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@ The Completeness Theorem
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A stipulation

In the following, unless otherwise claimed, ¢, v
and so on are used to denote a sentence, and I, X, T
and so on are used to denote a set of sentences.
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Godel’s Completeness Theorem

Gddel (1929)
Let I" be a set of sentences of £ and ¢ be a sentence of L. If I" F o,
thenI' I o.

Note. This result also holds for any set I" of formulas and any
formula 0. However, we usually state and prove this result for
sentences.
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An equivalent statement

@ A set I of formulas is consistent, if it is not the case I - L,
otherwise, it is inconsistent.

Let I" be a set of sentences of £ and o be a sentence of L. If " is
consistent, then I' has a model. J

Proof of equivalence.
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The sketch of the proof

Let " be a set of sentences of £ and o be a sentence of £. If I is
consistent, then I' has a model. J

Sketch of Proof.
Step 1: extend I' to a maximally consistent and Henkin set 7;,,.
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The sketch of the proof

Let " be a set of sentences of £ and o be a sentence of £. If I is
consistent, then I' has a model. J

Sketch of Proof.
Step 1: extend I' to a maximally consistent and Henkin set 7;,,.

Step 2: “construct a model of T,,, using T, itselt.”
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© Maximally Consistent Sets
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@ A set I of sentences is closed under derivability, if whenever
I' - ¢, we always have ¢ € T.
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@ A set I of sentences is closed under derivability, if whenever
I' - ¢, we always have ¢ € T.

@ Atheory is a set of sentences that is closed under derivability.
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@ A set I of sentences is closed under derivability, if whenever
I' - ¢, we always have ¢ € T.

@ A theory is a set of sentences that is closed under derivability.

Let T'= {¢|I' F ¢}. Then, T is a theory. Usually, I is called an
axiom set of 7. The elements of I" are called axioms.
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Axioms for Peano arithmetic

@ Vz(—Sz=0)

@ YV Vao(Sz1=Sxs — 11=107)

@ Vz(x + 0=x)

@ YV Vas(xy + Sxe=S(x1 + 22))

@ Vz(z X 0=0)

@ Vr Vaoo(ry X Szo=(11 X 73) + 1)

and all instances from the following schema (induction
schema):

© ©(0/x) ANVx(p(x) = p(Sz/x)) = Vrp(r)
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Peano arithmetic

Let I" be the set of the above-mentioned axioms, and let
PA = {¢|l' - ¢}

where ¢ is a sentence in the first-order arithmetic language £ 4.
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Peano arithmetic

Let I" be the set of the above-mentioned axioms, and let
PA = {o[l' ¢}
where ¢ is a sentence in the first-order arithmetic language £ 4.

PA is the theory called Peano arithmetic.
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Prove: PAF 0 4+ S0=S0.
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@ A set I' of sentences is inconsistent if [' - L ; otherwise, it is
consistent.
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@ A set I' of sentences is inconsistent if [' - L ; otherwise, it is
consistent.
o A set I of sentences is maximally consistent if

o I'is consistent, and
o provided that T" C T, then T is inconsistent.
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Facts about (in)consistency

The following three conditions are equivalent:
e ['is inconsistent,
@ Forsome p, ' pand I' - -,
@ Forany ¢, I' F .
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Facts about (in)consistency

@ I'U {—¢} isinconsistent, iff T' - ¢
o I' U {p} is inconsistent, iff I" - —p.
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Prove. PA is consistent. (Hint: by the soundness theorem)
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Facts about maximal consistency

Let I' be a maximally consistent set of sentences.
e ['is closed under derivability, and thus is a theory.
(*)
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Facts about maximal consistency

Let I' be a maximally consistent set of sentences.
e ['is closed under derivability, and thus is a theory.
e forany p, ~np € Tiff o ¢ T.
(*)]
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Facts about maximal consistency

Let I' be a maximally consistent set of sentences.
e ['is closed under derivability, and thus is a theory.
e forany p, ~np € Tiff o ¢ T.
e forany p, o — ¢ €T, iffeither p ¢ T, or ¢ € T.
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Facts about maximal consistency

Let I' be a maximally consistent set of sentences.
o forany p, p A €T iffpel,and ¢ € T.
(*)
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Facts about maximal consistency

Let I' be a maximally consistent set of sentences.
o forany p, p A €T iffpel,and ¢ € T.
e forany ¢, oV €T, iff eitherp € ', or ¢ € T.
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Lemma

Each consistent set can be extended to be a maximally
consistent theory.
Proof.
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© Henkin Extension
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e Atheory T in a language L is called a Henkin theory if for
each sentence Jzp(z), there is a constant ¢ in £ such that
Jzp(x) — p(c) € T (such a c is called a witness for Jxp(z)).

(*]
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e Atheory T in a language L is called a Henkin theory if for
each sentence Jzp(z), there is a constant ¢ in £ such that
Jzp(x) — p(c) € T (such a c is called a witness for Jxp(z)).

@ Let 7; be a theory in the language £;, i = 0, 1.
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e Atheory T in a language L is called a Henkin theory if for
each sentence Jzp(z), there is a constant ¢ in £ such that
Jzp(x) — p(c) € T (such a c is called a witness for Jxp(z)).

@ Let 7; be a theory in the language £;, i = 0, 1.

e T is an extension of T}, if T; is a subset of T;.
Q
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e Atheory T in a language L is called a Henkin theory if for
each sentence Jzp(z), there is a constant ¢ in £ such that
Jzp(z) — ¢(c) € T (such a cis called a witness for Jzp(z)).

@ Let 7; be a theory in the language £;, i = 0, 1.

e T is an extension of T}, if T; is a subset of T;.

e T; is an conservative extension of T, if the sentences in both T3
and L, are exactly those in Tj.
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e Let 7" be a theory in the language L. Let £* be the language
obtained from £ by adding infinite new constants:

L= LU {c,|Fzp € L}.
Let 7™ be the theory whose axiom set are

T U {Jzp(x) = p(c,)|Fzp € L}
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Lemma

If 7" is consistent, so is 7.

Proof.

If 7" is consistent, T'U {3zp(x) — ¢(c)} is consistent.

Suppose T'U {Jzp(z) — ¢(c)} is inconsistent, that is,
TU{Jzp(x) — ¢(c)} + L. Then, T+ =(Jzp(z) — ¢(c)), and so

T+ Jzp(x) A —p(c).

Since T'F —¢(c), it follows that T' - Vz—p(z). On the other
hand, 7'+ Jzp(z), thatis, T' - =Va—p(x). Thus, T is
inconsistent.

T = {p|T U{TFzp(z) = ¢(c,)|Frp € L} F ¢}
To prove T is consistent, we only need to prove
T U {3zp(x) = p(c,)|Fzp € L} is consistent:
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Lemma

If T is consistent, so is 7.
Proof.
If 7" is consistent, T'U {3zp(x) — ¢(c)} is consistent.

T = {p|T U{Fzp(x) = ¢(c,)|Frp € L} F ¢}

To prove T is consistent, we only need to prove
T U{3zp(x) = p(c,)|Fzp € L} is consistent.

Suppose T'U {Jzp(x) = ¢(c,)|Frp € L} is inconsistent,
then T'U {Jzp(z) — ¢(c,)|dzp € L} F L, and so, there exists N
such that T'U {3zpi(x) = wi(c,)|Frp; € £,1 <i < N} F L.
Therefore, By the result that we just prove, T is inconsistent. A
contradiction!
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Lemma

Suppose Tj is a consistent. Forany n € N, let T}, ., = (T,,)*.
LetT, = UneN T,. Then T, is a consistent Henkin theory.
Proof. Note that 7 is not necessarily a Henkin theory in £*.

T() Q (To)* = T1 Q (Tl)* = T2 Q (TQ)* = T3 Q ......

LoC (L) =L1C (L) =LsC (L) =L3C......

T, =ToUThuT,UTzsU......
By the finiteness of derivation, we can see T, is consistent from
every T, is consistent. Suppose T, is inconsistent, then 7, - L.

Thus, ¢1,...,on F L, Wwhere o,..., 0oy € T,,. For any
1 <@ <N, p; €T,, then there exists m; such that p, € 7,,..
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Lemma

Suppose Tj is a consistent. Forany n € N, let T}, ., = (T,,)*.
LetT, = UneN T,. Then T, is a consistent Henkin theory.
Proof.
T, =ToUTiUT,UT5U......

By the finiteness of derivation, we can see T, is consistent from
every T, is consistent. Suppose T, is inconsistent, then 7, - L.
Thus, ¢1,...,on F L, Wwhere o,..., oy € T,. For any

1 <i <N, p; €T,, then there exists m; such that p, € 7,,,.. Let
m be the largest one among m; forall 1 < i < N. Then, for all
1<i< N, p; €T, Then, T,, - L, a contradiction!
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Lemma

Suppose Tj is a consistent. Forany n € N, let T}, ., = (T,,)*.
LetT, = UneN T,. Then T, is a consistent Henkin theory.

Proof. We next prove T, is a theory. Suppose T, - ¢, we
want ¢ € T,,. By the finiteness of derivation, from T, - ¢,
©1,---, 0N F @, Wwhere ¢y,...,ony €T,. Forany1 <i < N,
¢; € T, then there exists m; such that ¢; € T,,.. Let m be the
largest one among m; forall 1 <i < N. Then, forall 1 <i < N,
v; € T,,. Then, T,, F ¢, and since T,, is a theory, ¢ € T,,. Hence,
w € T,.
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Lemma

Suppose Tj is a consistent. Forany n € N, let T}, ., = (T,,)*.
LetT, = UneN T,. Then T, is a consistent Henkin theory.
Proof. We next prove T, is a Henkin theory.

L,=LoULULyU...... )
For any Jzp(x) € L, we want to prove that for some c € £,
dzp(x) — ¢(c) € T,,.
Since Jxyp(x) € L, we know Jzp(z) € Ly for some N.
ToC...... CTnC (Tn)*=Tn41 C......

Then, Jzp(z) — ¢(c,) € Tny1. Thus, Jzp(z) — ¢(c,) € T,.
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Corollary

Each consistent set can be extended to be a maximally
consistent theory such that it is also a Henkin theory.

Proof. Suppose X is a consistent set, then by the previous
lemma, there exists 7' O X such that 7" is a consistent Henkin
Theory. Then, by Lindenbaum’s lemma, 7" can be extended to 7’
such that 7" is a maximally consistent theory.

We claim 7" is a Henkin theory. This is easy by Lemma
4.1.10.
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Thanks for your attention!
Q&A
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