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(2D steady MHD system)
U · ∇U +∇P −H · ∇H− µε∆U = FU,

U · ∇H−H · ∇U− κε∆H = FH, in Ω,

∇ ·U = ∇ ·H = 0.

Ω = {(x , y) | x ∈ T%, y > 0}, with T% = R/(2π%)Z, % : Torus length,

U = (u, v) : velocity , H = (h, g) : magnetic field , P = PU +
|H|2

2
: pressure,

FU = (F1,U,F2,U), FH = (F1,H,F2,H) are given external forces,

Boundary conditions : U|y=0 = (∂yh, g)|y=0 = 0,

Compatibility condition : ∇ · FH = 0, F2,H|y=0 = 0.

Question

Asymptotic behavior of (U,H) as ε→ 0?
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Prandtl’s ansatz

Away from the boundary, (U,H)(x , y) ∼ (UI ,HI )(x , y) where

(UI ,HI ) satisfies the ideal MHD system with the boundary

conditions UI · ~n|y=0 = HI · ~n|y=0 = 0.

Near the boundary

(U,H)(x , y) ∼
(

up(x , y√
ε

),
√
εvp(x , y√

ε
), hp(x , y√

ε
),
√
εgp(x , y√

ε
)
)

where (up, vp, hp, gp)(x ,Y ) satisfies a Prandtl-type system with the

boundary conditions (up, vp, ∂Y hp, gp)|y=0 = 0 and far-field

conditions: lim
Y→+∞

(up, hp)(x ,Y ) matches the trace of tangential

components of (UI ,HI ) on the boundary {y = 0}.

Mathematical questions

the well-posedness/ill-posedness of the boundary layer system;

the rigorous justification (U,H) = (UI ,HI ) + (Up,Hp) + o(1).
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Steady MHD

(2D steady MHD system)
U · ∇U +∇P −H · ∇H− µε∆U = FU,

U · ∇H−H · ∇U− κε∆H = FH, in Ω = T% × R+,

∇ ·U = ∇ ·H = 0, U|y=0 = (∂yh, g)|y=0 = 0

Consider the shear flow of Prandtl type:

(Us ,Hs)(Y ) =
(
Us(Y ), 0,Hs(Y ), 0

)
, Y :=

y√
ε



Structural Assumptions

Us ,Hs ∈ C 3(R+) ∩ C 1(R+) such that

Us(0) = 0,H ′s(0) = 0, lim
Y→+∞

Us(Y ) = UE , lim
Y→+∞

Hs(Y ) = HE 6= 0

and

M̄ :=
∑

1≤k≤3

sup
Y≥0

(1 + Y )3
(
|∂k

YUs(Y )|+ |∂k
YHs(Y )|

)
<∞.

(Strong tangential magnetic field) There are two positive constants

γ, γ̄ > 0, such that

γ ≤ |Hs(Y )| ≤ γ̄, for any Y > 0.

and

γ0 := inf
Y≥0

Gs(Y ) = inf
Y≥0

(
H2

s (Y )− U2
s (Y )

)
> 0.
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Set

(Ũ, H̃) = (U,H)− (Us ,Hs) , (ũ, ṽ , h̃, g̃)

be the perturbation of (Us ,Hs). the problem for (Ũ, H̃) is written as

Us∂x Ũ + ṽ∂yUse1 − Hs∂xH̃− g̃∂yHse1 +∇P − µε∆Ũ = −Ũ · ∇Ũ + H̃ · ∇H̃ + fU,

Us∂xH̃ + ṽ∂yHse1 − Hs∂x Ũ− g̃∂yUse1 − κε∆H̃ = −Ũ · ∇H̃ + H̃ · ∇Ũ + fH,

∇ · Ũ = ∇ · H̃ = 0,

Ũ|y=0 = (∂y h̃, g̃)|y=0 = 0,

where the vector e1 = (1, 0), and the source term

(fU, fH) := (FU,FH)− (FUs ,FHs ) , (f1,U, f2,U, f1,H, f2,H)

satisfying ∇ · fH = 0, f2,H|y=0 = 0.



Functional spaces

For any x-dependent function f (x) ∈ L2(T%), we denote by fn its n-th

Fourier coefficient, i.e.,

fn =
1

2π%

∫ 2π%

0

e−i ñx f (x)dx , n ∈ Z, ñ =
n

%
,

Pnf = fne i ñx and Q0f = (I − P0)f .



Define the solution norm with some weight function Z(y) ∼ y near y = 0.

‖(Ũ, H̃)‖X :=
∑
n

‖(Ũn, H̃n)‖L∞(R+) + ε
1
4 ‖(∂y ũ0, ∂y h̃0)‖L2(R+) + ‖Z

1
2 (∂y ũ0, ∂y h̃0)‖L2(R+)

+ ε−
1
4 ‖(Q0Ũ,Q0H̃)‖L2(Ω) + ε−

1
2 ‖Z

1
2 (Q0Ũ,Q0H̃)‖L2(Ω)

+ ε
1
4 ‖(∇Q0Ũ,∇Q0H̃)‖L2(Ω) + ‖Z

1
2 (∇Q0Ũ,∇Q0H̃)‖L2(Ω).

Theorem(C.J. Liu, T. Yang & Z.’20)

There exist positive constants δ1, δ2 and ε0, such that for any ε ∈ (0, ε0) and

η > 0, if

%(M̄ + M̄4) ∈ (0, δ1), ‖(fU, fH)‖L2(Ω) + ε−
1
4 ‖Z

1
2 (fU, fH)‖L2(Ω) ≤

δ2ε
3
4

| log ε|3+η
,

then the steady MHD system admits a unique solution

(Ũ, H̃,∇P) : (Ũ, H̃) ∈ X ∩ H2
loc(Ω),∇P ∈ L2(Ω) that satisfies the estimate:

‖(Ũ, H̃)‖X ≤ Cε−
1
4 | log ε|

3+η
2

(
‖(fU, fH)‖L2(Ω) + ε−

1
4 ‖Z

1
2 (fU, fH)‖L2(Ω)

)
,

where C is independent of ε.



Remark

Neither monotonicity nor positivity assumption on the velocity field

is need.

The length % of torus is allowed to be large for boundary layer with

suitably small amplitude.
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Neither monotonicity nor positivity assumption on the velocity field
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The length % of torus is allowed to be large for boundary layer with

suitably small amplitude.



Main Ingredients of Proof

Linearized system-Mode by mode analysis



i ñUsUn + vn∂yUse1 − i ñHsHn − gn∂yHse1 + (i ñPn, ∂yPn)− µε∆nUn = fn,

i ñUsHn + vn∂yHse1 − i ñHsUn − gn∂yUse1 − κε∆nHn = qn,

i ñun + ∂yvn = i ñhn + ∂ygn = 0,

(un, vn, ∂yhn, gn)|y=0 = 0.

Here n ∈ Z, ñ = n
%

and ∆n := ∂2
y − ñ2.

Difficulty 1: Large stretching terms

vn∂yUs − gn∂yHs = ε−
1
2 (vn∂Y Us − gn∂Y Hs),

vn∂yHs − gn∂yUs = ε−
1
2 (vn∂Y Hs − gn∂Y Us).
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Stream function ψ(x , y) of magnetic field: h = ∂yψ, g = −∂xψ, ψ|y=0 = 0.

Define ap(Y ) = Us (Y )
Hs (Y )

, bp(Y ) = ∂Y Hs (Y )
Hs (Y )

and Ŵ = (û, v̂ , ĥ, ĝ)

Transformation (Liu-Xie-Yang 19’)

û(x , y) = u(x , y)− ∂y
(
ap(Y )ψ(x , y)

)
,

v̂(x , y) = v(x , y) + ∂x
(
ap(Y )ψ(x , y)

)
,

ĥ(x , y) = ∂y

(
ψ(x , y)

Hs(Y )

)
=

1

Hs(Y )

(
h(x , y)− ε−

1
2 bp(Y )ψ(x , y)

)
,

ĝ(x , y) = −∂x
(
ψ(x , y)

Hs(Y )

)
=

g(x , y)

Hs(Y )
,

ψ̂(x , y) =
ψ(x , y)

Hs(Y )
, (∇ · Û = ∇ · Ĥ = 0)

−Hs∂xh − g∂yHs = −H2
s ∂x ĥ − ∂yHs�����

(∂xψ + g)

−Hs∂xu − g∂yUs = −Hs∂x û + Hs∂y (Us ĝ)− g∂yUs

= −Hs∂x û − H2
s ap∂x ĥ + ∂yUs�����(Hs ĝ − g).
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Transformation (Liu-Xie-Yang 19’)
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The system of Ŵn = (ûn, v̂n, ĥn, ĝn) reads

i ñ
[
(1 +

µ

κ
)UsÛn − GsĤn + ε

1
2 AUĤn

]
+ ε

1
2 BU∂y Ĥn + CUĤn + ε−

1
2 ψ̂nDU

+(i ñpn, ∂ypn)T − µε∆nÛn = RU,n,

−i ñÛn − 2κε
1
2 bp∂y Ĥn + CHĤn + ε−

1
2 ψ̂nDH − κε∆nĤn = RH,n,

i ñûn + ∂y v̂n = i ñĥn + ∂y ĝn = 0, Ûn|y=0 = (∂y ĥn, ĝn)|y=0 = 0,

Observations:

Ŵn ∼Wn

AU, BU, CU, DU, CH, DH ∼ O(1), and all elements in these matrices or

vectors involve Y−derivative of boundary layer profiles.

Step 1: Bound on derivatives

√
ε
(
‖∂yŴn‖L2 + |ñ|‖Ŵn‖L2

)
. M̄

1
2 (1 + M̄

1
2 )‖Ŵn‖L2 + ....

Q: How to obtain ‖Ŵn‖L2 ? Lack of Gronwall’s inequality
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2 )‖Ŵn‖L2 + ....
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‖∂yŴn‖L2 + |ñ|‖Ŵn‖L2

)
. M̄

1
2 (1 + M̄

1
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L2−coercivity

Main part of linearized equation:

−i ñGs(
y√
ε

) Ĥn + (i ñpn, ∂ypn)− εµ∆nÛn = · · · ,

−i ñÛn − εκ∆nĤn = · · · ,

where Gs(Y ) = H2
s (Y )− U2

s (Y ) ≥ γ0 > 0.

Step 2: Uniform-in-ε estimate on velocity

Notice that ûn∂y ĥn|y=0 = 0, multiplying the second equation by Ûn gives

|ñ| 12
∥∥Ûn

∥∥
L2 . M̄

1
2 (1 + M̄

1
2 )
∥∥[Ûn, Ĥn]

∥∥
L2 + · · ·

Does NOT work for Ĥn due to boundary term εĥn∂y ûn|y=0.
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Notice that ûn∂y ĥn|y=0 = 0, multiplying the second equation by Ûn gives

|ñ| 12
∥∥Ûn

∥∥
L2 . M̄

1
2 (1 + M̄

1
2 )
∥∥[Ûn, Ĥn]

∥∥
L2 + · · ·

Does NOT work for Ĥn due to boundary term εĥn∂y ûn|y=0.



Weighted L2-estimate

φ̂ : φ̂y = û, −φ̂x = v̂ , φ̂|y=0 = 0, ωu = ∆φ̂,

ψ̂ : φ̂y = ĥ, −φ̂x = ĝ , ψ̂|y=0 = 0, ωh = ∆ψ̂,

Vorticity formulation

−i ñ curl
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GsĤn

)
− εµ∆nωu,n = curl R̃U,n,

−i ñωu,n − εκ∆nωh,n = curl R̃H,n,

Need to construct a suitable weight function Z (y) compatible with the

vorticity equation.



The Weight function Z (y)
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1
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√
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and

1

2γ̄2
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γ0
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2
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1
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√
ε)
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−Y 3G ′s (Y )

G 2
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)∣∣∣∣
Y= 1√

ε
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The weight function Z(y) is

Z(y) :=

∫ y
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G̃(y ′)dy ′.



Properties of Z(y)
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2
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2
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∥∥Ŵn

∥∥
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∥∥
L2 + · · ·

Estimate of ‖Ĥn‖L2 can be obtained by a standard interpolation:
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3
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) 1
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+ ‖Z 1
2 Ĥn‖L2



Properties of Z(y)

C−1
0 y ≤ Z(y) ≤ C0y for y ∈ [0, 2], Z(y) ≡

∫ 2

0
G̃(y ′)dy ′ , Z̄ for y ≥ 2.

Gs(
y√
ε

)Z ′(y) ≡ 1 for y ∈ [0, 1], |y kZ ′′(y)| ≤ C0M̄ε
k−1

2 for y ∈ [0, 3
2
],

−
(
Gs(

y√
ε

)Z ′(y)
)′
≥ −C0M̄ε for y ≥ 1; Z ′′(y) ≤ 0, for y ≥ 3

2
.

Step 3: Weighted L2−estimate:
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2 Ĥn‖L2

) 2
3
(
ε

1
2 ‖∂y Ĥn‖L2
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Advantage of the chosen weight:

Im〈−i ñ curl(GsĤn),Z ψ̂n〉

=

∫ ∞
0

ñGs(Y )Z(y)|Ĥn|2dy + ñRe

∫ ∞
0

∂yZ Gs(Y )∂y ψ̂nψ̂ndy

= ñ

∫ ∞
0

Gs(Y )Z(y)|Ĥn|2dy︸ ︷︷ ︸
J1

+
ñ

2

∫ ∞
0

−∂y [Gs(Y )∂yZ ]

2
|ψ̂n|2dy︸ ︷︷ ︸

J2

.

with J1 ∼ ñ‖Z
1
2 Ĥn‖2

L2 and

J2 ≥ −C0M̄ε|ñ|‖ĥn‖2
L2 ≥ −C0M̄ε‖∂̂xHn‖L2‖Ĥn‖L2

The weight Z is NOT compatible with the magnetic equation:

Im〈−i ñωu,n,Z φ̂n〉 = ñ‖Z
1
2 Ûn‖2

L2 +
ñ

2

∫ ∞
0

−y 2∂2
yZ |y−1φ̂n|2dy

≥ ñ‖Z
1
2 Ûn‖2

L2 − ñ
√
ε‖Ûn‖2

L2︸ ︷︷ ︸
obtained in Step 2!
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ε‖Ûn‖2

L2︸ ︷︷ ︸
obtained in Step 2!



Gain of ε
1
4 :

When Z hitting on the terms involving derivatives of boundary layer,

eg. ZH ′s(
y√
ε

) =
√
ε

y√
ε

H ′s(
y√
ε

)
Z

y
∼ O(

√
ε)

⇒ 〈H ′s(
y√
ε

)Ĥn,Z Ĥn〉 . ε
1
2 ‖Ĥn‖2

L2 .

Terms involving commutator [curl,Z ] ∼ 1 near the boundary:

|〈R, [curl,Z]∂−1
y ĥn〉| . |〈

√
yR , [curl,Z ]

∂−1
y ĥn√

y
〉|

Critical Hardy :

∥∥∥∥∥[curl,Z ]
∂−1
y ĥn√

y

∥∥∥∥∥
L2

. ‖Z 1
2 | log Z |1+ĥn‖L2 .

⇒ |〈R, [curl,Z]∂−1
y ĥn〉| . ‖Z

1
2 R‖L2‖Z 1

2 | log Z |1+ĥn‖L2

‖Z 1
2 | log Z |1+ĥn‖L2 . | log ε|1+

(
‖Z 1

2 h‖L2 + ε
1
4 ‖h‖L2

)
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2 | log Z |1+ĥn‖L2
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2 | log Z |1+ĥn‖L2 . | log ε|1+
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‖Z 1

2 h‖L2 + ε
1
4 ‖h‖L2
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y ĥn〉| . |〈

√
yR , [curl,Z ]

∂−1
y ĥn√
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1
2 R‖L2‖Z 1
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‖Z 1
2 | log Z |1+ĥn‖L2 . | log ε|1+
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‖Z 1

2 h‖L2 + ε
1
4 ‖h‖L2

)



Synthesis: since ñ = n
%

with n 6= 0,

∥∥Ŵn

∥∥
L2 ≤

1

4
+ O(1) |ñ|−

1
3 M̄

1
3 (1 + M̄)︸ ︷︷ ︸

≤%
1
3 M̄

1
3 (1+M̄)�1

+O(ε
1
4 )

∥∥Ŵn

∥∥
L2

+ C |ñ|−
2
3
(
1 + |ñ|−

4
3
)
| log ε|1+

(
ε−

1
4
∥∥Z 1

2 Rn

∥∥
L2 +

∥∥Rn

∥∥
L2

)
,

⇒ |ñ|
2
3
∥∥Ŵn

∥∥
L2 + ε−

1
4 |ñ|

5
6
∥∥Z 1

2 Ŵn

∥∥
L2 + ε

1
2 |ñ|

1
3

(
‖∂yŴn‖L2 + |ñ|

∥∥Ŵn

∥∥
L2

)
+ ε

1
4 |ñ|

1
3

(
‖Z

1
2 ∂yŴn‖L2 + |ñ|

∥∥Z 1
2 Ŵn

∥∥
L2

)
. | log ε|1+

(∥∥Rn

∥∥
L2 + ε−

1
4
∥∥Z 1

2 Rn

∥∥
L2

)
,

L∞-estimate:

‖Ŵn‖L∞ . |ñ|−
1
2 ε−

1
4

(
|ñ|

1
3 ε

1
2 ‖∂yŴn‖L2

) 1
2
(
|ñ|

2
3 ‖Ŵn‖L2

) 1
2

⇒
∑
|n|≤ε−1

‖Ŵn‖L∞ . ε−
1
4 | log ε|

3
2

+
(
‖R‖L2(Ω) + ε−

1
4 ‖Z

1
2 R‖L2(Ω)

)
;
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L2
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2
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1
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1
4

(
|ñ|

1
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1
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) 1
2
(
|ñ|

2
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) 1
2
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1
4 | log ε|

3
2
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1
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1
2 R‖L2(Ω)
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;



For |n| ≥ ε−1,

‖Ŵn‖L∞ . |ñ|− 5
6 ε−

1
2

(
|ñ| 13 ε 1

2 ‖∂yŴn‖L2

) 1
2
(
ε

1
2 |ñ|‖Ŵn‖L2

) 1
2

. ε−
1
4 |n|− 7

12︸ ︷︷ ︸
∈L2

| log ε| 32 +
(
‖Rn‖L2 + ε−

1
4 ‖Z 1

2 Rn‖L2

)
;

⇒
∑
|n|≥ε−1

‖Ŵn‖L∞ . ε−
1
4 | log ε| 32 +

(
‖R‖L2(Ω) + ε−

1
4 ‖Z 1

2 R‖L2(Ω)

)

⇒ ‖W‖X ≤ Cε−
1
4 | log ε| 32 +

[
‖Q0(f,q)‖L2(Ω) + ε−

1
4 ‖Z 1

2Q0(f,q)‖L2(Ω)

]
.



THANK YOU!


