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Navier-Stokes equations

The incompressible Navier-Stokes equations in domain (2 :

s + uf - Vus 4+ Vpf — 2 Auf =0,
div u® = 0.

If there is boundary, we need add boundary conditions:

@ Dirichlet boundary condition:
uon =0,
@ Navier (slip) boundary condition:

&

uon=0, ((Vu*+ (Vo)) -n)r=—au, x € 09.
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Zero viscosity limit for Non-slip B.C

Formally, letting e — 0 system (1) is convergent to Euler
equations:

(@)

oput + u® - Vu® + Vp® =0,
div u® = 0.
If there is boundary, we need add boundary conditions

u® - nlag = 0.

However, there exists mismatch on the boundary condition between
u|an = 0 and u€ - n|sq = 0, which leads to strong boundary layer.
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Prandtl equation

Prandtl boundary layer theory(1904):
According to the Prandtl’ assertion, one formally has

<§f) (t,2,y) = (Z) (t,,y) + (;ﬁ;) (4.2, 0)+0). ()

and derive the Prandtl equation:

0w + u0zu + vOyu — azu +0,P =0, y>0,
Opu+0yv =0, y>0,
u|y=0 = 'U|y=0 =0,

lim u=U(t,x), uli=0=uo(x,y),
'y_)oo

where (U (t,x), P(t,z)) satisfies Bernoulli's Law :

oU +U0,U + 0, P =0.
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Known results on the classical inviscid limit

@ Results on the Local well-posedness of Prandtl equations:
— Monotonic data:
Oleinik(1966): Xin-Zhang(2004),
Alexandre-Wang-Xu-Yang(2015), Masmoudi-Wong(2015),
— Gevrey (analytic) class:
Sammartino-Caflish(1998), Gerard-Varet-Masmoudi(2016),
Chen-Wang-Zhang(2018), Li-Yang(2020),
Dietert-Gerard-Varet(2018), etc

@ Results on the life span of Prandtl equations:
Zhang-Zhang(2016), lgatova-Vicol(2016), etc
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Known results on the classical inviscid limit

@ Results on the ill-posedness of Prandtl equations:
E-Enquist(1998), Gerard-Varet-Dormy(2010), etc.

@ Results on the inviscid limit:
Sammartino-Caflish(1998), Meakawa(2014),
Wang-Wang-Zhang(2018), Fei-Tao-Zhang(2018),
Grenier-Guo-Nguyen(2016), Chen-Wu-Zhang(2020),
Gerard-Varet-Meakawa-Masmoudi(2018, 2020), etc

Yuxi Wang Zero-viscosity limit of the Navier-Stokes equations in thin dom



Navier-Stokes equation in a thin domain

The incompressible Navier-Stokes equations in thin domain
S‘Ed:ef{(:v,y)e’]l‘xR:()<y<6}

QU +U - VU — e*AU + VP =0,
div U = 0, (5)
U‘yZO,E = 07

with initial data Uli=o = (ug(z, £),ev§(z, L)) = U§. Here a > 0.

Ve
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Scaled anisotropic Navier-Stokes equations

Write

Ult,a,y) = @(t, @, 2), 0 (e, 2))and - Plt,a,y) = p(t,2, )

and introduce domain & %' {(z,y) e TxR:0<y<1}. System
(5) becomes

Ouf + uFdpu€ + v Oyut — e*2uc — 60‘_23§u8 + 0:p° = 0,
£2(0p® + ufdv° + VO V" — £2020° — 50‘*2651)5) + 0yp° =0,
Opu® 4+ 0yv° =0,

(%, 0%)|y=01 = 0, (w7, 0%)|e=0 = (u5, v5)-

(6)
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Formal limit equation

Formally, letting € — 0, (6) is convergent to:

Case 1: 0 < @ < 2.
(95'& =0, ayp =0, Jyu+ 8yU =0, (u7 v)’y=0,1 =0,
which implies

u=v=0, p(tzvy) =Dpt ).
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Hydrostatic Euler equation

Case 2: a > 2.
Oru + udzu + vOyu + Ozp = 0,
Oyp =0,
_ (7)
Ozu + Oyv = 0,
v|y=0,1 =0, ult=0 = uo,

with compatibility condition fol Ou(t, z,y)dy = 0.
@ Local well-posedness: 0y, u > o > 0, Brenier(1999),
Masmoudi-Wong(2012)
@ ill-posedness: u has inflection points, the system is Lipschitz
ill-posedness, Grenier(2000), Renardy(2009)
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Hydrostatic Navier-Stokes/Prandtl equation

Case 3: o = 2.
Oru + ud u + vOyu — 8§u + Ozp =0,
Oyp = 0,
! B (8)
Ozu + Oyv = 0,

Uly=0,1 = V|y=0,1 =0, uli=0 = uo,

with compatibility condition fol Ou(t, z,y)dy = 0.
e Paicu-Zhang-Zhang (2019): GWP in analytic space.
@ Renardy (2009): High-frequency instability in presence of
inflexion point.

o Gérard-Varet-Masmoudi-Vicol (2018): LWP in Gevrey class %
under convexity condition.
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Main result

Theorem (Wang-W-Zhang, 2019)

Let initial data (u§, v§, uo) fall into Gevrey class with o € [2,1] and
convexity condition infq 8§u0 > 0. Then there exist T' > 0 and

C' > 0 independent of € such that there exists a unique solution of
the Navier-Stokes equations (6) in [0, T, which satisfies

I — 2, 0" — ev?)l|pz res, < O,

where (uP,vP) is solution of (8).
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Error equation

Define errors between solutions and approximate solutions:

def def def
uf Euf—w?, WFE -, pRE P, (9)

then (u®,v®, pf?) satisfies
(Ou® — Ault + uPo,ul + uBouP + vHﬁyup + vp(?yuR
+ 0:p" — €21 =0,
52(8757)R — Av® + uPduf + o 0P + vRayvp + vf”@va)
4 8pr —e2go =0,
Opul + Ot =

(@, 0P =01 =0,  (uf,0")|s=0 = (u§ — uo,ev§ — evo).
(10)

Here A, = €202 + (9?3.
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Difficult

The difficult in error equation is that

1d
2dt
<Cllv"lz2llu” 2 + good

1(u, ev™) 122 + IVe (', ev)|Z2

C||0,u®|| 12||uf?|| 2, loss one tangential derivative

<
- 1

C
—llev"llze w2, loss 2.

where we used v = — [ 9, ufdx. Here V. = (£0,,0,).
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Vorticity formula

By convexity condition on uP, we want to use trick in hydrostatic

. def . L
equation. Introduce w’t = def Oy uft — 20,0 and satisfies

Awlt—Awf + uPow? + ufowP + vpawa + @R()ywp —e2g3 =0,
(11)

with boundary condition

1 1
(8 + €| D)wh|y=0 = 5]—"*1 / GoF (uPw™ + vE9,wP 4 good)dy,
0
1 1
(8, — e|D)wh|y=1 = 2]—"1/ G1.F (uPOw™ + v19,wP 4 good)dy,
0
where [[(Go, G1)||Ls < Cmin{l, ——}.

(H)S
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Vorticity formula

Hydrostatic Trick:
/UR(9 qu wR :/ ’L)R(a ’U,R—€28xUR)
s G s Y
&2
:/ 6vauR - —8,(wH)?=0.
S 2

However, integrate by parts on dissipation term lefts boundary
term:

[ @™ Plyar ~ [EDI® Py + [ (3, + DT wP)lymo
T T T

< Clledow®|| 2 18yw |z + (18aw ™| + 07 2 [|8yw ™| 2

same order to dissipation lose one tangential derivative
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Boundary layer lift

Motivated by Gérard-Varet-Masmoudi-Vicol(2018), we introduce
boundary layer lift function w®®

(8 — AW =0,
Ayw®|y—o = 8,h°, (12)

wbp‘t:(] = 07

posed for t € [0,T], x € T and y > 0. Here

1 Y
ho — ;}“1/0 Go}“(upr—/O ulfldz Oyw?)dy.

We also define

Yy +oo
u®0(z,y) :/ w?(z, 2)dz, v*° :/ dputl(z,2)dz for y >0
+o0 Y
(13)
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Boundary layer lift

Let T > 0 and r € R. The boundary layer vorticity w** obeys that

1 e =00 s < [ g

and the boundary layer velocity u*, v"" obeys that

[ bt < & / "
/ o3 ds < < / —

for allt € [0,T], i =0,1 and any M > 0.
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Boundary layer lift

We define

and recall

A L Y
h' = %.7:71/0 G F (uPwh 7/0 uPdz 9,wP)dy.

Lemma

There exists B, > 1 such that for 8 > (8, and o € [%, 1], there holds that

t t
L1 R B g ds < € [ s (14)
and for o € [3,1],
¢ 0 7142
/0 |e|D|(R°, h )]XTH_%ds

XT+% )dS

t
<c / (1Ps o) (Bys™, 20:0™) [Zemsao + 1™ 2
0
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Boundary layer lift

Lemma

Under the assumptions of Lemma 2.3, there holds that

t
bl 2 bl||2
o 0Oy, €0 s d
2 MO+ [ 1B, sp s

i
bl (|12 bl |12
48 [ IR, g + o)

X'r—1+zf

t
|2
<C [ g ds.
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Equation of w™

By the construction of w'", we find that

O™ — Acw™ + uP O™ + vPByw™ + v Dy
= N(wf wf) + easy terms,
B n — —¢|D R — 0. (A -1 N R R
yw'|y=0 = —€[D|w™[y—0 y(Be,0) ™ (N(w™,w™))y=0
+ easy terms,
aywm‘yzl = 5‘D|WR‘,U:1 - ay(AE,D)il(N(WvaRmy:l

+ easy terms,

\win‘tzo = 07
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The estimates of w™

We use the hydrostatic trick to deal with v®" ywP, and we derive the
following energy estimate:

t t
_— nw”%s>nir—+j/ Hvasﬁgkv”UHiwds4-ﬁLK;Huﬁ"Hir+gds

s€0,t]
<05/H&ma%ﬂﬂ(7wﬂﬂmm+u.

where the first term on the right comes from the following boundary term
in the energy estimate

‘/ /5|D\ R {Da)" g ly—o.1dzds|,
yw

which is bounded by

t
/0 (lelDlw™ [ x- + el Dlw® [lx+) (19ye0™ | xr + ™ 1 +)

+(llelDlwll yr-5 + lelDI0yw™ | o5 ) lw™ [l -+ 5 ds-
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The estimates of w™

New trouble is to control the term fg le| D|w®™||%dt. For this, we need
to make a high-low frequency decomposition for w'™ so that

t t
| 1Pan@el D™ erds < € [ w25 ds
0 0

and
t ‘ t
/ HPZN(E)s|D|me§(rds3052/ |1 P5 N (e) (Oy» €05) (u, ev™) |5 riads
0 0
t
+/0 (P> (&) (By, €82) (u, ev™) | rsa—o + 0™ |15 r1 5 ) ds,

where N(¢g) = [5_%].
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The estimates of w™

This decomposition is the key observation of this paper, which is
motivated by the fact that

P>ne) fllxr < CllPsne)efll yrii-g,

which is very useful for the control of v* instead of the usual
control |[v®||xr < ||[u®|| xr+1(losing one derivative).
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The estimates of (uff, ev

All we left it to give the estimates of high frequency part of
(u®?, ev’?). Here, we notice that the factor €2 is useful in this case

when (uf, ev®) in middle frequency(e ~ (k)2 ™! can gain

derivative). Then we get
t
52”P2N(s) (UR,EUR)(t)H_%@H + /BEQ/O ”PzN(s) (UR; €UR)H§,-+1+%
t
+ [P @y 0a) P, ™) s

0
t t
SC/O ‘|me_2)(T‘+%ds+5/0 |’P2N(S)(Nu,8./\/'7))”3(7.“,%6[8.

Combining all the above estimates, we get the inviscid limit.
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Thank you'!
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