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Introduction

Navier-Stokes-Poisson system

pt + div(pu) = 0,

o(ut + u-Vu) + Vp(p) = pVd + divS—apu, (1)
A® = Y _f_)’
@ p>0—density, u=(u',---,u")— velocity,

@ p—pressure, p(p) =p’,y = 1,
@ & — the electrostatic potential.

@ The viscous stress tensor S is given by S = u (Vu + (Vu)T) + Adivul,,
where p and A satisfy the physical conditions > 0, 1+ %,u > 0.

@ a > 0isaconstant. Whena >0, 7= j; is momentum relaxation time.

@ 5 > 0is the background profile. We take p = 1.
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Initial boundary conditions

Let Q be an exterior domain in R" with compact smooth boundary.
We consider the initial boundary value problem of (1) in the region
x € Q, t €]0,+co) with the following initial data

(0, u)(x,t = 0) = (po, Uo)(x), (2)

and boundary conditions
ulgo =0, VO -v|sn=0, 3)

where v is the exterior normal vector.
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Related results on compressible Navier-Stokes equations

@ The classical global existence of smooth solutions to the initial
boundary value problem for 3-D compressible Navier-Stokes
equations for initial date being small perturbations of constant
states ( Matsumura-Nishida, 1983 CMP ).

@ The decay estimate ||0x(p, v,6)|| = O(t~'/#) (Deckelnick, 1992
Math.Z.)

@ The optimal rate of convergence of solutions as t — co under
the assumption that the initial data (o — 5, Uo, o — 6o) € L".
(Kobayashi-Shibata, 1999 CMP)

@ In the radially symmetric case, for the problem on a domain
exterior to a ball, the smallness constraints on the initial
perturbations are removed (S.Jiang, 1996 CMP).
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Related results on compressible Navier-Stokes-Poisson
equations

@ The Cauchy problem (initial value problem without
boundaries) of the compressible Navier-Stokes-Poisson
system:

e Optimal LP-decay rate (p € [2, co]) of the compressible NSP
system in R® (H.L.Li-Matsumura-G.J.Zhang, 2010 ARMA).

e Optimal LP-decay rate (p > 1), multi-dimensions (n > 3),
(W.K.Wang-Z.G.Wu, 2010 JDE).

o Optimal decay rate of the non-isentropic compressible NSP
system in R® (G.J. Zhang-H.L. Li-C.J. Zhu, 2011 JDE ).

e The global solutions with large data to the Cauchy problem of
the 1-D compressible NSP system (Z.Tan-T.Yang-H.J.
Zhao-Q.Y. Zou, 2013 SIAM JMA)
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@ For the asymptotic behavior when some physical parameters
tend to zero, such as the quasi-neutral limit when the Debye
length goes to zero, with or without physical boundaries.
(L.Hsiao-T.Yang 2001; L.Hsiao-P.Markowich-S.Wang 2003;
S.Wang-L.Jiang-C.Liu 2019; - - +)

@ The global existence of weak solutions of IBV problem of NSP
on bounded domain in Sobolev framework (Donatelli 2003).
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AThe radially symmetric solutions to NSP systems with large initial
data
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The radially symmetric formulation of NSP

Let 2 = {x e R", |x| > a},
ui(x,t) = ?u(r, B, i=1,-.n, p(x,t) = p(r, 1), D(x,t) = d(r, 1).

Assume that "
XU\ r
po(x) = po(r), uo(x) = PR

Let B := A+ 2u, IBV problem (1)-(3) are reduced as:

pt +0r(pu) + Zlpu=0, re(a,+w), t>0,

p(ut + uur) + P (p)pr = B(ur + 2 u), + o,
¢r,+@¢,:p—1, (4)
o(r,0) = po(r), u(r,0) = up(r), r € [a,+),

u(a,t) =0, ¢,(a,t)=0, t>0.
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Lagrangian coordinates

The Eulerian coordinates (r, t) are connected to the Lagrangian
coordinates (£, t) by the following relation

t
M) = (d) + fo 0z, 7).
where U(¢, t) := u(r(¢, t), t) and
w(0) =7 @) 1) = [ 611 p(s)ds, 1 € [a, +00).

For convenience and without the danger of confusion, (, i, ®) is
still denoted by (p, u, ®) and (¢, t) by (x,1).
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The NSP systems in Lagrangian coordinates

In Lagrangian coordinates (x, t), let v = %, then (4) reads as

vi = (r"u)y,

(rn—1 U)x

2n—2¢x o
(58,1

where p(v) = v77, with the initial data and boundary condition

v(x,0) = vo(x), u(x,0) = up(x), x €[0,+c0) (6)
u(0,t) =0, ®,(0,t)=0, t>0, (7)
v(x,t) > 1, ®(x,t) >0, as x — +oo, (8)
where vp := ;—0.
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r = r(x,t) is determined by

t
r(x,t) = ro(x) —i—f u(x,7)dr, x €[0,+), t>0,
0

X 1/n
ro(x) = (a” + nf vo(y)dy) :
0
The facts:
ri(x,t) = u(x, t),
1 (x, )r(x, 1) = v(x,1), x€[0,+), t>0,

r(x,t) >r(0,t) =a>0, xe[0,+c), t>0.
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Main result: the global existence

Assume that

(rg_1(')x<bo, vo—1, ro 1dxvo, r2 fo “20xx Vo, I ro axxxVO) €L? [0, +0);

-1 n-2 2
(UO, ro (9XU0, I’O axxu ro axxxuo, ro axxxxuo) € I_ [0 +OO)

(9)

Theorem (L-Luo-Zhong)

Let the initial data (vo, Ug) be compatible with the boundary
conditions (7) and satisfy conditions (9). Then the initial boundary
value problem (5)-(8) admits a unique smooth solution (v, u, ®y)
on (x,t) € [0,+o0) x [0, T] for every T > 0.
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Difficulties

@ Since the exterior domain is unbounded and the coefficients
tend to infinity as x — +o0, some difficulties arise, for
example, when n > 1, from the a priori estimates we could get
only u(x,t) = o(x‘%+217), but this is not sufficient to guarantee
integration by parts where u(x,t) = o(x’”%) is required.

@ For compreesible Navier-Stokes-Poisson equations involving
®,, the boundedness of v is subtle.

Global solutions to compressible NSP on exterior domains



The radially symmetric solutions to NSP systems with large initial data

Lemma 1 (the basic energy estimate)

There is a positive constant E, independent of t, such that

fQ (%pwﬁ +A(p) + %|V4>|2) (v, t)ydy + fo t fﬂ {IVUP + (1 + 2)(divu)?| dyds

1 . 1
= f —plul? + A(p) + = IVPF | (y.0)dy,
a\2 2
where

. plnp—p+1, ify=1,
Alp) =

L— Lp+1, ify>1,
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or equivalently,

n— 1

+o0 1 1 2n— 2¢2 +°0 r
f (2u + A(v) + (xtdx+ﬁff dxds
0
—+00 1 1r 2Nn— 2¢2
:f (—u2 + A(v )+ = )(X,O)dx = Ey,
0 2 v

where A(V) is defined as

“Inv—1, ify=1,
A(V)i{ er1Jrv—i1, ify>1.

For n = 1, the conservation of energy can also express as
+oo 2 t oo 2
3+ A0+ 5 LL
— A — (= X4
fo [2u + (v)+2(v))(x,t)dx—|—ﬁ L, vdxdt
+00 2
1 4 1 [P,
= = A —— .
j; (2u + (v)+2(v)](x,0)dx
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Lemma 2 (local bounds of the specific volume v)

For each t > 0 and for any i € N there exists a point a;(t) € [i, i+ 1]
such that

ay < v(aj(t),t) <ap, fort>0,ieN, (10)
and

i+1
a1 sf v(x,t)dx < ap, fort>0,i€N, (11)
i

where 0 < @y <1 and 1 < ay are two positive roots of the algebraic
equation A(y) = Eo.

Lemma (Key lemma: pointwise bounds on v)

There are two positive constants v and v such that

<v(x,t)<v, forte[0,T].
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Sketch of the proof of the key lemma

With the help of

v

(ln V)xt = [

Then the momentum equation becomes
1

—r

B

. 1 1
Ty = Pt (Inv], + ETX

{ fp xsds} ( () o) Yi(t)Bi(x,t), te[0,T]

Bi(x,t) := % {——f f( u[——)dsdy} >0,

1 t
Yi(t) :== exp{l—gf p(v)(a,-(t),s)ds} >1.
0

where

and
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Goal: estimate each term of Bj(x, t).

X t X ta 1-n

fﬂ‘”utdsdy‘—f fu+(n—1)r‘”rtudsdy‘
ai(t) Jo a)Jo Ot

T)

< C(

Now, we estimate the term fax_(t) fot S« dsdly.

For case n = 1. Notice that Remark 1 implies | %

by using Cauchy inequality, one has

X t(b i+1 t ) t
f f—xdsdysf f —X‘dsdysf
ai(t)y Jo VvV i oV 0
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For case n > 2. By using the third equation in (5) and the boundary
condition (7), we get

Oy
v

_ _2-2n * _
=—r L(v 1)(y,t)dy. (12)
Let "

w(x,t) ::j(; (v—1)(y, t)dy.

Since w is equivalent to

w—foq(v—1)dy+ﬁ2(v—1)dy+---+f[x);(v—1)dy,

which implies
ai[x] = x <w < ap([x] +1) = x,

by (11). Hence
lw| < Ci(x +1).
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(r”) r(x,t) a"
v=|—| = —2 - — =w+x,
n/, n n

which gives us another expression for r
1
r= (n(w+ X)+ a”)" > Co(x + 1)%.
Therefore, for n > 2, one has
’r2‘2”w| < C Cz—zn(x + 1)%—1‘

Combmmg the above with (12) to obtain

f —dsdy‘
aj(t)

r’- 2”wdsdy’

i+1 ,
1C572"(1 + x) 7 ' dsdy
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Lemma 4 (Sobolev-norm estimates of derivatives for u, v)
+oo
f f V24 (r"Tu)g + r2”‘2u,2()dxds <c(T),

) t —+00
f r2n—2v3dx +f f rzn_zvdedS < C(T)
0 0 Jo

+o0 —+00
f [VZ + (r"Tu)2 4 r2n-2 2]dx+f f u?dxds < C(T),
0

lull=([o,4-00)) < C(T).
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Lemma 5( high derivatives of u, v)

—+00
f f 4n 4 2 rzn—zvft)dxds < C(T).

+00 rn—1¢ 2
I Dl o400y + f (T) + Ok 4 PTET pdx < C(T).
0 t

t
f plugPdy + f f (Ve + (1 + D)ldivur?) dyds < C(T),
Q 0 Q

or equivalently,

—+00 t +00
f uZdx + f f (vf, + (r"'u)?, + rzn’zuf,)dxds < C(T).
0 o Jo
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Lemma 6 (high derivatives of u, v)

—+o00
f (r2”’2(r”" 7) R N T R vf,)dx < C(T).
0

Y
f (r“”“‘v2 rn- 6¢§xx dx +f f rin4vi dxds < C(T).
0
t
[t o+ [ s
o o Ja

or equivalently,
—+00
f (vt,—i—ut,-i-rz” 2 2)dxs C(T).
0

oo
f o8 2 dx < C(T).
0
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The total estimates

00
f {u2+(v—1)2 2GR 42 Ry 2Ry 2022
0

2n-2, 2

xt+r2n2 2

xt+r4n42

4n42
Uex T

+r

O AT402, 002 Lo < C(T).
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©® Global existence and exponential stability of the NSP system on
exterior domains
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Main theorem

Theorem (L-Luo-Zhong)

Let Q be an exterior domain in R® with compact smooth boundary. Assume that
po—1, Up € H3(Q) and

f(ﬁo—1)dx:0. (13)
Q
For a > 0, there exists a constant 6 > 0 such that if

l(oo — 1, Uo)lls < 6,

then there exists a unique smooth global-in-time solution (o, u, V) to IBV
problem (1)- (3). Moreover, there are positive constants C and o such that

{116 =1, 0 VO E-+ipuE-+1u? }(2) < Cet{ [l(o — 1, 6, V)| +lol B+l J(0).
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The linearized problem

Let g = p — 1, then we have
L% = g + divu + u- Vg = —qdivu = 1O,
L=u+vyVq— Vo —puAu—- (u+ )V(divu) +eu=1, (14)

A® =q,
where the nonlinear term is
q q . 1
f=u——A~Au—+ (u+ 1) ——V(divu) — "' —1)Vg-u-Vu.
Mot (u )q+1 (divu) = ¥(p )Vaq
(14) is enclosed with the initial data
(q9 U)(,O) = (QO, UO)’ (15)
and the boundary condition
Upgo =0, VO - vy =0. (16)
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For clarity, we introduce

E() = (g, u, VP)lls + lIgillz + lluglls,

and
D(t) = liglls + IVPIls + llulls + lIgillz + lugllz.

Proposition ( a priori estimates)

Let (g, u, ) be a solution of the initial boundary value problem (14)-(16) in time
interval t € [0, T]. Then there exists positive constants § and o- which are
independent of t, such that if

sup &(t) < 6,

0<t<T
then there holds, for any t € [0, T],

&(t) < CE(0)e™ .
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. dg . _dg
divu = " gdivu = dt+f

—ubu+ (YVq - Vo) = —uy + (i + )V(divu) —au+f, (17)

Ulga = Ul = 0.

Let 2 be any exterior domain. Then for k = 2,3,4

2
) 1+I|f°I|i_1+|Iurlli_2+|Iulli_2+|If||i_2+IIVU||2},

d
IV“ulP-+HIT" (va - @)IF < ¢ ”F?

where the last term on the right-hand side is necessary in the case of exterior
domain.
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Firstly, notice that differentiation of the system (14) with respect to t will keep the
boundary conditions (16). Compute the integral

f{ag(LO — )y + (L - 1) 5§U}dx =0, I=01,
Q
we obtain

Lemma 2 ( estimates of (g, u, V®) and (qy, ur, V;) )

Under the conditions in Proposition, then for | = 0, 1, there exists a constant
C > 0 independent of t such that

d
5= f { 0! q|2+|a’u|2+|a’v¢|2}dx+c f IV + |a, c”| +|a’u|2}

< CODA(1).
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Assume that the conditions in Proposition hold, then there exists a constant
C > 0 independent of t such that for k = 0, 1,

d (1
E{E fQ (matkvmz + (i + A)0kdivul +a|a,ku|2)dx— f yo* qddivudx
Q

- fn 6’,‘(V¢)-6’,‘udx}+C fQ (ylﬁ?qt|2+|8§‘u,|2)dx (18)

<cC f (|a,kVU|2 n |afu|2)dx + CoTR().
Q
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Under the conditions in Proposition, then it holds that

YlIgl? + IVOI? + [1Vqll? < C(IIUII2 + Nl + AUl + ||Vdivu||2) + CSDA(t).
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We shall separate the estimates into that away from the boundary and that near
the boundary. Let yo(x) be any fixed C*(2) cut-off function such that
supportyo € 2 and y, = 1 outside of a bounded region O c Q.

Lemma 5 (the estimates on the region away from the boundary)

Assume that the conditions in Proposition hold, for k = 1,2, 3, it has

d(y 210k A2 1 f 210k 2 1 f 210K iy 2 f 2ok K
dt\2 i > v = vk Rdx — :
dt{2 fﬂ)‘ol afdx+ 5 | xolViufdx+ o | xglVieFdx— | xoV'q-V d>dx}

+ [ (B
Q

dq? 1
V"F(Z' —|—a/X§|Vku|2}dx+ng§|kaq—de>|2dx
Q

<C f {lV""uIz + [V TP + |V“u|2}dx + CSDA(t).
Q
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Our next goal is to establish the estimates near the boundary 92. For this
purpose, we choose a finite number of bounded open sets {O,'}l.’i1 in R® such that

N
cl o,
j=1
The local geodesic coordinates (¢, £, r) will be set up in each set O; as follows:
(1) The boundary O; N Q is the image of smooth functions z = zZ/(¢&, ¢) satisfying
|zel =1, Zzz, =0, |zl>7>0,

where T is some positive constant independent of j = 1,2,--- , N.
(2) Any x in O; is represented by

X' =X(&¢,r)=m'(¢0)+2(£,2), (20)

where ni(&,¢) is the external unit normal vector at the point of the boundary
coordinate (£, ¢).
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Lemma 6 ( the tangential derivatives d = (9, 9;))

For any positive € and k = 1,2, 3, it holds that
9L 10 qlR + L Ul + — [0+ I 25k q - oFdd
at ZL\/I q 2[/\// u +ZIX1 - QXj q- X
o]
+ C{lhy Vo ulR + g 1P + et e}

< C{sllyvq —VOIE_, + (1 +e VUi, + 51)2(0}.
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Lemma 7( the mixed derivatives )

Under the conditions in Proposition, then for k + I = 0, 1, 2, there exists a
constant C > 0 independent of t such that

d 1
B ol + S0 oo - [ orola0al.ax)
at\2 2 o

dq
W o ( ot )

< c:{nakaiu,u2 + ;8" 8LV AU + 198 ull? + 52)2(0}.

2u+ A4 2

2

1
+ 5ld*dr(yar = @I +
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Taking x;0* (k = 1,2) to Stokes equation (17), we have

div(y;0"u) = x;0"1° - x;0* ( dct’) + Vy; - o u,

- ud(x;0 u) + V(Xlﬂk(m - ‘D)) = —x;0" Uy — ax;0*u + (y0"q - 8 ®)Vy; 1)

— uDy;0%u — 2uVy ;0" Vu + x;0"f — (1 + A)y,0 ( Ccijt ) + (u + A)y;0"VI°

)(jak U|3Q =0.
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Lemma 8
For I = 0,1, 2, it holds

IV2ul+ 19" (g - &)1 < ¢ H dH I+l -+ el 1A+ 19l

Andfork = 1,2,/ + k = 1,2, it holds
I, V2K Ul + [y, V' 0" (vq — ®)IP

dq|?
E”1 / +IPONE e + el 4+ MUl + IAIZ . + IyVg - VOIR,,_, + IIVJ||/2+K}-
N

v
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Outlines of the proof of main theorem

Step 1. Combining the above lemmas, we arrive at

2 LU - 1V ¢2)
Zail (et + g+ wajen

‘M*

(yna;wnz+(u+A)||a;divu||2+a||a§u||2— f y!qd!divudx — f (V) a’udx)

M_‘

n
+2’

l\:>|\“*,\,

0

3

Z (Yirov*aifa + -Il)(oVk¢||2 + oV ul® - f XiV4q- VEoax)

=1
2 1

+ 3 25 (ot alf + I ulP + gt ofF 2 [ xiota- o oax)
k=1 Q
2

Z (ool

N

|\J|\*'

1
ol 80 -2 f X20010,0t 8, 0,0x)|

2
+lgell? + HUttHZ}

q
+C{uu||$+uurn§-‘+Ha 3

< CoDA(t).
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Step 2. Denote the left-hand side on the above inequality as $&%(t) + CDA(t),
that is

%éz(t) + CDA(t) < CSDA(t). (22)
Holder’s inequality and Lemma 1 yields
CE(t) < E3(t) < CEA(t). (23)
We need to show that D?(t) < CD?(t), where
DA(t) = g5 + IVPIZ + llulls + llgell3 + llul3,

— dall?
D?(t) = llullf + lluedlf + HF? , + 11l + uglP.

Noting that [|ull2 and ||u;||3 are bounded by CDA(t) + C5D?(t) due to Lemma 1
and Lemma 8.
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Estimate the term ||qll3
Lemma 4 means that

gl + IVql? + IVOI? < CDA(t) + CSD?(t).
Noting Lemma 8 with | = 1 tells
lyV2q — V2®|2 < CD?(t) + CSDA(t),

which together with the elliptic estimate: ||[V2®|]? < C(||q||2 + ||V<I>||2) yields
2 112 1 2 2 2 1 2 2
(IVeqll® < =llyVoq - V0| + —[[V°®||
Y Y
< C(||7V2q - V2oIP +liql® + IIV¢|I2)

< CDA(t) + C6DA(t).
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Similarly, by using : [[V3®]] < C(||q||$ n ||v¢||2), it holds

IV3qlP® < C(||7V3q - V2OI? + lqlf + ||V¢|I2)
< CDA(t) + CSDA(t).
Furthermore, the elliptic estimates implies [[V*®|1? < ||gll3 + |[VP|[?, so it arrives at
DA(t) < CDA(t) + CSDA(1),

which implies _
DA(t) < CDA(1). (24)

Then, putting (24) and (23) into (22), we obtain
d o2 o2
— <
dt8 (t)+o&(t) <0,
where o > 0 is a constant independent of t, which gives
&(t) < e"'E(0).

Then
&(t) < Ce™'&(0).
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Thank you very much for your attention!
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