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@ Definition of derivation for FOL
@ Derived rules for 3

© Rules for identity
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@ Definition of derivation for FOL
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Rules for Vv

o(z)

Vop@) |

where the variable = does not occur free in any uncanceled
hypothesis in the derivation of p(z).
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Rules for Vv

o(z)

Vop@) |

where the variable = does not occur free in any uncanceled
hypothesis in the derivation of p(z).

where t is free for z in .
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Why restriction for Vi

[z=0]
Va(x=0)
— 1

=0 — Vz(x=0)

VI

Vr(r=0 — Vz(x=0))

VE

0=0 — Vz(z=0)

vI?

5/38



Why restriction for VE

[Vo-Vy(r=y)]

, VE?
—Vy(y=y)

Va-Vy(z=y) — Vy(y=y)

— 1
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Derivation

@ A one-element tree ¢ is a derivation, whose hypothesis and
conclusion are both .

7138



Derivation

@ A one-element tree ¢ is a derivation, whose hypothesis and
conclusion are both .

D D’ L .
@ If both and , are derivations, so is
2 @

D D
© d

YN
whose conclusion is ¢ A ¢/, and whose hypotheses are the union
2) /
of those in and those in
P ¥
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Derivation (continued)

D
o If is a derivation, then the following two items are also

AP
derivations
D D
pAY PAY
ek

whose conclusions are respective ¢ and v, and whose

hypotheses are exactly the same as those in At
P
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Derivation (continued)

2
@ If both D is a derivation, so is

Y

]
D

_v
=Y
whose conclusion is ¢ — v, and whose hypotheses are those in
2
D minus .

Y
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Derivation (continued)

D D
@ If both and are derivations, so is
P o=

D 124
¥ o=
(7

whose conclusion is 1, and whose hypotheses are union of those

D
in and those in
P o=
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Derivation (continued)

o If lj is a derivation, so is

D
i
2
whose conclusion is ¢, and whose hypotheses are exactly the

same as those in
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Derivation (continued)

P
@ If D is aderivation, so is
1
[=¢]
D
L
2
-y
whose conclusion is ¢, and whose hypotheses are those in D
1
minus —p.
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Derivation (continued)

D s .
o If is a derivation and = does not occur free in any

p(x)
(uncanceled) hypothesis of D, so is
D
()
Vzp(z)

whose conclusion is Yz, and whose hypotheses are exactly the

same as those in
o()
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Derivation (continued)

D
o If is a derivation and t is free for = in p(z), so is
Vap(x)
D
V()
(1)
whose conclusion is ¢(t), and whose hypotheses are exactly the

same as those in
Voo(z)
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Derivation (continued)

Definition
@ Only the trees obtained by the above rules are the derivations.
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@ [' - ¢: there is a derivation with conclusion ¢ and with all
(unconceled) hypotheses in T'.
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@ [' - ¢: there is a derivation with conclusion ¢ and with all
(unconceled) hypotheses in T'.
In this case, we also say: ¢ is derivable from .
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@ [' - ¢: there is a derivation with conclusion ¢ and with all
(unconceled) hypotheses in T'.
In this case, we also say: ¢ is derivable from .

@ We use I p instead of @ - ¢.
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@ [' - ¢: there is a derivation with conclusion ¢ and with all
(unconceled) hypotheses in T'.
In this case, we also say: ¢ is derivable from .

@ We use I p instead of @ - ¢.
In this case, we say, ¢ is a theorem (provable).
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@ F VaVyp(z,y) = YyVap(z,y)
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@ FVz(p AY) + (Voo AVzy)
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@ FVz(p = ¢) < (¢ — Vayp), where = does not occur free in ¢.
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@ Derived rules for 3
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In (Van Dalen’s) derivations, we use the following definitions:

e =¢f ¢ =L
eVY =g (- A)
poP =¢ (P2>P)AE @)
dxp =g Ve
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@ Iftis free for z in p(x), then ¢(t) F Jzp(x)

Note: This can be used as a derived rule.
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@ If z is not free in ¢ or any formula of ', and T, ¢ F ¢, then
[ 3zp -

Note: This can be used as a derived rule.

Jxp P
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@ FVzp — Jxp
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@ F dxVyp — Vydzp
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@ Fx(p V1Y) = Jzp V Iz
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© Rules for identity
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Rules for = (continued)

T1=Y1y. - Tn=Yn

: RI
t(CCla---7517n):t[y1/=7317---7yn/55n] !
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Rules for = (continued)

T1=Y1y. - Tn=Yn RI,

t(xh cee 737n)it[y1/3317 O 7?Jn/xn]

Rl;

T1=Y1, - - > Tn=Yn Rl
©(x1,. .., %) < QYL/T1, ... Yn/Tn]

where y1, ..., y, are free for x4, ..., z,, in .
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@ If  does not occur in ¢, then F 3z (z=t).
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@ If  does not occur in ¢, then F 3z (z=t).

Proof.

The trick is in the last step: ¢=t is taken as (z=t)[t/x].
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@ Iftis free for x in ¢, then z=t - ¢(x) + p(t).

Note: This can be used as a derived rule.
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@ Iftis free for x in ¢, then z=t - ¢(x) + p(t).

Note: This can be used as a derived rule.

=t
p(x) < p(t) J

In general, if t1, ..., t, are free for x4, ..., z, in ¢, then

T1=t1, .., Tn=ty F o(21,...,2,) © Qt1/x1, ..., tn/Tp].

It is a strengthening of Rule Rl;. We call it “RI; ™.
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@ Iftis free for x in ¢, then z=t - ¢(x) + p(t).

Proof. Let y be a variable that does not occur in ¢. We have the
following derivation:

[x=y]
o) o/l
=y — (p(z) © @ly/z]) o

Vy(z=y = (o(z) © ¢ly/z]))
r=t z=t = (p(x) & oly/z][t/y]))
p(x) < ply/z][t/y]
Note that p[y/x][t/y] is exactly ¢[t/z]. We thus obtain
x=t - o(x) < p(t).

VE
—E
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@ If x does not occurin ¢t and t is free for x in ¢, then
Folt/z] <> Jx(z=t A p).
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@ If x does not occurin ¢t and t is free for x in ¢, then
Folt/z] <> Jx(z=t A p).

Proof.

— Ry
— ==y
Vo (z=x)
= elt/]]
t=t A p[t/z]
dz(z=t A @)

olt/z] = Fz(z=t A @)

Al

This shows I ¢[t/z] — Jz(x=t A ).
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@ If x does not occurin ¢t and t is free for x in ¢, then
Folt/z] <> Jx(z=t A p).

Proof (continued).

[witf\w]l A
r=t RIZ
p(x) < plt/a] o= [zt A ]!
o(z) = plt/a] o EA
[Ba(z=t A ©)]? o[t/z] E
o[t/
—

dz(z=t A\ ) — @[t/ z]
This shows - Jz(z=t A p) — @[t/z].
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@ If x does not occurin ¢t and t is free for x in ¢, then
Folt/z] <> Jx(z=t A p).

Proof (continued).

[witf\w]l A
r=t RIZ
p(x) < plt/a] o= [zt A ]!
o(z) = plt/a] o EA
[Ba(z=t A ©)]? o[t/z] E
o[t/
—

dz(z=t A\ ) — @[t/ z]
This shows - Jz(z=t A p) — @[t/z].

In conclusion, we obtain - ¢[t/z] <> Jx(x=t A ¢).
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@ If x does not occurin ¢t and t is free for x in ¢, then
Foft/z] <> Vo(z=t — @).
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Thanks for your attention!
Q&A
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