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@ A toy language
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@ Socrates is a philosopher.
@ Socrates influences Plato.
@ Socrates influences all philosophers.

@ Some philosopher influences all philosophers.
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Symbols

Interpretations

P(z) x is a philosopher
Q(z1,72) | x1 influences z,
a Socrates

b Plato
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Symbols | Interpretations
P(z) x is a philosopher
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a Socrates
b Plato

@ Some philosopher influences all philosophers.
(*) E|I’1(P(ZL‘1) /\\V/I'Q(P(ZL‘Q) — Q(l’l,.l’g))
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A toy structure

@ A (non-empty) domain A (the set of human beings, or any other
set including all philosophers).
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A toy structure

@ A (non-empty) domain A (the set of human beings, or any other
set including all philosophers).

@ the property R; (being a philosophy), as the interpretation of P
@ the relation R (influencing), as the interpretation of @
@ the philosopher Socrates, as the interpretation of a

@ the philosopher Plato, as the interpretation of b

2A = (A, Ry, Ry, Socrates, Plato)

The similarity type of 2 is
<]v 2; -5 2>
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The alphabet for a toy language

@ (individual) variables: xzq, z1, ....
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The alphabet for a toy language

(individual) variables: zg, x1, ....
connectives: —, A, V, —, <, L

quantifiers: V, 3

predicate symbols: P, Q

o
0
°
@ constant symbols: a, b
o
@ function symbols: none
0

auxiliary symbols: ) , (.

E:(P,Q,a,b>
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Terms and formulas for the toy language

@ Terms are variables or constant symbols. )

1 is a formula.

@ If ¢, t1, and t, are terms, then expressions of form P(t) or Q(t1, t2)
are formulas.

@ If ¢ is a formula, sois (—y).
@ If ¢ and ¢ are formulas, so is (¢ x 1), where xis A, V, —, Or <.

@ If ¢ is a formula, then for any variable z, ((Vz)y) and ((3z)p) are
also formulas.

@ Formulas are exactly those expressions obtained by the above
rules.
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© The arithmetic language
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@ 0 is not the successor of any number.
@ Ois less than 1.
@ 0 is an even number.

@ Any number multiplied by 0 is still equal to O.
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Symbols Interpretations

T1=25 x1 is equal to z»

Sz the successor of =

1 + o the sum of z; and x5

x1 X 1o | the product of x; and z,

0 Zero
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Symbols Interpretations

T1=T9 x1 is equal to z5
Sx the successor of x
1 + o the sum of z; and x5
x1 X 1o | the product of x; and z,
0 Zero

@ Any number multiplied by 0 is still equal to 0.
@ Vx(x X 0=0)
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The structure of natural numbers

@ The domain N of (all) natural numbers.
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The structure of natural numbers

@ The domain N of (all) natural numbers.

@ the equality relation =, as the interpretation of =

@ the successor operation ’, as the interpretation of S
@ the addition operation +, as the interpretation of +

@ the multiplication operation x, as the interpretation of x

@ the number 0, as the interpretation of 0

N = <f§}/) ﬁ_a ><a()>

The similarity type of 91 is
<__; 17 27 2; 1>
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The arithmetic language

@ variables: zg, z1, ....
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The arithmetic language

variables: zg, z1, ....

connectives: —, A, V, —, <, L

o
o

@ quantifiers: Vv, 3
@ constant symbols: 0
o

predicate symbols: = (which, again, is always uploaded, and so is
deliberately not mentioned)

function symbols: S, 4+, X

auxiliary symbols: ) , (.

Lg= (S,—|—, ><,0>
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Terms of the arithmetic language

@ Variables are terms (of £ 4).

@ 0is aterm.

@ Iftis aterm, sois St.

@ If t; and ¢y are terms, so are t; + t9 and ¢; X ts.

@ Only expressions obtained by the above rules are terms.
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Formulas of the arithmetic language

@ | is aformula (of L4).
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Formulas of the arithmetic language

1 is a formula (of L4).
If ¢; and ¢y are terms, then (¢;=t») is a formula.

°
°

@ If ¢ is a formula, sois (—y).

@ If ¢ and v are formulas, so is (¢ x 1), where xis A, V, —, Or <.
°

If ¢ is a formula, then for any variable z, ((Vz)y) and ((3z)p) are
also formulas.

@ Formulas are exactly those expressions obtained by the above
rules.
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© Structures and Languages
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A structure 2l is an ordered sequence
(A,Rl, o, Ry, Fu,y ..., By, {Ck|’l € K}>,

where
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where
@ A is a non-empty set.
@ Ry, ..., R, are relations on A.

e I, ..., F,, are functions on A.

e forall £ € K, ¢ is an element of A, and K is an index set.

E.g.
@ A = (A, Ry, Ry, Socrates, Plato)
o A= (N/ +,x,0)
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Similarity type

The similarity type of a structure 2

<A,R1,...,Rn,F1,... ,Fm,{ci|i € I}>
is a sequence

(Fiy oy Tn3 @1,y Qs K)

where R; C A", Fj : A% — A, the size of {¢;|k € K} is k.
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Similarity type

The similarity type of a structure 2

<A,R1,...,Rn,F1,... ,Fm,{ci|i € I}>
is a sequence

(Fiy oy Tn3 @1,y Qs K)

where R; C A", Fj : A% — A, the size of {¢;|k € K} is k.

y
E.g.
Structure Similarity type
(A, Ry, Ry, Socrates, Plato) (1,2;—;2)
(N, +, x,0) (—1,2,2;1)
(G, R) (1= =)
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About identity relation

Stipulate:

@ All structures possess an identity (equality) relation, unless
otherwise claimed.

@ We always omit the identity relation in a structure.

@ Accordingly, we do not mention the arity of the identity relation in
the similarity type.
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The language of a similarity type

We can use a first-order language to describe all of the structures
with a same similarity type (r1,...,rn; a1, ..., an; k). We give this
language by showing its alphabet:

@ variables: zg, x1, ....
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The language of a similarity type

We can use a first-order language to describe all of the structures
with a same similarity type (r1,...,rn; a1, ..., an; k). We give this
language by showing its alphabet:

@ variables: zg, x1, ....
@ connectives: —, A, V, =, <>, L
@ quantifiers: v, 3
@ constant symbols: ¢ for all k € K
@ predicate symbols: Py, ..., P,, (=)
@ function symbols: fi, ..., fin
°

auxiliary symbols: ) , (.

L= <P1,...,Pn,fl,...,fm,{@’kGK}>
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@ Variables and constant symbols are terms (of £).
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o If pis aformula, sois (—¢p).
@ If ¢ and v are formulas, so is (¢ x 1), where xis A, V, —, Or <.
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Other notions

@ free occurrence of a variable
@ free variable in a formula

@ sentence

@ substitution s|t/z]

@ substitution o[t/ x]

@ tisfreeforzin o
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Thanks for your attention!
Q&A
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