVi ar
where G = 2u + AM)divu — pand w =V X u.
Proof. Multiplying (1.2) by u,, it follows from integration by parts that
d 2 : 2 : 2
EE(MIIVullz + (n+Mldivully) — [ pdivu, dx + |/pu:ll3

- / p-Vyu-u;dx. (2.12)

G+p

Noticing that divu = TR it follows that

d
—/pdivutdx=—d—t/pdivudx+/p,divudx

d i 1
=—5'/pd1vudx+ ||P||2 2M+k/plde' (2.13)

1
2Q2u + A) dt
Note that (1.3) implies

= (y — D(Q(Vu) — pdivu + k A8) — div (up),
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and thus, integration by parts gives

/p;G dx = /[(y — 1D)(Q(Vu) — pdivu)G + (up — k(y — 1)VO) - VG]dx.
(2.14)

Substituting (2.14) into (2.13), then the result into (2.12), and noticing that || Vu ||% =
||a)||% + |Idivu ||%, by some straightforward calculations that one obtains that

1d , IG5 )
Sa (m|w||2+ iri) " I/puell3

1
2+ A

=—/p(u-V)u~u,dx+ /(K(y—l)V@—up)~Vde

y—1 )
T /(Q(Vu) — pdivu)G dx. (2.15)

Use Au = Vdivu — V x V x u to rewrite (1.2) as
p(u;+u-Vu) =VG — uV x w. (2.16)

Testing this by VG, noticing that [ VG -V x w dx = 0, and recalling [|p[lo0c < 47,
yields

||VG||%=/p(u,+u-Vu)-Vde

VG
§/(| 2' +2,5,0|u,|2) dx+/,ou-Vu-Vde,

which gives

IVGl3 _ 1 , 1 /
< — -V)u - VG dx. 2.17
65 = 4||\/5uz|I2+8/(3 pu-Viu X (2.17)
Similarly,
2 2
w Vol 1 1
Tﬁz§Z||ﬁu,||%+8—ﬁ/p(u~V)u~wadx. (2.18)

Thanks to (2.17) and (2.18), one obtains from (2.15) that

1d 2 ||G||§ 1 2 1 2 2 2
—— + += + —(IVG|? + L2V
¥ T, <M||w||2 ) 2llﬁuzllz 16,6(” I3+ uIVoll3)

1
= C/,OIMIIVMI [qul + E(VGI + IVwI)} dx ~I-C/(IV9| + pOlu)|VG|dx

+c/(|W|2+pe|W|)|G|dx =1 +5h+1. (2.19)

The terms I1, I, and I3 are estimated as follows: for I1, by the Holder and
Young inequalities, one obtains
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L S VallulVullzlly/pudllz + ul Vul2(IVGll2 + [ Veoll2)

111 2 1 2 2 2 = 2
3 [Ellﬁuzllz + E(IIVGllz + u7lIVolly) [ + CplllulVull;.

A

Recalling (2.4), it follows from the Holder and Young inequalities that
L S IVOIRIVGI2 + I pfull2 VG2

1 1 1 1
S IVOIRIVGl2 +/olel3 IVl VO3 IV1ul 3 VG

_IVGIE

= "96p +C<,0 ||P||s||«/_9||2+,0>(||V9||2+|||u|vu||2)

The elliptic estimates and Sobolev embedding inequality yield that

IVulle S IV x ulls + ldivulls < llwlls + 1Glle + 10016
S IVoll2 + VG2 + plIVO 2. (2.20)

Using (2.20), by the Holder, Sobolev, and Young inequalities, one deduces that
Iy < IVul2IVullgIGlis + IVl o861 Glla
< CIVula(IVG 2 + IVola + FIVEIDIGIZ VG
+/3||Vu||z||ve||z||G||§ VG2

_<||VG||2 + 12| Vol3) + CA° | Vul3I1GI3 + CalIVol3.
96

Substituting the estimates for /;, i = 1, 2, 3 that into (2.19) yields

d >, G131 2, 1 2L 2o
— = —(IVG v
ar <M||60||2 + 20+ A + 2||\/5”t||2 + 16,5(” 12+ 1 lIVall2)
S+ |Ip||3 IVPOIDUVON3 + [l Vul3) + 5° [Vul31Gl3.
from which, integrating in 7 and using
1Vulla < llollz + 1Gl2 + 100112 < llwllz + 1Gll2 + vAlV/A0 2,
the conclusion follows by straightforward calculations. O

Proposition 2.6. Assume that

sup [[pllec = 4p.
0<t<T

Then, there is a positive constant C depending onlyon R, y, |4, ,, and k, such that

W

1 1
Cp3su I /Bull 3 1 s/BlulI3 +C5 [T IVulla | (VG, Vo, 5Y0) 12 df
sup ||P||oo§||,00||oo€ Posi<T voulz Iy/p! 5 f() .
0<t<T
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Proof. Denote O = {x € R3|pp(x) = 0} and Q = {x € R3|pp(x) > 0}. Define X
as

0 X(x,t) =u(X(x,1),t), X(x,0) =x.

Then p(X (x,t),t) =0 forany x € O, and p(X(x,t),t) > 0 for any x € Q. One
can verify that {X (x, f)|x € R3} = R3 for any t € (0, T'). Therefore

sup p(x, 1) = sup |p(X (x, 1), Dlloc = sup p(X (x, 1), 1), (221)

xeR3 xeR3 xeQ

Rewrite (2.5) as

3 A~ div (pu) +u - VA~ ldiv (pu) — Cu+1divu + p
=u-VA~'div(pu) — A7 divdiv (pu @ u) = [u, R ® Rl(pu), (2.22)

where R is the Riesz transform on R3. Using the fact that %(f(X (x,0),1) =
@ f +u-V)(X(x,t),t),it follows from (1.1) that

j—t(logp(X(x, 1),t)) = —divu(X(x,1),t), VxeQ.

Therefore, for any x € €2, it follows from (2.22) that

;7((2“ + ) log p(X (x, 1), 1) + (A~ div (pu)) (X (x, 1), r))

+p(X(x, 0,1 = ([, R®RI(ow)) (X (x, 1), ).
Due to p = 0 and (2.21), one can easily derive from the above equality that

(supoy<r 147" div () lloo [y Nt RORI(pi0) oo d)

C
olloo = llpolloce (2.23)

Using the Gagliardo-Nirenberg inequality and the commutator estimates, one de-
duces

1 4
4, R ® RI(pw)lloo < Illu, R @ R1(pw) 13 I VIu, R @ Rl(pu) 4

4

1 1 4 Lo 4 3 1
S lullg lloulig 1Vulig lloull iy < pllullg lullg IVullg <IIM|I§ IIVullé)

S AIVul2Vulls S plIVul2(IVG 2 + [IVellz + p1VO]l2),

where, in the last step, (2.20) has been used. Thanks to this and recalling (2.11),
the conclusion follows from (2.23). O
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2.2. A Priori Estimates
Proposition 2.7. Assume that 2pu > . Denote

N =p sup (lplls+ > I/puld)®) sup (IVul3 + plV/PEIR ).
0<t<T 0<t<T

Then, there is a positive constant 0y depending only on R, y, i, » and k, such that

if

n=mno, sup lpllec £4p, and N7 = /1,
0<t<T

then the following estimates hold:

sup IIJ_EII2+/ 1(V6, [u| V)3 dr < Cllv/poEoll3,

0<t<T

1

T 3
sup ||p||s+<f0 /p%dxdz) < Clpolls + A%l pouoll3),

0<St<T

( sup [lv/pull3 + f ||W||%dt> < C(llpolls + A2 lv/potoll3),

0<t<T
2 VG Vo) |? 2 = 2
sup IIWII2+ U, —=, df§C(”V“O”z+P||«/,00E0||2),
0<<T NN
§ 3
sup [Ipllec < peC0" TCM,
0<St<T

for a positive constant C depending only on R, y, i, . and k, where

A6 = plpolls + 22 1Iv/pouoll3) (I Vuol3 + Allv/poEoll3).

Proof. By assumption, it follows from Proposition 2.3 that

T
sup ||ﬁE||%+f0 (VO3 + IlulVull3) dr

0<t<T
s P p
§C||\/,OOEO||%+C7761/ (IIVO115 + [llulVull3) dt,
0

which, by choosing 1 suitably small, implies that

T
sup [Iv/PEI3 + / (IVOI3 + llulVul3) dr £ Clly/moEol3.  (2.24)
0T 0
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Thanks to (2.24), using the assumptions, and applying Proposition 2.2, one obtains

sup |l/pull3 + / IVul3dr < Cll/pouoll3 + Cliv/eoEoll3 sup llpll3

0<t<T 0St<T

< Cll/pouol3 +C sup |/PEI} sup ol
0<t<T 0<t<T

C/Mo
< Cllv/pouoll3 + =%

sup |lpll3.  (2.25)
0T

Using the assumptions and (2.25), it follows from Proposition 2.4 and the Young
inequality that

T
sup o3 +f /pSpdx d
0<t<T 0

- -
< Cllpol3+Cng® sup llpol3+Cp° II«ﬁuollz-l-V sup llolls] sup ol
0<t<T 0<t<T 0<i<T

€1 1 _
< Clipoll + (Cn52 +qt Cﬁo) sup (o113 + Ca%lv/pouoll$,
0<t<T

from which, by choosing ng sufficiently small, one obtains
1
T 3
sup |lplls + (/ /p3pdx dt) < Cllpolls + 27 I1/pouoll3). (2:26)
0T 0
Combing (2.25) with (2.26) yields
! 2 2 2
0 2u<p II«/_u||2+/ IVullzde ) = Cdleolls + p7lI/pouolln). (2.27)
0StsST

Using (2.24) and (2.27), it follows from Proposition 2.5 that

VG Vo
sup IIVu||%+/ (fuf, —. ) dr
0<t<T 0 «/_ \/_
5IIVuollg+/3||«/_poEoII§+ﬁ3/ Ivuldar sup (IVul +5llvo613)
0 0<i<T

1 T
X sup IIWII§+</3+/32 sup ||p||§||ﬁe||z>/0 (YO, [u|Vu)l|3 dr

0<t<T 0<t<T

S llpolls + 22 I/pouol) sup (IVull3 + GlVAEIR) sup IVul3
0<i<T 0=r=T

1
+62 sup |pll3 IW/e0l2llv/PoEoll3 + IVuoll3 + Allv/poEoll3.  (2:28)
0T
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Recalling the definition of .47 and the assumption that .47 < /79, it is clear that

Aloolls + 22 Ipouol3) sup (1IVul3 + 5lIV/AEI3)

0<t<T

<5 sup (ol + 7 IVpuld sup (IVul3 + 5IVAEIR) < A7 < Vi
0<t<T 0<:<T

and

1
1

1 2 1 1
o sup |pll3lly/efl2 < <p2 sup |lplls sup ||\/5E||%> S A7 S

0<t<T 0<t<T 0<t<T

Thanks to the above two estimates, by choosing ng sufficiently small, one can easily
derive from (2.28) that

2

sup ||Vu||2 + /

0<t<T

dr < C(IVuoll3 + Aliv/eoEol3).

(5 2
(2.29)

The estimate for ||p|l« follows from Proposition 2.6 by (2.24), (2.27), and
(2.29). O

Proposition 2.8. Assume that2u > A. Let no, N7, and N be as in Proposition2.7.
Then, the following two things hold:

(1) There is a number gy € (0, no) depending only on R, y, i, A and k, such that
if

sup lplle =40, A7 = Jeo, and N = e,
0<t<T

then

&
sup llpllee £25 and Ny < X2
0<:<T 2

(ii) As a consequence of (i), the following estimates hold:

/€0 _
N 2 and sup llpll £ 2.
0T

as long as N < &y.

Proof. (i) Let &g < ng be sufficiently small. By assumption, all the conditions in
Proposition 2.7 hold, and thus

N < Cp(llpolls + 52 ll/pouoll3) (I Vo3 + 5llv/BoEoll3)
=CM = Ceo = @
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and

1 1 1 1
_ 6 2 _ [ 7 _
sup [[plloe < €07 TCMT < 5eCo0 +C8 < 25,
0<t<T

as long as gy is sufficiently small. The first conclusion follows.
(i) Define

Ty :=max {7 € (0, T]‘JVT = Veo, sup lplleo =40
0St<T

Then, by (i), we have

N

A

/€0 _
T sup lIplles =2p, V7T € (0, Ty). (2.30)
0<St<T

If T4 < T, noticing that .47 and supy<,<7 llplloc are continuous on [0, T'],
there is another time Tws# € (T, T] such that

Niw SV and  sup [plloo < 45,
Oéth##

which is the contradiction to the definition of 7%. Thus, we have Tx = T, and the
conclusion follows from (2.30) and the continuity of .47 and supy<,<7 ll2lloc
on[0,7T]. O -

The following corollary is a straightforward consequence of Proposition 2.7
and (ii) of Proposition 2.8:

Corollary 2.1. Assume that 2j > A. Let &9 be as in Proposition 2.8 and assume
that Ny < €g. Then, there is a positive constant C depending only on R, y, i, A,

i, P, 1poll3, I /pouoll2, |/PoEoll2 and || Vuolla, such that the following estimates
hold:

sup ((VPE. /ou, Vu)l5 + lolls + llpllee) = C,
0<t<T

T
/ (n (VO, |ulVu, /ou;, VG, Vo) |15 + ||W||g+/p3pdx) dr < C.
0

3. Proof of Theorem 1.1

The following blow-up criteria is cited from HUANG-LI [17].

Proposition 3.1. Let T* < o0 be the maximal time of existence of a solution
(p, u, 0) to system (1.1)—(1.3), with initial data (pg, ug, 6o). Then,

lim (llpllzee(o,7;20¢) + llulls0,7;2r)) = 00
T—T*

2 3
forany (s, r) suchthat < + > < land 3 < r < oo.
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We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let gg and A7 be as in Proposition 2.8 and assume that
M < go. By Proposition 2.1, there is a unique local strong solution (p, u, 6) to
system (1.1)—(1.3), with initial data (pg, uo, 6p). Extend the local solution (p, u, 8)
to the maximal time of existence Tmax. If Tmax = 00, then (p, u, 0) is a global
solution and we are down. Assume that Ti,ax < 0o. Then, by Proposition 3.1, it
holds that

lil}l (ollLee.7;L00) + llull Lago.7:16)) = 0©. (3.1

max

By Corollary 2.1, it follows that we have supo<, <7 (lplloo + ||Vu||§) < C which,
by the Sobolev embedding inequality, gives || pllL,7:1%) + lull 40,716 <cC
forany T € (0, Tmax) for a positive constant C independent of 7. This implies that

lim C(llpllizeo.r:) + lull.r:L5) S C < oo,

max

which is in contradiction to (3.1). Therefore, we must have that T,ax = 00, proving
Theorem 1.1. 0O
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