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Recall DA =TA A A.

Observation: if A(p) is a formula of modal language, in which only p is its

variable and any occurrence of p is in the scope of some [, then there exists
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a variable-free (=letterless) formula F' such that

GLFH(p <+ A(p)) < B(p < F).

Equivalently,

GLFH(p <+ Ap)) — (p < F).

It follows

GL+ F « A(F).

Let A(p) = Op <> O-p. We come to find a variable-free fixed point of

A(p), i.e., a variable-free formula F' such that

GLFH(p <+ Alp) — (p< F).

Recall: GL = C| iff C'is valid in any finite, transitive and irreflexive model.

Thus, we only need to find F' such that for any finite, transitive and

irreflexive model M, if M = E(p <+ A(p)), then M |= p <> F. Equivalently,

it is sufficient to make sure that if M |=p < A(p), then M =p < F.

Suppose M is a finite, transitive and irreflexive model such that M |
p < A(p), we investigate the semantical features of the variable p in the

model M.



Since M is conversely well-founded, there exists a dead end, i.e., a point
which is accessible to any point. We all know that any formula of form CIC
is true at dead end, more formally, M, 0 = OC, which 0 is a dead end in the
(domain of) model M. Thus, M,0 = A(p). But M = p <> A(p), and so
M., 0 = p.

Table 1 FyeE Op « O-p BB

Up O-p Ope0UO-p p —-p| L 0OL 0O0OL -0OL 0OOLA-0OL
0| T T T T F |F T T F F
11T F F F T |F F T T T
2| F F T T F |F F F T F
3| F F T T F |F F F T F

—(-0LA00OL), ie. OL v -OOL is the very formula F' that we want to

find.
Define the notion of rank:
A point of rank 0 is a dead end.

a point of rank 1 is a point which accessible to at least a point of rank 0,

and all accessible points from which are of rank 0.

a point of rank 2 is a point which accessible to at least a point of rank 1,

and all accessible points from which are of rank < 1.

a point of rank 3 is a point which accessible to at least a point of rank 2,



and all accessible points from which are of rank < 2.

We find: the truth value of p at a point is determined by the rank of that

point.

We come to verify that a variable-free fixed point of A(p) = O-p is OL.
Suppose M = p <> O-p.

Table 2 IGHIEE AITCA TCA SN A6 T

=p p —-p| L 0OL =-0OL
o T T F |F T F
F F T |F F T
2 F F T |F F T
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Table 3 IGHF AT TCA B AT KBl 1

Op -Op p|l L OL -OL
o] T F F||F T F

F T T|F F T
2| F T T|F F T

Table 4  IGHIE B AITCE TCA SN S A6 T

OL OF-p«0OL) p —-p —-p0OL L

0| T T T F F F
F F F T F F

2| F F F T F F
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