Boussinesq System With Measure Forcing

Liutang Xue

Beijing Normal University

CAMIS, South China Normal University, Nov. 28, 2020

Liutang Xue Boussinesq system with measure forcing



Boussinesq System

Boussinesq system
0 +v-VO - N0 =y,

otv+v-Vv—Av+Vp=_0ey, (1
divv =0,
where d =2,3, 5 =(0,---,0,1), v the velocity and 6 the

temperature.

@ System (1) is widely used in geophysics, atmosphere.

@ System (1) can be rigorously derived from compressible Navier-Stokes
-Fourier equations by taking a low Mach number limit (see Feireisl, Novotny
[FN09]).

@ For system (1) with u = 0:
the well-posedness was studied in Cannon, DiBenedetto [CD80], Guo
[Guo89] etc.

Brandolese, Schonbek [BS12] proved that the total energy ||u(t)||f2 may
grow in time.
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Boussinesq System With Measure Forcing

We consider system (1) in which y is given by a heat source
transported by the flow:
op+v-Vu=0,
210 +v-VO- A0 =y,
dtv+v-Vv—Av+Vp=~0ey, (2)
divv =0,
(1,0, V)lt=o(x) = (1o, B0, vo)(x),

where x € RY.

m
@ One can think of u(x,t) = Y, 4;0(x — xi(t)), Ai e R.
i=1

@ From the perspective of physical modeling, it would describe the movement
of water after putting chemical material, like Sodium (Na), rapidly reacting
with water.

@ We assume total transfer of energy by p is constant in time.

@ We also neglect all other chemical or thermodynamical effects.
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Related works

3D Navier-Stokes system with singular forcing

(3)

otv+Vv-Vv—Av+Vp=F,
divv=0, V]—o=Wvy, x€eRs.

@ “Landau solutions” are a family of explicit formulas of (v, p) which solves
system (3) (with F = 0) under the conditions they are steady, symmetric
about x1-axis, homogeneous of degree -1, regular except origin.

See Landau [LL59], Tian, Xin [TX98], Sverak [Sve11].
“Landau solutions” indeed are distributional solution to system (3) with
singular force F = (bdg, 0,0). See Cannone, Karch [CK04].

@ If vo e PM2 and F € Cy ([0, o), PM®) are sufficiently small !, then system
(8) can be solved globally and uniquely. cf. Cannone, Karch [CKO04].

"Pseudomeasure space PM?, a > 0 is the space of f € S’'(RY) such that
Ifllppa = ess supgqlél?f(E)] < 0.
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Question: If uy € M(RY) with? supp po C Bg,(0) for some Ry > 0, can
we solve the system (2) uniquely and globally?

2Denote M = M(RY) as the space of finite Radon measures defined on
RY with total variation topology, i.e., for any u Radon measure,

letllpgr) = Il(R) = SUD{U y fd#‘ lffls < ‘} '
R

From Riesz representation theorem, M(IR?) is the dual space of Co(IRY).
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Main Result

Theorem 1 (P. B. Mucha & L. Xue, 2020)

Let uo € M (IR?) with supp o C Bg,(0) for some Ry > 0.
Foreach o € (0,2), let 0o € L' N B%"_(IR?) with 60 > 0, and
2-g’

vo € H'(IR?) be a divergence-free vector field with vorticity
wo = (91 Voo — 82V1/0 € B‘rzg (]RZ)
75/

Then system (2) admits a global in time unique solution (p, 0, v) such
that forany T > 0,

g€ L>(0,T; M (R?)), with suppp C Bgryic, (4)
6eL™0,T;L'nB%’ (R?), with 6>0 on [0, T] xR
2-0’

vel®(0, T;H' nW")nL?0,T;H?), Vvel™(0,T;B%").

2-g’

Liutang Xue Boussinesq system with measure forcing



@ Difficulty: The heat source is a measure which is not vanishing
in time.

@ Solvability of (2)4 requires high regularity of the velocity (Lipschitz
continuity) to guarantee existence and uniqueness.
One can not expect too high regularity of solutions since they are
generated by a measure.

Our solutions are regular enough and (2) can be solved in terms of
characteristics.

@ In obtaining a priori estimates, the source p given as a measure does
not allow to use the standard bounds by energy norms.

@ We prove unigueness in Lagrangian coordinates: the regularity is

high enough to define the Lagrangian coordinates. After the
transformation, u becomes fixed in time.
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Some remarks

@ It is an application of inhomogeneous Besov spaces
L*(0, T; Bg/oo(]Rz)) to address the regularity of solutions.

@ Properties of these spaces allow to consider regularity of (u, 6, v) in
the L*-norm in time, which is required by the basic bound of u (4).

@ By embedding B, ,(IR?) c Co(IR?) for o € (0,2), we have

/J,1(

M(R?) c BY (R?),

thus p belongs to L=(0, T; By _(RR?)).
o

This framework fits to the regularity properties of the right-hand side
of equation (2)z.

@ Besov spaces admit the theory of maximal regularity for the heat and
Stokes equations, which allows to maintain the full information about
the solutions.
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A priori estimates: estimation of source u

O+ v-Vu=0, uli—o=poe M(RR?).

Proposition 1

Let uo € M, (IR?) satisfy that supp po C Bg,(0) for some Ry > 0. Let
T > 0 be any given, and (u, 0, v) be smooth functions on IR? x [0, T]
solving system (2).

Then for every t € [0, T], we have u(t, x) = ui(x) € M, (IR?) with

el pmerey < luollarey, VYt € [0, T],

and also supp it C Bgry+c(0) with C = IVIlL (L)
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A priori estimates: L'-Estimation of temperature 0

8t9+V'V9—A9:[,l, Olt=g = .

Proposition 2

Let puo € M, (IR?) satisfy supp po C Bg,(0) for some Ry > 0, and

0o € L'(R?) be with 0 > 0.

For T > 0 any given, assume (u, 0, v) are smooth functions on

IR? x [0, T] solving system (2), and also 6 has the point-wise spatial
decay.

Then we have that 6(t) > 0 for every t € [0, T] and

sup [16(t)llLr < l16ollLt + Tllpollm-
te[0,T]
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A priori estimates

Proposition 3

Let uo € M (IR?) satisfy supp o € Bg,(0) for some Ry > 0. For each
g€(0,2),let6p e L' N 82 ° (R®) be with 6 > 0, and v € H'(R?) be

a divergence-free vector field with initial vorticity
wo 1= 1V — daVig € B3 ° (R 2). Let T > 0 be any given, and

(1,0, v) be smooth functlons on IR? x [0, T] solving system (2).
Then we have

1612y + VIl ) + IVilLzey < CePCOFT,— (5)

2077

and
2 C(1+T)®
”vV”L;o(B:g/m)+||V||L_T_O(W100)+||(Vp,atv,v V)HL;O(BZ,DO) S CeeXp( ( ) ),
(6)

where C > 0 depends only on ¢ and norms of (g, 6o, Vo).
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Proof of Proposition 3

e Energy estimate yields

1d,

f O vo(t, x)dx
]RZ
<O IvV(DliLs < C(1+ DIV ZIVA VI 2.

L2 L2
e Consider the equation of vorticity w := curl v = dyv» — da vy, which is
Jdiw+Vv-Vo — Aw = 046.
Energy estimate also yields

1d
5 i l0OIZ + V(DI < < 16(t)lleIV@(t)llz.

f 931 a)(t, X)dX
R2

d
= allw(t)llfz + V(). < l16(t)II7..

We get

d 1 2
@ (”V(t)”fz + ||w(t)||f2)+ ||VV||fz + §||Vw||fz < ||9(t)||fz +C(1+ t)% ||V(t)||fg- (7)
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e In order to control the norm ||0(t)l|_2(rz), We use the equation of 6
210 +v-V0 - A0 = p.

Since By, ,(IR?) € Co(IR?) for o € (0, 2), observe that

u(t) € M(R®) = (Go(R?))" B _(R?).

Lemma 2 (cf. Theorem 2.2.5 of Danchin05’)

LetseRandpe[1,]. Let T >0, up € B3, (RY), and
f € LY(BS2(RY)). Then

diu—Au = f, Uli—o = Up, X €RRY,

has a unique solution u € L7(Bj ,) and there exists a constant
C = C(d) such that

lullsss,.) < C (lluollss, + (1+ T)fllsgs2)-

V.
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e Hence we infer that for every t € [0, T,

1006ty < CoflBollsry +(+Dllillpay )+(1+DIv-Vollpes )
25/ 25/ 2-g" 2-6"

Letv : R? — IR? be divergence-free and 6 : R> — R. Let s € (0,1),
p € [1,00]. Then there exists C = C(s) > 0 such that

IV V6l iy < Cllvilon iy 5P 24172 Vi + 21184 lloe )
>—

e Owing to Lemma 3, it follows that
16182y < Co(ll6ollgzr + (1 + t)llollm)
25/ 25/

+Co(1+ t)II(v,w)IIL;A(Lz)(ksug 2k~ V2 + kIIAk6||Lm(Lﬁ)).
>— t
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e We first derive a rough estimate of 01l (B2se ) by lI(V, @)l (12)-
2o oo

By interpolation and Young inequality, it gives

1Ol (ger y < C(1+1)+C(1+ t)”(V;a))HL;"’(L?)HGHLm g
. P )

2-0"

Q

< C(1+ 1)+ C(1+ DIV, @)lranlol, L ||e||Lw(Bzg )

2-0

4
<C(1+t)+ C((1 + )7 |(v, a))||2;:5(l_2)||9||Lf°(L1)) + §||9||L;°(Bzgm),

and
100l < O+ DE(1+1v,@)IE0)) ®)

with C depending on the norms IIGOIILWBZ? and [|uollpm-
I
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« Then we show refined estimate of (8) by reducing power index of [I(v, @)l 2

Lemma 4

Let0: R?>x [0, T] — R be a scalar function. Let s € (0,1), p € [1, 0], then there
is a positive constant C = C(s, p) such that

sup 2479) Vk + 2|l Ak Bl 1r)
ko1

A o Wize9) | e 9
< 5 S - . .
161 101 a7 ) |09\ & + ey ) * ClElrw- @)

Applying (9) and the fact z > z# log(e + %) is increasing on (0, o),

HQHL'N(B;‘T,W) < C(1+ 1)+ C(1 + DIV, @)l w2y 100l L1y

, IlellL;’“(Bs/’(”zﬂ)w)
+C(1+ f)||(V,a))||L;v(L2)||9||2 ||9||2 @ log (e + W)

<G+ 1)+ O(1 + IV, )l (nen o \/log(e+||9nmsz;f ))+1)~
) 255
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Using rough estimate (8), we see

oofe- 1)< yoaffe o010 o+ 0 )
<C(1+1) \/Iog (e +I(v, w)IILm(Lz )

thus

161l (g2 )SC(1+f)+C(1+T)3||(V,w)||L;O(L2)(\/|09(9+||(Vrﬂ))||2w )H9||2 o )+1).
£

255

We then obtain

100lpqey < G+ 0P(1 10, ) s l00 (€ + 100N )} (10
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@ Now we go back to inequality (7).

By (10) and interpolation [|0]Z... .
B

2) < CHQHL;“(L‘)HQHL;y(BS/::)y Vp € [1100)1 we
deduce

ditII(V,w)(f)llfz + %H(VV/ V) (1)IF, < C”Q”L;’“(L‘)||6||L,"°(B?2’2;'N) +C(1+ t)%||v(t)||§2
<C(1+ t)’(1 (v, 0)IB gy fog (e + ||(v,w)||f;a(Lz))).
Integrating on time yields
||(V,w)||f 2y +I(VY, V(‘))”LZ(Lz
<C(1+ 1)+ cfo (1 + )0V, @)IPe 2y oG (e + ||(V,w)||im(L2))dT.
Gronwall inequality guarantees

(V)2 + IV, V)l ) < CeeP(C(1+T)%). (11)
Plugging (11) into (8) leads to

||9||Lrw(52£ ) < CeexP(C(HT)S).

2-g"
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e By viewing the equation of w as diw — Aw = d16 — v - Vw, we use Lemma 2
and product estimate to get

~ exp(C(1+T)%)
||VV||L;0(B31 R ||w||1_;o(331 R < Ce ,

2-0" 2-g’

and

IVl iy < CollA 1Vilis(e=y + Co Y, 18qVVIlLsee)
qeN

< Gollvlleps) + Co ), 27929 AgVVll
:

2
25 )
geN

< C()”V”L;O(LZ) + COHV‘/”L?(B::LUM) < CeeXP(C(1+T)8)/

e Furthermore,

||(9tV,V2V,VP)||L;o(Bz-2.7 ) < Ceexp(c(1+T)8).
225 0
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Global Existence

e In order to construct a suitable approximation we consider the
system with smooth initial data.

We assume
1=o, 6"li=o, V"li=o belong to the Schwartz class over R?, (12)

where n € N™ (n — oo in the end) and they converge to pg, 6o, Vo in
spaces prescribed by Theorem 1 (at least in a weak sentence).

e By Galerkin’s approximation and energy estimates, we can get the
solution to system (2) with initial data given by (12), that is:

" + v Vu" =0, in R2x (0, T],
210" + v VO — AO" = ", in R2x (0, T],
AV + V1 -VV — AvT +Vp" = 6", in R2x (0, T], (13)
divv" =0, in R?x (0, T],

ti=o, 6"li=o, V"li—o € S(R?).
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e Using the standard bootstrap method, we obtain that for every n € IN™ and for
any 1 <q,p < oo,

e L0, T; LT nL>),
O" € LI(0, T; W2P) n W'4(0, T; LP), (14)
v e L9(0, T; W4P) n W29(0, T; LP).

Due to "= € S, we get u" € L*(0, T; W4P) n W'=(0, T; W3P).

o Iteration ensures that (u", 6", v") has sufficient smoothness so that the
regularity assumptions in Propositions 1 - 3 are fulfilled.

Hence we have the uniform-in-n estimates
e llLso,mmy < llgiollm, @ 20, and  supp u" C Br,4c(0).

2
HQHHL?(L‘OB}; ) + ||Vn||L;o(H1mww,m) —+ ||(81V’7/ Vp”/V vn)”Lﬁ(Bz}’ ) < C,
2.5 255

where C is depending on T and norms of (o, 6o, Vo) but independent of n € IN*.
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e By passing n — oo, up to a subsequence, one has that for every

¢ € D(R?),
ev" = v, inL®(0,T;L2nW'™),
0" — 0, inL*(0,T;L?),
and®
u"(t) — p(t) in d-topology uniformly in time. (15)

e The bound (15) and strong convergence of velocity in
L=(0, T; W) guarantee that as n — oo,

Vit = vu in O'(R®x [0, T]).

SDenote M = M(RY, d) as the space of finite Radon measures on R? equipped with
bounded Lipschitz distance topology, i.e.,

d(u,v) == sup{'f fdu —f fdv
RY RY
Liutang Xue Boussinesq system with measure forcing

f(x)—f
:|Ifll.~ < 1 and Lip(f) := sup M <13.
xzyeRd XYl



Uniqueness: Lagrangian coordinates

o Let X,(t, y) be the particle trajectory

dxvétt D) vt Xty)) Xolt Yo = y. (16)

If v e L'(0, T; W'(IRY)), then (16) has a unique solution X,(t,y) on [0, T].

o Seti(t,y) = u(t, Xu(t,y)), O(ty)=0(t,Xu(t,y)), P(ty)=p(tX(t,y))
then the system (2) recasts in

i =0,

2,0 - div (A,ATV,0) = i,

v —div(A/AIV,7) + AlV,p = D e, (17)
div (A, ¥) =0,

filizo = to, Olieo = 0o, Vlt—o = Vo,

where A,(t,y) = (V,Xv(t,¥))~" which under condition fot IV, VllL~dt < § has

k

Alty) = (Id+(VyXV—Id i (f (7, y)dt ) .
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Lagrangian coordinates

The equation (17)4 implies [i becomes time independent, i.e.
a(t,y) = poly), Vtelo,T]
Then system (17) reduces to

910 — AB = g + Ny (A, V6),
oV — AV + Vp = G ex + Na(A,, V) + N3(A,, VP),

(18)
divv = div ((Id - A,)¥) = (Id — AT) : V¥,

Olizo = 6o, V=0 = Vo.
Nonlinear terms Ni, No, N3 are defined by
Ni(A,, V0) := div((A/A] -1d)V0), and

No(A,, VV) := div((A/A] - 1d)V¥), Ns(A,,VB) := (Id - A])Vp.
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Observe that the left-hand side of (18) fits perfectly to the needs of Lemma 5.

Lemma 5 (cf. Lemma 3 of Danchin-Mucha13’)

Let R be a vector field satisfying d;R € L?(RY x (0, T]) and
Vdiv R € L3(RY x (0, T]). Then the following system

du—Au+VP=1f in RYx(0,T],
divu=divR, in RYx (0, T],

Ult=o0 = Uo, on RY,
admits a unique solution (u, VP) which satisfies that

IVUlls L2y +11(d1, VU, VP)lli2(2) < C(IIVUolle +II(F, 9t R)llLz(izy +IV div Rll 22y ),
T T( ) T T

where C is a positive constant independent of T.
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@ Hence the easiest framework in order to prove the uniqueness is
via the L2(0, T; L?) estimate for the difference of temperatures.

@ Note that the change of the Lagrangian coordinates makes our
system quasi-linear, and the input from matrix A, is negligible as
the time interval is short.

Remark 1

The uniqueness to system (2) could be proved directly in the Eulerian
coordinates.

Based on the considerations in Besov spaces with negative regularity
index (e.g. Hmidi et al [HKR10]), one may be able to control the part
coming from the transport equation (2)1.

However this approach for our system seems to be very technical
with nontrivial considerations for convection terms.
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Uniqueness

e Consider two solutions (1,01, vi, p1) and (uz, 02, v, p2) to system
(2) starting from same data (uo, 6o, Vo)-

We know that for i = 1,2 and forany T > 0,

2
110 ||L°o L'nB2 ) < %0, ||Vi||L;°(H1nW%m)‘f‘”(atVi,V Vi, VPI)HL;O(BZ? y < 0.
e 255

¢ Using the Lagrangian coordinates, we have
IVyVillLe ey < oo,

and moreover by letting T’ > 0 be small enough,

T T
1 _ 1
f (IVxvi(t)||L=dt < > and f (IVyvi(t)llL~dt < > (19)
0 0
We also infer
A, 25, 5.
IIGIIIL;O(L%)JrIIVyV’IIL? +|I3tVIIILm Lr)+IIVyP:IIL$(Lﬁ) < o0. (20)
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The difference equations of 60 := 01 — 05, 6V := V4 — V» and
op := p1 — P2 read as follows

260 — ASO = 5Ny,

1OV — ASV + Vop = (60)ez + ONo + 6Ns,
divov = div(oNy),

80li—0 =0, 6Vl =0,

with
5Ny 1= div (A, A, — A, AL )V0,) —div((Id - A, AJ)V50),
SN = div (A, A}, — AL AL )V2) — div((Id — A, Al )V6V),

SNz := —(AL — AL)VB, + (1d — AL )V5p,
Ny := (Ay, = Ay,)T2 + (Id — Ay, ).
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@ The target is to show uniqueness in:
66 € L2(0,T;L?), and V6velL™(0,T;L3)N L3, T;H").

@ In order to perform the L2(L?2)-estimate of 60, we introduce a
function w which solves the backward heat equation

ow+Aw =250, and w|_1 =0, (22)

with T’ € (0, T] being any given.

Lemma 6

Let 50 € L2(0, T’; L), then there exists a unique weak solution
w e L=(0, T; H') n L2(0, T'; H?) which satisfies

T
sup IIVWI|L2+f V2w, 9, w2, dt+IIVwl ., geo ) S C||59IIL20T, L2)
te[0,T7] 0 L, (L2

with o € (0,2) and C = C(o) > 0 a constant independent of T'.

v
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Now we take the space-time scalar product of (21); with w, and observe

- ,
f (9166 — ASO) wdxdt = f f 60 (9w — Aw)dxdt,
0 R? 0 R2

we find

-
||69||f2(0/T,;L2(R2”s'f f(éM)wdxdt‘

. (Av| —A,A! )v92 dexdt
R

|
|
|

((1d - A, A})V50) - Vw dxdt

f (AV| vy AVQAT)GZ) V2Wdth‘

Lt

f V(AL A, - ALAL) O2) - Vwdxdt
R2

S

f ((1d - A, A})) 60) - VPwdxdt| +
R2

(1d - A, A},) 60) - Vw dxdt|.
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e Letting T’ > 0 be sufficiently small so that

1

1
’ z%)sgl

6+0
72 - _ 770 2=
TIV#lis e < 55, and CTEIIVZH

we get

a2 18t A 2 2¢=n2 =2
1061 1) < CTHNGRIE,  eio (IVOVIEy o) + IVOVIP oy, ey ) (23)

T T (L727)

o Next we turn to the estimation of 6v. According to Lemma 5, we have

IVOVlILs (12 + 1(9r0¥, V2oV, Vop)lliz, 2y + I|V5VIIL$(L2(2+U)
-

< ClI60lliz, (12) + ClIONell.2,(12) + ClIONsILz, 12
+ C||¢9,(6N4)|IL%(L2) + C”V diV((SN4)||L$,(L2).
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o We finally obtain

IVOVIlLs 12y + [1(2:6V, V257, Vop)lliz, L2y + VOVl 2 SN

< CTIIVW Il ()1 (910V, VOP) iz, (12) + CT'2I|V2||L°° L)IVOVllLs (12)

+ C(T'u(vm,vvz)nmm) + T2 |G V25712, 12,

LM(L%))

+CT 2(2“)||(92,f9tV2,VI32/V v, V2 v2)ll, . L) ||V5V|| 2o 2t

(L (L7z)
where C > 0 is a universal constant.

e By letting 7" > 0 small enough, we get ||V6V||L;(Le) = ||V6V||Lm( 20400 =0
— T _

and from (23), ||66||L%(L2) = 0. Since 6V|;—o = 0, we conclude 6v =0, 66 = 0 on

R2 x [0, T'].

o Repeating the above procedure, we finally get 6V = 66 = 0 and also X,, = X,,
on R2 x [0, T]. Going back to the Eulerian coordinates implies
(y1, 04, V1) = (/.12, Os, Vg) on RZ X [O, T]
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Thanks for your attention!
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