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Introduction: “The constant rank Theorem”

A technique to study the convexity of solutions to PDEs.

Elliptic equations: F(D?u, Du, u, x) = 0, (F*} := {7} > 0

Parabolic equations: F(D?u, Du, u, x, t) = u

The classical solution u is (strictly) convex
JF
& P(x,y) = u(X$¥) - i) < ()0

& D?u = (2L} > (>)0.

The level set X° := {x € Q : u(x) = c} is (strictly) convex
& Q(x,y) = u(*) - min{u(x), u(y)} = (>)0
S llse > (>)0
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Introduction: “The constant rank Theorem”

The idea is from Caffarelli-Friedman puke matn. ., 19851 and
Singer-Wong-Yau-Yau [ann. scuola Norm. Sup. Pisa,1985].

Consider a semipositive definite matrix W = (Wjj)nxn, where

W;j = W;i(D?u, Du, u, x) (W can also depend on t) satisfies the
following conditions

(i) (W) is diagonal or partial diagonal under a suitable coordinate,
(i) Wj e C2.

Suppose | = r)’(nelg rank(W(x)) is attained at some point x, € Q. We
want to prove that W is of rank [ at any x € Q.
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Introduction: “The constant rank Theorem”

So we consider a suitable test function

or2(W)
= w = W)+ ——— 0.1
¢ =01 (W) or ¢ =on( )+0/+1(W), (0.1)
where o (1) = > A, A, - - - Aj,, and prove a differential
1<iy<ip<-<ix <N
inequality
n
Py Fgas < Cip+ C2 V4| in Ny,
o 0.2
¢(x0) = 8=
>0 in Ny,

Utilizing the strong maximum principle and the continuous method,
we can obtain

o1 (W)(x) = 0in €. (0.3)

Hence we can get W is of constant rank [/ in €2.
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The idea of Constant rank theorem

For the parabolic equations, assume [ =  min _ rank(W(x,t))
(x,1)e2x(0,T]

is attained at some point (xo, fp) €  x (0, T], and try to prove

n
> F“’BQS(Y[; — ¢t < C1¢p+ Co[Vg| in Nxo X (to -0, to],

a,B=1
(%0, 1) = O, (0.4)

¢=>0 in NXOX(to—é,to],

Utilizing the strong maximum principle and the continuous method,
we can obtain

041 (W)(X, t) =0in Q2 x (0, to]. (0.5)

Hence W is of constant rank /in Q x (0, ty]. Moreover, let I(t) be
the minimal rank of Win , then I(s) < I(t)forall0 < s <t < T.
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Example 1:

Theorem (Makar-Limanov: Math. Notes Acad. Sci. USSR.1971)

Assume Q is a C? convex domain, and u is the classical solution of

Au=1,in QcR"
u=20, on N

Then —(—u)% are strictly convex.

| A

Theorem (Brascamp-Lieb: JFA 1976)

Assume Q is a C? convex domain, and u is the classical solution of
eigenvalue problem

Au= A1(-u), in QcR"
u=0, on N

Then —log(—u) are strictly convex.
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Example 1: ldea of proof

Step 1: Constant rank Theorem: D?v > 0 = RankD?v = constant.

From the regularity theory, u e C*(Q) N C?(Q).

Let v = —(~u)Z, then v satisfies 2(—v)Av — 2]Vv[2 = 1.
Assume the minimum rank / of D?v is attained at x; € , and
I < n—1. For a small neighborhood Ny, and any fixed point
x € Ny,, we can rotate the coordinates such that

D?v is diagonal. (0.6)
Also, we can assume vi{ > Voo > --- > Vp,. Denote
G={vi,--,vi}, B={Vig1i41,- -, Vanhhand G = {1,--- , [},
B={l+1,---,n}. Thenv; > ¢ > 0 for i € G if Ny, small enough.
Let
¢(x) = o1y1(D?v), (0.7)
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Example 1: ldea of proof

If h(x) < C(¢ + IV¢|), VX € Ny,, we say h ~ 0.
Alsoh~0 if h<g0,and —h<O.
Since ¢ = 041 (DZV) > o(G) X vii, then

ieB

vii ~ 0, Vi e B.

Taking the first derivatives of ¢, we get

n (90'[4_1 (D2V)
= Z v Viier
i=1 .
= Z o 1(D?vli)Vi + Z o 1(D?vli)Viia
ieG ieB

~ o(G) Z Viiars

ieB

Z Viig ~ 0.

ieB
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Example 1: ldea of proof

n 2 n-1 2 2
2(—V)A¢ :2(_\/)[2 Mv SIS Z Mvﬂ'akala]

i=1 Vi - e 9viov
Vijaz
~2(-V)o(G) Y [v,-,-w 2y T]
jeB icg "
2
-
soi(G) ) [4vidvi—4(-v) ) ]
jeB ieg "
<oi(G) Z 4\i2Av —4(-v) —(ZiEG Vﬁj)z]
- : -V 2ieG Vii
jeB
~0. (0.8)
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Example 1: ldea of proof

Applying the strong maximum principle, and we obtain

d(x) = o111(D?v) =0, x € Ny, (0.9)

By the continuity method, Rank{D?v} = I in Q.

Step 2: Full rank Theorem: RankD?v = const. = D?v > 0.

By a result of Caffarelli-Spruck [CPDE, 1982] or Korevaar [Indiana,
1983], v is strictly convex near 0f.

Hence | = n and v is strictly convex in €.
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Example 1: ldea of proof

Step 3: Deformation Theorem: = D?v > 0.

@ Q=B:(0), u= 4|x?- &, and then v = — /2 — L|x[2 and

1 1 1 _3
D2v = /5(5 = 5XB)EI(1 = Ix)dy + xix] > 0

@ Q= (1-1)By(0) + tQ, u'is the solution, vi = —(-ut)z.
@ t =0, holds. If t — fp € (0, 1], such that

=

D?vP > 0, but not > 0,

it is a contradiction by Full rank Theorem. Hence t = 1, holds.
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Example 2: level sets of harmonic function in convex
rings

u=2~0 on 09, (0.10)

where Q = Qo \ Q1 is a C2 convex ring in R" (n > 2), i.e. Qo and
Q4 are C? bounded convex domains, and Q1 c .

Theorem (Gabriel: JLMS 1957; Lewis: ARMA 1977)

For any c € (0,1), the level sets ¥° = {x € Q : u(x) = c} are
strictly convex.

Gabriel: JLMS 1957: Concavity function method

ax.y) = u*2)

Lewis: ARMA 1977: p-harmonic function, strict convexity
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Example 2: |dea of proof

Step 1: Constant rank Theorem: llsc > 0 = Rank llsc = constant.

From the regularity theory, u € C*(Q) N C2(Q).

From Kawohl [book, 1985], [Vu| # 0 in 2.

Suppose a(x) = {a;ji(x)}n-1xn-1 be the Weingarten curvature
matrix of level set £¢, and a > 0. By rotating the coordinates, such
that u, # 0, then

|Un| ..
aj=-——=Aj 1=i,j<n-1, 0.11
d |Vulup3 ! g ( )

where

ujurhy ujush UiUjuk uihy
WA+ W)z W+ W) We(1 + w)2ud
hj =UBUjj + UpnUilj — UnUjUin — UnUiljn,

_ vl

B |unl
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Example 2: |dea of proof

Assume the minimum rank / of a(x) is attained at xo € €2, and
I < n— 2. For a small neighborhood Ny, and any fixed point
x € Ny,, we can rotate the coordinates such that

[Vu(x)| = up(x) >0, {uj}1<ij<n—1is diagonal. (0.12)

Then aj = —;5shj = —-uj is diagonal. Also, we can assume
U1 < Upp < -+ < Up_1p—1. Denote G = {a11,--- , ay},

B={ai 1,41, -+ a@n-1n1},and G ={1,--- .1},
B={l+1,---,n=1}. Then a; > ¢ > 0forie G if Ny, small
enough. Let

¢(x) = o111(ay), (0.13)

If h(x) < C1¢ + Co|V9|, VX € Ny,, we say h < 0.
Alsoh~0 if hg0,and —h<O.
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Example 2: |dea of proof

Since ¢ = 041 (a,-,-) > o(G) ¥ aj, then
ieB

aij ~ 0,h; ~0,u; ~0, VYieB.

Taking the first derivatives of ¢, we get

doi1(a) . .
ba = Z Ry 8jjq = Z oi(ali)aiia + Z o(ali)aiia
ij=1 U i€G ieB
~ Z djj,a ~ _Un O'I Z hii.o
ieB ieB
-3 2
= U O'I(G)Z[Unuiia — 2UnUinlia],
ieB
hence
2
Z Aji Z hiio ~ 0, Z[Unuﬁa - 2UnUinUia] ~0. (0.14)
ieB ieB ieB
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Example 2: |dea of proof

n—-1 n—1 2
(90'/ 1(a 0 o+1la
A¢ = E s ( )aij,aa + § as ( )aij,aak/,a

= %a idrer 03108k

a(G) Z [a,, i Z allaa’ja]

jeB icq i

~ o-,(G Z Z[unu,,a 2u,au,n]

U” jeB,ieG a=

C(o +1Vgl). (0.15)

i

IA

Applying the strong maximum principle, and the continuity method,
Rank{a;} = I'in €.
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Example 2: |dea of proof

Step 2: Full rank Theorem: llsc > 0 = llsc > 0.

Y ¢ are (n — 1) dimensional closed hypersurface, so | = n— 1 (level
sets are strictly convex).

Step 3: Deformation Theorem: = llzc > 0.

® Q= By(0)\ Bi(0), u = —5& 5 + 3= and then

{x : u(x) = c} is a sphere.

@ Q= (1-1)Bx(0)\ Bi(0) + 1, utis the solution.
@ t =0, holds. If t — t, € (0, 1], such that

Il, >0, butnot >0,

it is a contradiction by Full rank Theorem. Hence t = 1, holds.
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Background

Convexity of solutions is an important geometric property, and
there is a vast literature devoted to it. There are two important
methods

@ macroscopic methods: weak maximum principle, including
concavity function method, and convex envelope method.

Py = ") u(x) t u(y)
Q(x,y) = uEEY) — min(u(x), u(y))

2

@ microscopic methods: strong maximum principle, mainly is
the constant rank theorem.

Rank{W;;} = constant
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Background

For the elliptic equations and parabolic equations, the convexity of
the solution
@ (spatial) convex solutions «---> DZu > 0
e Semilinear or quasilinear elliptic equations:
Korevaarindgiana, 1983], Kennington[indiana, 1985], Kawohl[math. meth. Appl,
1986]; Caffarelli-Friedman[puke, 1985], Korevaar-Lewis[arma, 1987]
e Eigenvalue problem:
Brascamp-Lieb[ura, 1976], Caffarelli-Spruck(croe, 19s2],
Singer-Wong-Yau-Yau[ann. scuola Norm. Sup. Pisa, 1985, Liu-Ma-Xu
[Adv.Math, 2010],
o Christoffel-Minkowski problems:
Guan-Ma[invent. Math, 2003], Guan-Lin-Ma[chin. Ann. Math., 2006],
Guan-Ma-Zhou[cram, 2006]
e Fully nonlinear elliptic and parabolic equations:
Alvarez-Lasry-Lions[um.pa, 1997], Caffarelli-Guan-Ma[cram, 2007],
Bian-Guan(invent. Math, 2009], Ma-Xul[Jra, 2008]
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Background

@ Convexity of (spatial) level sets ¢----> I, > 0

o Elliptic equations:
Shiffman[Ann. Math, 1956], Gabriel[J. London Math. Soc., 1957], LeWiS[Arch. Rat.
Mech. Anal., 1977], Caffarelli-Spruck[crog, 1982],
Bianchini-Longinetti-Salani [indiana, 2009],
Korevaar[crog, 1990], Bian-Guan-Ma-Xu [indiana, 2011], Guan-Xu[ .
Reine Angew. Math, 2013]

e Parabolic equations:
C.-Shi[sci. china Math., 2011], C. [p.c.Ds, 2014]
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Background

For the parabolic equations, the spacetime convexity is also a
basic geometric property.
@ Spacetime convex solutions ¢---> D2 u > 0
@ Borell[aHP probab. statist, 1996; Potential Anal, 2000]: Brownian motion
@ Hu-Ma[manu. math, 2013]: heat equation
o C.-Hu[Actamath. sin., 2013]: fully nonlinear parabolic equation
@ Convexity of spacetime level sets ¢----> [l ; > 0
7727212727
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Consider the convexity of spacetime level sets of the heat equation
in the convex rings.

L = Au in Qx(0,+),

u(x,0) = up(x) in Q,

u(x,t)=0 on 99y x (0, +), (0.16)
u(x,t) =1 on 994 % (0, +c0),

where Q = Q0\Q4, Qo and Q4 are bounded convex C%* domain in
R" with Q1 C Qo.

Basic Porblems: The (strict) convexity of
(1) spatial level sets Y5 := {x € Q : u(x,t) = c}.
(2) spacetime level sets X7, := {(x, 1) € Q2 x (0, +0) : u(x, 1) = c}.

This work is joint with Xi-Nan Ma and Paolo Salani.
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Difficulties

The strict convexity of spacetime level sets is very difficult to study.
@ For heat equation in convex rings, there is no result about the
strict convexity of spatial level sets (until our work).
@ We cannot prove the constant rank Theorem of /lsc: under the
condition ”z;‘-f > 0.
@ The characterization of spacetime level sets is complicated.

@ The calculations are very hard when we prove the constant
rank Theorem of ”qu under the condition Hzir > 0.
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Main Result

Theorem (C.-Ma-Salani, Memoirs AMS, 2019)

If u is a space-time quasiconcave solution of (0.16), with u; > 0.
Then

(1) the spatial level sets Zﬁ’t of u are strictly convex for every
ce(0,1)andt e (0,+c).

(2) the spacetime level sets Zf(’t of u are strictly convex for every
ce(0,1).

Key: “Twice” constant rank Theorem technique
@ Constant Rank Theorem of Ils.c: = constant rank properties
@ Constant Rank Theorem of ”‘Zit'
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the second fundamental form of the spatial level sets

@ Spatial level set: X' = {x € Qlu(x, t) = ¢}
@ If u, # 0, the Weingarten curvature tensor is

u . .
aj = = Un ~——=A;j>0, 1<ij<n-1, (0.17)
IVulun
where Vu = (uy, o, - - - , Up_1, Up) is the spatial gradient of u,
A — hi— ujuhy B ujurhy ujujui Urhyg

T Wi w)d Wi Wyid T WR(T + W)U
_ |Vl
|unl”

hj = u%u,-,- + UppUjUj — UpUjUjn — UpUjljn, 1 <0, j<n—1.

Chuangiang Chen constant rank



the spacetime level sets and the spacetime second
fundamental form

@ Spacetime level set: 7, = {(x, t)lu(x, 1) = c}
o If us #0, the Weingarten curvature tensor is

~ lufl A

a(yﬁ = _WAG,/}, 1 < a,ﬂ <n, (018)

where Du = (uy,--- , up, Ut) is the spacetime gradient of u,

AP Ua Uy Fiy N Usty oy U Ug Uy Uy Py
PTTWA W WA+ Wy W1+ W)ud
A Du
W - 1bul

lugl °

hog = u, Uop + UttUgUg — UtlglUyt — UtlgUpg, 1 < a,B < n.
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Constant rank theorem of spatial level sets

Assume /= min rank{aj(x,t)} attained at some point
(x,t)eQ2x(0,T]

(X0, fo) € 2 x (0, T]. We just need to prove a differential inequality

Ap— ¢t < Cip+ Ca[Vgl in O x(to -6, 1],
¢(x0. 1) = 0, (0.19)
¢ >0 in O x (ty — 6, b,
where
¢ = ori({ay(x. 1)}). (0.20)
Then use the strong maximum principle and the continuous
method.
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Constant rank theorem of spatial level sets

Similarly to Bian-Guan-Ma-Xu [ Indiana Univ. Math. J, 2011], we

can get
Dp(x,t) = ¢ = —Up°ci(G) ) [~4unUnu + 6UZ U]
jeB
_3 [Uﬂulja/ - 2U1aujn]
+2Un 0'/ Z Z
]eB i€eG a= Ui
O(¢ +IVgl).
The solution is space-time quasiconcave, then for j € B we get
&7 < 8jan = 0(¢), and hZ =0O(¢), (0.21)
hence
2 2 F’iﬂ 2
— 4UnUnjuy + BUR U = U[Utunj + U_t] + O(9). (0.22)
t
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Constant rank properties

uij =0, forie B, (023)
upi =0, forie€ B, (0.24)
Ujo =0, forie B,je Gia=1,---,n. (0.25)

Under above assumptions, we can get

aj(x,t)=0, iorjeB,

ain(x,t) = ani(x,t) =0, ieB,

Daj(x,t) = (Vaj, ajt)(x,t) =0, iorjeB,
Daj,(x,t) = Dani(x,t) =0, ieB.

Chuangiang Chen constant rank



Constant rank theorem of spacetime level sets

Assume | = min rank{éaﬁ} attained at some point
(x,t)eQ2x(0,T]

(X0, fo) € 2 x (0, T]. We just need to prove a differential inequality

@(x0,t0) =0, (0.26)

Ap — ¢ < Cio+ C2|Vgl, in Ox(fo -6, to],
>0 in OX(to—(S,to],

where O X (fp — 6, fp] is @ small parabolic neighborhood of (xo, to).

¢ = oi+1({8sp}) (0.27)

Then use the strong maximum principle and the continuous
method.
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Proof of (spacetime) Constant Rank Theorem

By hard calculations, we get

Ap - 90t~0'/(G)[1+Z ]ZAa,,

ieG ieB
+ U'I(G) [(Aénn - énn t)
a A
-2 Z l (Aam ain,t)
i€G i
am ajn(

ijeG ol

2
ajn
~20(@) Y & Z Bina Zﬂ—uaw‘
ajj

i€eG jeG
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Proof of (spacetime) Constant Rank Theorem

a; |l
1 in ( ) AA;
+) éz) |Duluy® Z '

i€eG

+o(G) - Ut )[(Ai\nn—i\nn,r)

|Dujug

Al ~ &
-2 Z A—m(AAin - Ain,t)

ieG '
AnAng ~ .
A—’"A—’n(AA,-j—A,”)
iieG Aii Ajj
|ug| 1 < A ?
Ut A jn A
~206) - L) 3 L Y N, - 3 2
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Proof of (spacetime) Constant Rank Theorem

|Ut| ~
hi
—_ 2 gG: h’: (Ahm - hln t)
hj
o m == (Ahy - hy t)‘
ii€eG h ii
lug \ 1 1 <& h ?
Ut lin ~
—20/(G (— ) Pina = S 2Ry
(G~ Touius 2 ;‘ hi QZ " IEZG; hj
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Proof of (spacetime) Constant Rank Theorem

lufl \ 2
NO-I(G)(_|DU|ut3 )W.

i€eG jeG "l o Ut i€eG h” Un
1 hin ~ Upp  Unt hin Uin 12
- ~ [hml ~ hl]l ii(u__T_ _U )]
icG jeGg Mi 0 t icg hi Un
h;
n 2
S 2 [ina= Y, 2yl
i€eG hi aeG,a#i jeG h
hin Uin,o 3
TR T
Ut icG h,‘,‘ n
<C(e+ |V¢I)
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@ Borell [C.M.P, 1982]

% =Au®  in Qx(0,+),
u?(x,0) =0 in Q,

uB(x,t) =0 on Qg x (0, +o0),
uB(x,t) =1 on 09 x (0, +c),

(0.28)

Then the spacetime level sets {(x, t)|[u®(x, t) = c} is convex.

@ By the constant rank theorem, we can get the spacetime level
sets of u®? is strictly convex fort > 0 and ¢ € (0, 1).

@ Deformating from u®(x, €) to ug(x), we can get the spacetime
level sets of u is strictly convex for t > 0 and ¢ € (0, 1).
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Thank You !




