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Introduction

3-D isentropic compressible Navier-Stokes equations:{
ρt +∇ · (ρu) = 0,

(ρu)t +∇ · (ρu ⊗ u) +∇p = ∇ · T . (0.1)

Space and time variables:

x = (x1, x2, x3) ∈ R3, t ≥ 0,

density and velocity of fluid:

ρ, u =
(
u(1), u(2), u(3)

)
∈ R3.

viscous stress tensor:

T = µ(ρ)(∇u + (∇u)>) + λ(ρ)divuI3,

where I3 is 3× 3 matrix.



Introduction

Based on the law of Boyle and Gay-Lussac, it holds

µ(ρ) = εαρδ, λ(ρ) = εβρδ,

ε ∈ (0, 1] is a constant, µ(ρ), λ(ρ) are shear and bulk viscosity
coefficient, respectively. α, β are constants, satisfying
α > 0, 2α + 3β ≥ 0.

3-D isentropic compressible Euler equations (ε = 0):{
ρt +∇ · (ρu) = 0,

(ρu)t +∇ · (ρu ⊗ u) +∇p = 0.
(0.2)

Given the same initial data to (0.1), (0.2){
(ρ, u)|t=0 =

(
ρ0(x) ≥ 0, u0(x)

)
,

(ρ, u)→ (0, 0), as |x | → +∞.
(0.3)



Introduction

We consider the equation of state

p = Aργ , A > 0, γ > 1.

Thus the momentum equation becomes

ρ(ut + u · ∇u) + Aγργ−1∇ρ︸ ︷︷ ︸
Hyperbolic

= −ερδLu︸ ︷︷ ︸
Elliptic

+ ε∇ρδ · S(u)︸ ︷︷ ︸
Source

,

where

Lu = −α4u − (α + β)∇divu,S(u) = α(∇u + (∇u)>) + βdivuI3.

Two kinds of degeneracy caused by vacuum or the decay in the far
field:

Degeneracy of time involution;

Degeneracy of viscosities.
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For smooth solution (ρ, u) away from the vacuum, the momentum
equation could be written as

ut + u · ∇u +
Aγ

γ − 1
∇ργ−1 − δε

δ − 1
∇ρδ−1 · S(u)︸ ︷︷ ︸

Lower order

= −ερδ−1Lu︸ ︷︷ ︸
Higher order

.

As ρ→ 0, the above equality formally becomes

ut + u · ∇u = 0, δ > 1, γ > 1,

and which implies that the velocity u can be governed by a
nonlinear parabolic system if density contains vacuum.
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Theorem

(Makino-Ukai-Kawshima, 1986, Existence of Regular solution
of Euler equations, ) Let γ > 1. If the initial data (ρ0, u0) satisfy

ρ0 ≥ 0,
(
ρ

γ−1
2

0 , u0

)
∈ H3(R3),

then there exists a time T0 > 0 and a unique regular solution
(ρ, u) to Cauchy problem (0.2) with (0.5) satisfying(

ρ
γ−1
2 , u

)
∈ C ([0,T0]; H3),

(
(ρ

γ−1
2 )t , ut

)
∈ C ([0,T0]; H2),

where the regular solution (ρ, u) to (0.2) with (0.5) is defined by

(A)) ρ ≥ 0,
(
ρ

γ−1
2 , u

)
∈ C 1([0,T0];R3),

(B) ut + u · ∇u = 0 as ρ(t, x) = 0.
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Definition

(Regular solution of N-S equations) Let T > 0 be a finite
constant. A solution (ρ, u) to the Cauchy problem (0.1) with (0.5)
is called a regular solution in [0,T ]× R3 if (ρ, u) satisfies this
problem in the sense of distributions and:

(A) ρ ≥ 0,
(
ρ

δ−1
2 , ρ

γ−1
2

)
∈ C ([0,T ]; H3);

(B) u ∈ C ([0,T ]; Hs′) ∩ L∞([0,T ]; H3),

ρ
δ−1
2 ∇4u ∈ L2([0,T ]; L2);

(C) ut + u · ∇u = 0 as ρ(t, x) = 0,

where s ′ ∈ [2, 3) is an arbitrary constant.



Main Results

Theorem

( Geng-Li-Zhu, ARMA 2019, Uniform regularity to N-S
equations) If the initial data satisfies

ρ0 ≥ 0,
(
ρ

δ−1
2

0 , ρ
γ−1
2

0 , u0

)
∈ H3, (0.6)

then there exists a time T∗ > 0 independent of ε, and a unique
regular solution (ρ, u) to Cauchy problem (0.1) with (0.5)
satisfying following estimates:

sup
0≤t≤T∗

(
‖ρ

γ−1
2 ‖23 + ‖ρ

δ−1
2 ‖22 + ε|ρ

δ−1
2 |2D3 + ‖u‖22

)
(t)

+ ess sup
0≤t≤T∗

|u(t)|2D3 +

∫ T∗

0
ε|ρ

δ−1
2 ∇4u|22ds ≤ C 0,

for positive constant C 0 = C 0(α, β,A, γ, δ, ρ0, u0).
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Corollary

Actually, (ρ, u) satisfies Cauchy problem (0.1) with (0.5) classically
in positive time (0,T∗].
Moreover, if the following condition holds:

1 < min{δ, γ} ≤ 5

3
, δ = 2, 3, γ = 2, 3

we still have

ρ ∈ C ((0,T∗]; H3), ρt ∈ C ((0,T ]; H2).
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Theorem

(Geng-Li-Zhu, ARMA 2019, Inviscid limit) Let (ρε, uε) and
(ρ, u) are the regular solutions to the Cauchy problem of N-S and
Euler equations, respectively. If (ρε0, u

ε
0) = (ρ0, u0), then (ρε, uε)

converges to (ρ, u) as ε→ 0 in the sense

lim
ε→0

sup
0≤t≤T∗

(
‖(ρε)

γ−1
2 − ρ

γ−1
2 ‖s′ + ‖uε − u‖s′

)
=0

sup
0≤t≤T∗

(
‖(ρε)

γ−1
2 − ρ

γ−1
2 ‖1 + ‖uε − u‖1

)
≤Cε,

sup
0≤t≤T∗

(
|(ρε)

γ−1
2 − ρ

γ−1
2 |D2 + |uε − u|D2

)
≤C
√
ε,

for s ′ ∈ [0, 3) and positive constant C = C (α, β,A, γ, δ,T∗, ρ0, u0).
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Corollary

If the following condition holds

1 < min{δ, γ} ≤ 5

3
, δ = 2, 3, γ = 2, 3,

then (ρε, uε) converges to (ρ, u) as ε→ 0 in the sense

lim
ε→0

sup
0≤t≤T∗

(
‖ρε − ρ‖s′ + ‖uε − u‖s′

)
=0

sup
0≤t≤T∗

(
‖ρε − ρ‖1 + ‖uε − u‖1

)
≤Cε,

sup
0≤t≤T∗

(
|ρε − ρ|D2 + |uε − u|D2

)
≤C
√
ε,

for positive constant C = C (α, β,A, γ, δ,T∗, ρ0, u0) and ρ = ϕ
2

δ−1 .
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Step I: Symmetric Reformulation. Introducing

ϕ = ρ
δ−1
2 , φ = ρ

γ−1
2 ,

it holds
ϕt + u · ∇ϕ+

δ − 1

2
ϕdivu = 0,

A0Wt +
3∑

j=1

Aj(W )∂jW︸ ︷︷ ︸
Symmetric Hyperbolic

= −εϕ2L(W )︸ ︷︷ ︸
Degenerated Elliptic

+ εH(ϕ2) · Q(W )︸ ︷︷ ︸
Lower Order Source

,

(0.7)
where W = (φ, u) and

L(W ) =

(
0

a1L(u)

)
,H(ϕ2) =

(
0

∇(ϕ2)

)
,
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Q(W ) =

(
0 0

0 a1δS(u)
δ−1

)
,A0 =

(
1 0

0 a1I3

)
,

with a1 = (γ−1)2
4Aγ , and

Aj =

(
u(j) γ−1

2 φej
γ−1
2 φ(ej)

> a1u(j)I3

)
, j = 1, 2, 3

ej = (δ1j , δ2j , δ3j), δij is Kroneckek symbol satisfying
δij = 1, i = j , δij = 0, i 6= j . For any ξ ∈ R3, we have

ξ>A0ξ ≥ a2|ξ|2, a2 = min
{

1,
(γ − 1)2

4Aγ

}
.
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Step I: Linearization with an artificial strong elliptic operator.
If ω, ψ are known functions and v = (v (1), v (2), v (3)) is a known
vector function, we consider

ϕt + v · ∇ϕ+
δ − 1

2
ωdivv = 0,

A0Wt +
3∑

j=1

Aj(V )∂jW + ε(ϕ2 + η2)L(W ) = εH(ϕ) · Q(V ),

(ϕ,W )|t=0 = (ϕ0,W0), (ϕ,W )→ (0, 0), as |x | → +∞.
(0.8)

where η ∈ (0, 1] is a constant, W = (φ, u), V = (ψ, v),
(ω, ψ, v)|t=0 = (ϕ0, φ0, u0).



Lemma

Under the assumptions

ω ∈ C ([0,T ]; H3), ωt ∈ C ([0,T ]; H2), ψ ∈ C ([0,T ]; H3);

ψt ∈ C ([0,T ]; H2), v ∈ C ([0,T ]; Hs′) ∩ L∞([0,T ]; H3),

ω∇4v ∈ L2([0,T ]; L2), vt ∈ C ([0,T ]; H1) ∩ L2([0,T ]; D2),

ϕ0 ≥ 0, φ0 ≥ 0, (ϕ0,W0) ∈ H3, s ′ ∈ [2, 3).

then there exists a strong solution to this linearization problem
when η > 0, such that

ϕ ∈ C ([0,T ]; H3), φ ∈ C ([0,T ]; H3);

u ∈ C ([0,T ]; H3) ∩ L2([0,T ]; D4),

ut ∈ C ([0,T ]; H1) ∩ L2([0,T ]; D2).
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Step II: A priori estimate independent of η, ε. Fixing T > 0
and a positive constant c0 large enough such that

‖ϕ0‖3 + ‖φ0‖3 + ‖u0‖3 ≤ c0,

sup
0≤t≤T∗

(
‖ω(t)‖21 + ‖ψ(t)‖21 + ‖v(t)‖21

)
+ ε

∫ T∗

0
|ω∇2v |22dt ≤ c2

1 ,

sup
0≤t≤T∗

(
|ω(t)|2D2 + |ψ(t)|2D2 + |v(t)|2D2

)
+ ε

∫ T∗

0
|ω∇3v |22dt ≤ c2

2 ,

ess sup
0≤t≤T∗

(
|ψ(t)|2D3 + |v(t)|2D3 + ε|ω(t)|2D3

)
+ ε

∫ T∗

0
|ω∇4v |22dt ≤ c2

3 ,

(0.9)

for some T ∗ ∈ (0,T ) and constants ci (i = 1, 2, 3) such that

c0 ≤ c1 ≤ c2 ≤ c3.

The constants ci and T ∗ will be determined later and dependent
on c0 and the fixed constants α, β, γ,A, δ,T .
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Proof: Applying the operator ∂ζx (0 ≤ |ζ| ≤ 3) to (9)1 and

multiplying both sides by ∂ζxϕ and integrating over R3 by parts, we
obtain

1

2

d

dt
|∂ζxϕ|22 ≤ C |∇ · v |∞|∂ζxϕ|22 + C ∧ζ1 |∂

ζ
xϕ|2 + C ∧ζ2 |∂

ζ
xϕ|2,

∧ζ1 = |∂ζx (v · ∇ϕ)− v · ∇∂ζxϕ|2, ∧ζ2 = |∂ζx (ω∇ · v)|2.
Based on Garliardo-Nirenberg inequality, Hölder inequality and
Gronwall’s inequality, it holds

‖ϕ(t)‖2 ≤
(
‖ϕ0‖2 + c2

3 t
)

exp(Cc3t) ≤ Cc2
0 ,

for 0 ≤ t ≤ T1 = min{T ∗, (1 + c3)−2}.
d

dt
|ϕ|D3 ≤ C

(
‖∇v‖2|ϕ|D3 + |ω∇4v |2 + ‖ω‖3‖v‖3

)
,

Using Gronwall’s inequality, for t ≤ T1, one gets

|ϕ(t)|D3 ≤ C (c0 + ε−1/2) that is ε|ϕ(t)|2D3 ≤ Cc2
0 .
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Similarly, for (9)2, one gets

1

2

d

dt

∫ (
(∂ζxW )>A0∂

ζ
xW ) + a1εα|

√
ϕ2 + η2∇∂ζxu|22

+ a1ε(α + β)|
√
ϕ2 + η2div∂ζxu|22

=

∫
(∂ζxW )>divA(V )∂ζxW + a1ε

∫ (
∇ϕ2 · Q(∂ζxv)

)
· ∂ζxu

− δ − 1

δ
a1ε

∫ (
∇(ϕ2 + η2) · Q(∂ζxu)

)
· ∂ζxu

−
3∑

j=1

∫ (
∂ζx (Aj(V )∂jW

)
− Aj(V )∂j∂

ζ
xW

)
· ∂ζxW

− a1ε

∫ (
∂ζx ((ϕ2 + η2)Lu)− (ϕ2 + η2)L∂ζxu

)
· ∂ζxu

+ a1ε

∫ (
∂ζx (∇ϕ2 · Q(v))−∇ϕ2 · Q(∂ζxv)

)
· ∂ζxu.
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Using Young inequality, Hölder inequality and Gronwall’s inequality,
one gets

‖W (t)‖21 + ε

∫ t

0
|
√
ϕ2 + η2∇2u|22ds

≤C
(
‖W0‖21 + c2

3 εt
)

exp(C (c2
3 + c4

3 ε)t) ≤ Cc2
0 ,

|W (t)|2D2 + ε

∫ t

0
|
√
ϕ2 + η2∇∂ζxu|22ds

≤C
(
|W0|2D2 + c2

3 (1 + ε)t
)

exp(Cc4
3 εt) ≤ Cc2

0 ,

|W (t)|2D3 + ε

∫ t

0
|
√
ϕ2 + η2∇4u|22ds

≤C
(
|W0|2D3 + c4

3 t
)

exp(Cc4
3 t) ≤ Cc2

0 ,

for 0 ≤ t ≤ T2 = min{T1, (1 + c3)−4}.
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Similarly, to get the continuity of solution, for
0 ≤ t ≤ T2 = min{T1, (1 + c3)−4}, we have the following
estimates

|ϕt(t)|22 ≤ Cc4
1 , |ϕt(t)|2D1 ≤ Cc4

2 , ε|ϕt(t)|2D2 ≤Cc4
3 ,

|Wt(t)|22 + |φt(t)|2D1 +

∫ t

0
|∇ut |22ds ≤Cc4

2 ,

|ut(t)|2D1 + |φt(t)|2D2 +

∫ t

0
|∇2ut |22ds ≤Cc4

3 ,

In other words, given fixed c0 and T , there exist positive constants
T ∗ and ci (i = 1, 2, 3), depending only on c0, T and the generic
constant C , independent of ε, η, such that if (0.10) holds for ω and
V , then the following holds for the strong solution in [0,T ∗]× R3.
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sup
0≤t≤T∗

(
‖ϕ(t)‖21 + ‖φ(t)‖21 + ‖u(t)‖21

)
+ ε

∫ T∗

0
ε|ω∇2u|22dt ≤ c2

1 ,

sup
0≤t≤T∗

(
|ϕ(t)|2D2 + |φ(t)|2D2 + |u(t)|2D2

)
+ ε

∫ T∗

0
ε|ω∇3uε|22dt ≤ c2

2 ,

ess sup
0≤t≤T∗

(
|φ(t)|2D3 + |u(t)|2D3 + ε|ϕ(t)|2D3

)
+ ε

∫ T∗

0
ε|ω∇4u|22dt ≤ c2

3 ,

ess sup
0≤t≤T∗

(
‖W ε(t)‖21 + |φ(t)|2D2 + ε|ϕt(t)|2D2

)
+

∫ T∗

0
ε|ut |2D2dt ≤ c6

3 .

(0.10)

where we defined

c1 = c2 = c3 = C
1
2 c0, T ∗ = min{T , (1 + c3)−4}.
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Thus, we have the existence to the Cauchy problem: (η → 0).
ϕt + v · ∇ϕ+

δ − 1

2
ωdivv = 0,

A0Wt +
3∑

j=1

Aj(V )∂jW + εϕ2L(W ) = εH(ϕ) · Q(V ),

(ϕ,W )|t=0 = (ϕ0,W0), (ϕ,W )→ (0, 0), as |x | → +∞.

Lemma

Assume that the initial data satisfy (0.6). Then there exists
T ∗ > 0 and a unique strong solution (ϕ,W ) such that

(ϕ, φ) ∈ C ([0,T ∗]; H3), u ∈ C ([0,T ∗]; Hs′) ∩ L∞([0,T ∗]; H3),

ϕ∇4u ∈ L2([0,T ∗]; L2), ut ∈ C ([0,T ∗]; H1) ∩ L2([0,T ∗]; D2),

for s ′ ∈ [2, 3). Moreover, (ϕ,W ) also satisfies (0.10).
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Proof:

Existence: Strong and weak convergence;

Uniqueness: Energy estimates to ϕ1 − ϕ2,W1 −W2,

Time Continuity: Regularity of ϕ,ϕt , φ, φt , u, ut .

III: The existence of nonlinear system. Consider (ϕk+1,W k+1)
be the unique solution as follows

ϕk+1
t + uk · ∇ϕk+1 + δ−1

2 ϕkdivuk = 0,

A0W k+1
t +

3∑
j=1

Aj(W k)∂jW
k+1 + ε(ϕk+1)2L(W k+1)

= εH(ϕk+1) · Q(uk),

(ϕk+1,W k+1)|t=0 = (ϕ0,W0),

(ϕk+1,W k+1)→ (0, 0), as |x | → +∞.
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To prove the convergence, let

ϕ̄k+1 = ϕk+1 − ϕk ,W
k+1

= W k+1 −W k , then one has

ϕ̄k+1
t + uk · ∇ϕ̄k+1 + ūk · ∇ϕ̄k +

δ − 1

2

(
ϕ̄kdivuk−1 + ϕkdivūk

)
= 0,

A0W
k+1

t +
3∑

j=1

Aj(W k)∂jW
k+1

+ ε(ϕk+1)2L(W
k+1

)

=
3∑

j=1

Aj(W
k

)∂jW
k − εϕ̄k+1(ϕk+1 + ϕk)L(W k)

+ε
(
H(ϕk+1 − H(ϕk)

)
· Q(uk) + εH(ϕk+1) · Q(uk).

Using energy estimate, it holds (T∗ ∈ (0,min{1,T ∗})
∞∑
k=1

(
sup

t∈[0,T∗]
|(ϕk+1,W

k+1
)|22 +

∫ T∗

0
αε|ϕk+1∇ūk+1|22dt

)
≤ C ≤ ∞.
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Step IV: The uniform of local-in-time well-posedness

Existence of regular solution: The regularity estimates of
(0.10) and the strong convergence of

(ϕk ,W k)→ (ϕ, u) in L∞([0,T∗]; H2),(
ρ

δ−1
2 , ρ

γ−1
2
)
∈ C 1((0,T∗)× R3), (u,∇u) ∈ C ((0,T∗);×R3),

Smoothness of regular solutions: Sobolev imbedding theorem
and energy estimate lead to

(ρ,∇ρ, u,∇u, ut , divT ) ∈ C ((0,T∗)× R3).

The proof of ρ ∈ C ([0,T∗]; H3) ∩ C 1([0,T∗]; H2):

ρ = ϕ
2

δ−1 , 2
δ−1 ≥ 3, if 1 < δ ≤ 5

3 .
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Step V: Vanishing viscosity limit. Denote W
ε

= W ε −W , it
satisfies the error systemA0W

ε
t +

3∑
j=1

Aj(W ε)∂jW
ε

= −
3∑

j=1

Aj(W
ε
)∂jW − ε(ϕε)2L(W ε).

W
ε|t=0 = (ρ̄ε, ūε)|t=0 = (0, 0).

(0.11)

Lemma

If W ε and W are the regular solution to the Cauchy problem of
N-S and Euler equations, respectively, then we have

‖W ε‖1 ≤ Cε, |W ε|D2 ≤ Cε1/2.

where C is independent of ε.
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Applying the operator ∂ζx on (0.11), then multiplying it by 2∂ζxW
ε

and integrating by parts, using the uniform regularity estimates on
W ε,W , ϕε, it holds

a2
d

dt
‖W ε‖21 ≤

d

dt

∫
(∂ζxW

ε
)>A0(∂ζxW

ε
)

≤C‖W ε‖21 + Cε2, |ζ| = 0, 1,

a2
d

dt
|W ε|2D2 ≤

d

dt

∫
(∂ζxW

ε
)>A0(∂ζxW

ε
)

≤C |W ε|2D1 + Cε+ Cε2|ϕε∇4uε|22, |ζ| = 2.

(0.12)

According to Grownwall’s inequality, the Lemma is proved. If
s ′ ∈ (2, 3), we have

‖W ε
(t)‖s′ ≤ C‖W ε

(t)‖1−
s′
3

0 ‖W ε
(t)‖

s′
3
3 ≤ Cε1−

s′
3 .



Proof Line

If

1 < min{δ, γ} ≤ 5

3
,

one has 2
γ−1 ≥ 3, ρ = φ

2
γ−1 , from the above inequalities, so one

gets

lim
ε→0

sup
0≤t≤T∗

(
‖(ρε − ρ)(t)‖s′ + ‖(uε − u)(t)‖s′

)
=0,

sup
0≤t≤T∗

(
‖(ρε − ρ)(t)‖1 + ‖(uε − u)(t)‖1

)
≤Cε,

sup
0≤t≤T∗

(
|(ρε − ρ)(t)|D2 + |(uε − u)(t)|D2

)
≤C
√
ε.

(0.13)

Thus, we proved the inviscid limit Theorem.



Xie Xie

Thank You !!


