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(2D steady MHD system)

U-VU+ VP —H:VH — ueAU = Fy,
U-VH —-H:-VU — keAH = Fy, in Q,
V-U=V-H=0.

Q={(x,y) | x €T,y >0} withT, =R/(2r0)Z, o : Torus length,
H 2
U = (u,v) : velocity, H = (h, g) : magnetic field, P = Py + % . pressure,

Fu = (Fi,u, F2,u), Fu = (Fin, Fo,n) are given external forces,
Boundary conditions : Ul|,—o = (dyh, g)|y—0 = 0,
Compatibility condition: V -Fy =0, Fouly—0=0.
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Asymptotic behavior of (U, H) as ¢ — 07




Prandtl's ansatz

o Away from the boundary, (U, H)(x,y) ~ (U’ H')(x, y) where
(U, H') satisfies the ideal MHD system with the boundary

conditions U’ - il,—o = H' - A,—o = 0.




Prandtl's ansatz

o Away from the boundary, (U, H)(x,y) ~ (U’ H')(x, y) where
(U, H') satisfies the ideal MHD system with the boundary

conditions U’ - il,—o = H' - A,—o = 0.

@ Near the boundary

(U H)(x,y) ~ (6P(x, 22), VEVP(x, 22), 1P (x, 32), vVERP(x, )
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conditions: lim (uP, h?)(x, Y) matches the trace of tangential
Y =400

components of (U’ H') on the boundary {y = 0}.
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Mathematical questions

o the well-posedness/ill-posedness of the boundary layer system;

e the rigorous justification (U, H) = (U’ H') + (UP, HP) + o(1).
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Steady MHD

(2D steady MHD system)
U-VU+ VP —H:VH — pueAU = Fy,
U-VH - H: VU — keAH = Fy, in Q=T, xRy,
V-U=V-H=0, U|,—=(9h,g)ly=0=0

Consider the shear flow of Prandtl type:

- =
(U57 Hs)(y) = (US(Y),O, Hs(Y)>O)7 Y= \/g



Structural Assumptions

@ Us, Hs € C3(Ry) N CY(Ry) such that
— / — H p— H —
Us(0) = 0,H;(0) =0, lim Us(Y) = Ue, lim Hs(Y)=He #0

and

M= 3" sup(1+Y) (|a¢US(Y)| + |8¢H5(Y)I) < 0.
1<k<3 Y20




Structural Assumptions

@ Us, Hs € C3(Ry) N CY(Ry) such that

— / — H p— H —
Us(0) = 0, H;(0) = 0, lim Us(Y) = Ug, lim Hi(Y)=Hg #0

and
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@ (Strong tangential magnetic field) There are two positive constants
Y5 >0, such that

7 < |Hs(Y)| <7, forany Y > 0.

and

Yo := in

inf Gi(Y) = inf (Hf(Y) - U_g(y)) >0

Y>0




Set
(U,H) = (U,H) — (U, Hy) = (@, v, F’ag)
be the perturbation of (Us, H;). the problem for (U, H) is written as

Us0,U + 09, Uses — H:OxH — g9, Hse1 + VP — usAU = —U - VU + H - VH + fy,
U:OcH + 70, Hee; — H:d, U — g, Use; — keAH = —U - VH + H - VU + fu,
V.-U=V-H=0,

Uly=0 = (8yh,&)ly=0 =0,

where the vector e; = (1,0), and the source term
(fU7fH) = (FUa FH) - (FU57 FHS) é (ﬂ,Uv f2,U7 fl,Ha fZ,H)

satisfying V - fy = 0, o u|,=0 = 0.



Functional spaces

For any x-dependent function f(x) € L?(T,), we denote by f, its n-th

Fourier coefficient, i.e.,

1 271'9 "
e "™ f(x)dx, neZ, i=

n

ISE

:%O

Pof = f,e'™ and Qof = (I — Po)f.



Define the solution norm with some weight function Z(y) ~ y near y = 0.

~ o~ ~ ~ 1 ~ ~ 1 ~ ~
(U, H)Jlx :=Z [[(Un, Ho)l[eoo my) + £411(y o, Oy ho)l| 2wy + 1122 (8y dlo, By ho) 2z,

+£74(/(QoU, QoH) 2@ +<2[1Z2(QoU, QoM) | 2(qy
+24((VQoU, VQoH)|l 2@ + 12 (VQoU, VQoH) | 12y

Theorem(C.J. Liu, T. Yang & Z.20)
There exist positive constants d1, 0> and &g, such that for any € € (0,&0) and

n >0, if

(5254

o, 1.1
o(M+ M) € (0,61), ||(fu, fu)ll 2@ + & #1122 (fu, fu)ll 2() < Tlog e P+’

then the steady MHD system admits a unique solution
(U,H,VP): (U,RH) € X N H2.(Q), VP € L?(Q) that satisfies the estimate:

o2 2 _1 34n
10, W)l < Ce~*1ogel % (I(fu, fulliay + 122 (Fu, Fu)liaey)

where C is independent of €.




@ Neither monotonicity nor positivity assumption on the velocity field

is need.




@ Neither monotonicity nor positivity assumption on the velocity field

is need.
@ The length p of torus is allowed to be large for boundary layer with

suitably small amplitude.




Main Ingredients of Proof

Linearized system-Mode by mode analysis

iAUUp + va0, Usey — ifiHsHy, — go0y Hey + (ifPn, 8y Pn) — pieApUp, = fo,

ifiUsHn + V"astel — iiHsUn — gnay User — keArH, = qn,
ifiu, + Oyvy, = ifih, + Oygn = 0,
(Um anayhmgn)lyzo =0.

Here n € Z, ﬁ:gandAn::af,fﬁ?
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Difficulty 1: Large stretching terms
VaBy Us — gn0y Hs = €72 (vaOy Us — gndy Hs),
vaOy Hs — gn0, Us = 5’%(vn8st — 8,0y Us).



Stream function ¢ (x, y) of magnetic field: h = d,v¢, g = =0, Y|,—0 = 0.

Define 2,(Y) = £03, by(Y) = 2600 and W = (8,7, h, 8)

Transformation (Liu-Xie-Yang 19°)

i(x,y) = u(x,y) = 0y (ap(Y )9 (x,¥)),
0(x,y) = v(x,y) + 0 (ap(Y) (Xy)

xn) =, (S0 ) = 2ty () =2 (M)uten)
Y

£0x)= <(< )= H‘f(vy?
A

Sy =N (g G=v.

=0)




Stream function ¢ (x, y) of magnetic field: h = d,v¢, g = =0, Y|,—0 = 0.
by(Y) = BYH(S

Us(Y)

Define a,(Y) = (73,

Transformation (Liu-Xie-Yang 19°)

and W = (4,0,h,8)

B, y) = () = B (2o (Y Y1)
0%, ¥) = vixsy) + B (aalY ¢(Xy)
xn) =, (S0 ) = 2ty () =2 (M)uten)
(x,¥) g(x y)
80 = -0 (v = Sy
ﬁ(x,y)=%, (Vv-U=V-H=0)

—H0xh — g0y Hs = _Hszaxi; - 8stM

—Hedu — g8, Us = —HsDy i + Hed, (Usg) — g0y Us

= —H,0x0 — Ha,0xh + 0, Us(H.6—%).



The system of W,, = (dn, Vn, /A1,,,§n) reads

ifi [(1 + %)Usﬁn — GH, +E%Auﬁn} +£%BudyHy + CuH + 27 2,Du
+(ifipn, Bypn) " — peA,U, = Ru,n,

—ifU, — 2/{5%bp8y|?|n + CuHy + & 20,Dy — ke H, = Ru,n,

iflln + Oy 0n = ifihy + 0,8, =0, Uply—o = (8yhn, &n)ly—0 = 0,
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—~ e —1 —1
VE (10, W2 + 3IWal 2 ) S F15(1+ 15[ Wil + ..

Q: How to obtain H/V\\I,,HLz? Lack of Gronwall's inequality




L?—coercivity

Main part of linearized equation:

~

_iﬁGs(%) B+ (i7pn, Oypn) — ey = -
_iﬁﬁn — snAnﬁn =,

where G4(Y) = H2(Y) — U3(Y) > 740 > 0.



L?—coercivity

Main part of linearized equation:

~

_iﬁGs(%) B+ (i7pn, Oypn) — ey = -
—iﬁﬁ,, — snAnﬁn — ...

where G4(Y) = H2(Y) — U3(Y) > 740 > 0.

Step 2: Uniform-in-¢ estimate on velocity

Notice that ﬁn8y3n|y:0 = 0, multiplying the second equation by Gn gives
Sl -1 T
([ Onll 2 < W51+ M3)[[On, HAlll 1+ -

Does NOT work for H,, due to boundary term s/?nayan\y:o.



Weighted [2-estimate

b by =10, —px =0, dly—o =0, w, = AJ,
/l/,;:(gy:i:’a Q;:é‘ 1/)A|y0_o Wh = A?/},

Vorticity formulation

—if cur/(Gsﬁn) — e pwy, , = curl ﬁu,n,

—ifwy n — eRApwh p = curl Ry 5,

Need to construct a suitable weight function Z(y) compatible with the

vorticity equation.



The Weight function Z(y)

We construct a C!-function é(y), y € R, satisfying

1
é(y):: W’ 0<y<1,

0, y=>2,

— < 6(y) < 3, ’g'(y)‘ < Me, fory € {1,§] ; é/(y) <0, fory € {5,2}
2y Yo 2

It is not difficult to know such function G(y) exists due to the fact

The weight function Z(y) is

< Me.
1
Yﬁﬁ




Properties of Z(y)

= 2G(y)dy' 2 Z fory > 2.
° Gly<Z(y)< Gyforye0,2], Z(y) = [; G(y )di/ y
- k— 3
’ 7 0,31,
)Z'(y) =1fory € [0,1], |y*Z"(y)| < CoMe =z fory € [0, 3]

/ V ; Z"(y) <0, fory> 3.
o — (G(£)Z') = -CMe fory>1; ) 2




Properties of Z(y)

o Gly<Z(y) < Goyfory €[0,2], Z(y) = f02 G(y')dy' £Z fory>2.
)Z'(y) = 1fory € [0,1], [y*Z"(y)| < Golie = fory € [0, 3],

/ _
o — (Gs(%)z/(y)> > —CGMe fory >1; Z"(y) <0, fory>3.

Step 3: Weighted L% —estimate:

|| Z3 W, |2 S F M3 (L + W17)||[W|| o + || %[ log =7 || Z3 R | o + - -



Properties of Z(y)

o Gly<Z(y) < Goyfory €[0,2], Z(y) = f02 G(y')dy' £Z fory>2.
)Z'(y) = 1fory € [0,1], [y*Z"(y)| < Golie = fory € [0, 3],

/ _
o — (Gs(%)z/(y)> > —CGMe fory >1; Z"(y) <0, fory>3.

Step 3: Weighted L% —estimate:

|| Z3 W, |2 S F M3 (L + W17)||[W|| o + || %[ log =7 || Z3 R | o + - -

Estimate of Hﬁ,,”p can be obtained by a standard interpolation:

2

1
~1 ~1 1 l 3 1 5 3 1
A < C (e 124 AL e) " (HIoyRnlli) + 122 A e



Advantage of the chosen weight:
Im(—if curl(GsHn), Ztbn)
= [T aeMZIay + iRe [ 0,2 G(¥)0,dnbady
0

= o i [ —9,[Gs(Y)d,2], ~
zﬁ/ Gs(Y)Z(y)\H,,|2dy+g/ [ g )9y ]|¢n|2dy.
0 0
T2

Ji

with Ji ~ 7| Z2H,|%, and
Jo > —Cole| || hnl72 > — CoMe||0xH, | 2| Hall 2



Advantage of the chosen weight:
Im(—if curl(GsHn), Ztbn)
:/ ﬁGS(Y)z(y)mn\?derﬁRe/ 0,2 Gs(Y)dybuibady
0 0
e _ i [~ —8,[G(Y)d, 2], +
=i [T amzpRfay+ ] [T =HENOZ G g,
0 0

J1 T2

with Ji ~ 7| Z2H,|%, and
Jo > —Colel ||| hulli2 > — CoMe||0.H, |2 |l 2
The weight Z is NOT compatible with the magnetic equation:

A 1~ o ~
im(~iiw, . 26,) = 81220+ 5 [~y e8zly 3oy
0

1~

A1 Z2U,|[72 = AVEl|U|
—_——

obtained in Step 2!



Gain of £4:
@ When Z hitting on the terms involving derivatives of boundary layer,

YN Y o YN L
€g. ZHS(%)—\@iHs(%);N (Ve)

= <H;(%)ﬁn, ZH,) S e3||H, 2.

@ Terms involving commutator [curl, Z] ~ 1 near the boundary:

. 0, thy
(R, [curl,Z]E?y hn)| < [(VYR, [eurl, Z] 5 )




e
Gain of ei:
@ When Z hitting on the terms involving derivatives of boundary layer
cw  ZH(Z) = VELH( ) Z ~ o)
Ve T VEETEY
= (HAT)Ry ZHo) < Rl

@ Terms involving commutator [curl, Z] ~ 1 near the boundary

(R, eurl, Z]0y  Bn) | S [{\/y

0, thy
)
NG
71

hy,
Critical Hardy : ||[curl, Z]
- VY

1 ~
< 127 log ZI** hall -
L2

= |(R.[cur,Z)9; ha)| < |22 R|12]| Z% | log Z|** |,
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Critical Hardy : ||[curl, Z]
- VY

1 ~
< 127 log ZI** hall -
L2

= |(R.[cur,Z)9; ha)| < |22 R|12]| Z% | log Z|** |,

1 2 1 1
124 10g Z** hulliz < logl** (1124 hluz + =+ |12
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Synthesis: since fi = 3 with n # 0,
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HLZS 4
1.1
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~1 2 Xn7 1 .5 1~ 11 — e
= A5 [W| o + 4118 | Z2Wa | o + 22115 (10, Wall,2 + (][ Wl | )
+et3 (11220, Walliz + |4l[| Z2 W)

< ogel™ ([IRall2 +2 %122 Ral )



n

Synthesis: since fi = 3 with n # 0,

[Wall,o < | 5+ 0@ A 05 (1 + 1) +O(H) | W
—_————

HLZS 4
1.1
<03 M3 (1+M)<1

+ ClA 3 (14 1715 [og el (74|25 Rall 2 + R,z

= A5 [W| o + 4118 | Z2Wa | o + 22115 (10, Wall,2 + (][ Wl | )
et (1250, W,z + 1] 22 W 2 )
< Nogel™ ([[Rallp + &% Z2Ral] )
L*°-estimate:
Wollew < e} (20, ) (171 W)

7 _1 3, _1 1
= > IWallix S e #llogel®* (IRl +& 1 Z2Rlim) )
[n|<e—1



For |n| > &7 1,

s 5 1 1 1 ; 1 3 %
IWalliw S 1134 (132210, Walli2) * (<3171 |Wal12)
St ol JlogelF* (|IRalliz + 64123 Rali2)

——

€Lz
Y _1 3
= Y Wil S ¥ logels* (IRl + = HIZHR] (e )
[n|>e~1

= [Wilx < Ce™#[logel* [ Qo(f, @)l iz + = 412} QolF, @)z | -



THANK YOU!



