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Validity

@ A schema is valid, if any of its instances is valid.
@ A formula is valid, if the universal closure of it is valid.

@ A sentence is valid, if it is true for all structures (of the appropriate
similarity type).
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@ EVzp > —Jz—gp

@ F dxp & Vzp

@ FVrp — Jzp

@ EVzyp < ¢, if xisnotfreein ¢

@ Fdzp < ¢, ifxisnotfreein ¢
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@ F VaVyp < VyVxp
@ F dzxIyp > JyTzp
@ F JdxVyp — Vydzp
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@ EVz(p Ay) < Vep AV
@ Fdz(p V) ¢ JxpV Izy
@ FVzp VVry — V(e V)
@ Fdz(pAy) = Jzp A Iz
@ EVz(pV ) — JzpVVry
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@ EVz(p = ¥) = Vrp — Vo
@ EVz(p = ¢) — Jxp — Iz
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If z is not free in v, then
@ EVz(pAy) & Vrp Ay
@ FVz(p V) & Vrp Ve
@ FIz(pAY) & Jzp Ay
@ Fdz(pV )« JzxpVy
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If z is not free in v, then
@ FVz(y = ¢) ¢ (Y = Vayp
@ Edz(y — ¢) © (
® FVa(p = o) ¢ (Fzp = ¢

( ) < (

@ Flz(p o v) &
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© About substitution
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@ Let z and y be distinct variables such that 2 does not occur in r
then

tls/z][r/y] = tlr/yl[s[r/y]/=].
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@ Let z and y be distinct variables such that 2 does not occur in r
then

t[s/z][r/y] = t[r/yl[slr/y]/x].
o Let

@ t=x9+ Sz
@ s=x9 X Sr1 X Sxo

@ r—= SSZL‘g
@ Then
o tls/mllr/zy] (%0 X ST X Szt Smlr/m]

To X SSSxr3 X Sxo+ SSSz3
o t[r/z1][s[r/z:1]/z0]
= (Io + SSSJ?;),)[(!EO X §SSSx3 X Sl‘g)/.’l)o]
= 290X SSSx3 X Szo+ SSSus
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Counter-example

@ Let 2 and y be distinct variables such that = does not occur in r
then

tls/x][r/y] = tlr/y][s[r/y]/=].
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Counter-example

@ Let 2 and y be distinct variables such that = does not occur in r
then

t[s/][r/y] = t[r/yl[slr/y]/x].
o Let
e t=x9+ Sz
@ s=x9 X Sv1 X Szo
e ' =88z,
@ Then
o t[s/xzo][r'/z1]
= (xo X Sz X Sxo+ Sx1)[r'/21]
= 29X SSSxyg X Szro+ SSSx
o tlr'/z][s[r' /x1]/wo]
(zo + SSSxo)[(xog X SSSxg X Swa)/x0]
= xo X SSSzy X Sxo+ SSS(xg X SSSxy X Sx3)
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@ Let z and y be distinct variables such that 2 does not occur in r,
and let t and s be free for x and y in ¢, then

pls/allr/y] = elr/yllslr/y]/x].
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Corollary

Let ¢ be a constant symbol.

@ If 2 does not occur in ¢ then

tle/x] = tlz/x][c/ 2]

@ If z is free for z in ¢ and it is not free in ¢ either, then

ple/z] = plz/x][c/2].
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@ (Change of Bound variables) If z and y are free for z in ¢ and
neither z nor y is free in ¢, then

o F3Izplz/z] < Jyply/Z]

o EVaplz/z] ¢ Yyply/2]

(counter-)examples:
@ dx—(w=z)[z/z] +» Jy—(w=2)[y/z]
@ Jr—(z=z)[z/z] < Jy—(x=2)[y/z]
@ VaIw—(w=z)[z/z] + YyFw—-(w=z)[y/z]
@ Vrdx—(x=z)[x/z] <> VyIz—(z=2)[y/Z]
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Theorem

@ If x and y are free for z in ¢ and neither x nor y is free in ¢, then
o | 3zp[z/z] & Jyply/z]

Proof.
For any structure 2, we have

A F Jxp[z/z] iff AE plz/z]|[a/z]forsomea e A
iff A F ¢la/z]forsomeac A
iff A E ply/z][a/y]forsomea e A
iff 2= Jyply/2]

Hence, for any structure 2, 2 £ Jzp[z/z], iff A E Jyply/z]. We thus
can conclude that F Jxp[z/z] < Jyply/z]. O
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Corollary

@ Every formula is equivalent to one in which no variable occurs
both free and bound.
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Substitution theorem for terms

F t1=to — s [tl/l‘] =s [tQ/ZL'] .
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Substitution theorem for formulas
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© Additional valid schemata
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If z does not occur in t, then
@ F dz(z=t).
@ F lt/z] + Va(z=t — ¢())
o | ylt/z] & Izt A p(x)

23/26



V-introduction rules

@ Iftis free for z in ¢ and X, ¢[t/z] F 9, then X, Vap(z) F 1.
@ If z is not free in any formula of 3, and X E ¢, then ¥ E V.
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J-introduction rules

@ Iftis free for z in ¢ and X F ¢[t/z], then X F Jzp(x).

@ If z is not free in any formula of X U {¢}, and X, ¢ E 1, then
Z, 3z = .
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Thanks for your attention!
Q&A
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