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a sequence of symbols, for instance, )0 — S+, is coded by the number

2931513721112 — 4w % % |

HX1x13x 21 X 23 = % *x x%

The term 2, i.e., §S0, is coded by the number

22132151

In particular, a sequence of symbols, 6165 ...6,, is coded by the number

01 02
pf L,

where for any ¢ < n, 6; is a primitive symbol of Ly, p; is the i-th prime



number, that is, p; = 2, po = 3, p3 = 5, ldots. The above number is also

called ‘the Godel number (code)’ of the sequence 6165 .. .6,.

Quiz 1 The Godel number of the formula, -0 = S0, is 777

NN YT
Given a sequence of n formulas, Ay, As, .., A,, we can code this sequence
by the number

[_Al—l I_A27 I—An—l
P1 o Po < Pp

where for any ¢ < n, " A; " denotes the Godel number of A;.
Consider the following sequence:
(1) Yvo(vo + 0 = vp) 21532753727112313117191927235

(2) YVog(vo+0=wvy) > 1+0=1

x = 219327537271123131171919%2723529133121371 4123434719532 571

(3) SO40= S50 2213152371111913211 71

The Godel number of the above sequence is

2215327537271123131 1719 1927235 3*5221315237111191321 171

Trick of Godel’s numbering (coding) lies in that not only can we calculate



the Godel number of an expression or a sequence of expressions, but also we
can conversely figure out what the expression or the sequence of expressions

is once we know the corresponding Godel number.
The predicate ‘.. is a primitive symbol in Ly’
The statement: 0 is a primitive symbol.
1 is not a primitive symbol.

Motivation: we want to arithmetize the statement ‘0 is a primitive symbol.
That is, we want to find an arithmetic statement whose meaning is precisely

what ‘0 is a primitive symbol’ expresses.

For this purpose, we would like to find a formal predicate ps(x), which

denotes the predicate ‘z is a primitive symbol”.

Consider the set {1,3,5,...,}, the set of all odd numbers. This set is
exactly the set including all Godel numbers of the primitive symbols. The
statement ‘0 is a primitive symbol’ can be represent as ‘1 is an odd number’,

which can even formalized in Ly as Jv(1=v-v + 1).
1 is not a primitive symbol.
‘0 is a term’
‘S0 is a term’

Yug(vg + 0 = vp) is a formula’



Yug(vg + 0 = 1) is a sentence’
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A(Qfl, .. ,ZCk), Tﬁf@ﬂﬂ'{{%g,ﬁ?%ﬁ ny,...,ng,
(1) # Rlny,...,ny) s, W PAF A, ..., 7).

(2) # R(ny,...,me) RISr, W PA b —A (T, 7).
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o

PAFYv(A(ny,...,g,v) > v="m).



5138 3.5 (XA AZ%SIHE) For any formula A(vy), there exists a sentence § such
that
PAFG o A(T).
For example, A(vy) is the formula v; = 0, then we find 6, such that

PAF&< ' 6 =0

WEBA: We define a function d as follows: for any number n, if n is the
Godel number of a formula B(vy), then d(n) is the Godel number of B(7);
otherwise, d(n) = n. Then, it is evident that the function d is effectively
computable (we usually show this point by giving an intuitive procedure
(program)). Then by Theorem 4, we can find a formula D(vg,v;), which
represents the function d.

We have:
(1) if d(n) = m, then PA = D (7, m).
(2) if d(n) # m, then PA + =D (7, m).
(3) PA F Vz (D(ﬁ,x) %x:m).

Consider the formula Jv; (D(vg,v1) A A(v1)), and let it be B(vg). Let n
be its Gédel number. We denote B(7) with 6. We now prove 4 satisfies the

desired condition.



PA F 6« Ju (D@, v) A A(vy))

Let d(n) = m. Then by definition of d, m is the Gédel number of B(7n),

i.e., Godel number of 9.

PA + D(m,m)AVz (D (m,z) - x =m)

Then,

PA +F 3Juy (D@, v1) A A(n)) < D(m,m) A A(T)

Thus, we get

PA F ¢+ D(@,m) A A(m)

PA F 0 < d(n) =mA A(m)

PA + & A(d(n))
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