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Introduction Background
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Motivation

Consider the Cauchy problem for Schrédinger equation and wave
equation with electromagnetic potential

iotu + (iV + A(x))2u + V(x)u+ AluP~'u=0, e
u(0, x) = up(x) (1.1
Ru+ (iV+A(X))2u+ V(x)u+ AluP'u=0, (1.2)
(u, ur)(0, x) = (o, u1)(x), '

with (t,x) e RxR" and A € {+1}.

Magnetic field: B = curl A.

magnetic Schrédinger operator: (iV + A(x))? + V(x).
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Background

Consider the following initial-value problem for the wave equation

opu+ Lasu=0, (t,x)e RXR? (1.3)
u(0,x) = f(x), dwu(0,x) = g(x). '
Here, the operator La 5 is defined by
) A(X)\2  a(x)
L :(/V+—) + —, 1.4
A,a |X| |X|2 ( )

where X = X €§', ae W' ($',R) and A € W= (S'; R?) satisfies the

I o
transversality condition

AX)-%=0, forallx e R% (1.5)
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Two typical examples

Two typical examples are the following:

@ the Aharonov-Bohm(PRL,59’) potential

a X:
a=o, A(x):a(——z,ﬁ), a €R,
Ix1” Ix|
@ the inverse-square potential

A=0, a(X)=a>0.

Jigiang Zheng, IAPCM
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Friedrichs extension: self-adjoint(Reed-Simon’s book)

i 0
The symmetrical operator LA,a

MG a2

% ,
o=V XP

D(L;,) = CS(R?\ {0)).

Then, Hardy’s inequality
e e el [ (ide + a(0)) P >
min {|k — ®af?) s fR P dx< | Vaff* dx
which shows the positive definite of quadratic form Q(f), i.e.
A%

Q) = 1,340 = [ (VafE+ 32112 a2 0, v = 1v + 52,

for a(X) > — minkez{lk — Pal}%.
The theory of self-adjoint extensions now guarantees that there is a
unique self-adjoint extension La 5 of LOAa, whose form domain

D(Laa) = H‘l\,agH1 (R?).
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Hardy’s inequality

e Hardy’s inequality:

) 2 2
(n 7 ) f L%dxsf EXik dxsf VA2 dx; (1.8)
IRI’I n n

2 90 + a(6))f2
min Ik - oa2) [ 12 g < I(idy + a(6))1
kez e B Jpe P

dx < | IVaff? dx,
R2
where
1 27
by = — a(0) do, a(6) = A(0)-(—sin6,cos0).
21 Jo

By using polar coordinates, we can write

1. &
—_p2__ )

io 0))? 0
LA,a:_aE_%ar+(’ 9+a(r2) +a( )
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For 6 € [0, 27], define

ox(6) —_ 1 giltk-onorfat) oy (1.9)

V2n

Then, {¢k(0)}kez is an orthonormal system in L2([0, 2x]), and
(ide + a(0))pi(0) = —(k — Pa)px(0). (1.10)

For f € L2([0,2n]), f(0) = kgz fiepi(0).

270 ) 5 270 >
fo |(i20 + a(0))(0)] de:fo 1Y (k= ®a)pi(0)] dO

keZ

270 >
=Zf0 |(k — ®a)fpk(6)]” dO
keZ

270
. 2
zﬂlznnk—wZZfo [fepr(0)]" do

keZ.

271
— _ 2 2
—min(lk - ®al fo 1F(0)2 do.
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538 1.1

Leta, A € W'=(S',R?), and a(X) > — minkez{lk — ®al}?. Then

||£Es\,0fHL2(]R2) = ||f”l;/f,,o(]Rz) = ||f”f",i,g.,(lRQ) = ”'Efs\,af”m(mzy Vse[-1,1]. (1.11)
Proof: By duality and interpolation, s = 1. By definition,
e %mz) (1.12)
then
[ vate = Z ) <1,y < [ (vatf+ 2D 0R)0e 1g)

where a_ := max{0,—a} and a, := max{0, a}.

a(%) lla-ll (st f
Va f2 - f?)d 1T - Vafl2dx > ¢ Vafl2dx
f (Vafft = g )ox= (1~ o) i Va7 e AT

and

a (gl
f (var? + 28 v < (1 +L(S)2)f |VAf|2dstf IVaf2dx.
R2 R? R2

Ix[2 minkez{lk — ®al}
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Representation of kernel: F(Lay)

For f € L2(R?),

110) = Y k(Npx(0),  pi(6) = = e o o

kezZ
Then
Laof(c0)= (% - (’aeﬁ—“‘@”z)(fwm(e))

=Y ol e)( 21y, 4 KZ0ar ¢A) S
kez

ZZZ(pk(Q)A\,(k)fk(f), V(k) = |k — ¢A|
kezZ

= Y k(O H,g0] 02 Higi (D) ()|,
kez

where the Hankel transform of order v is defined by

(HA)(p, 6) = f Ju(rp)H(r, 0) rdr; H, = H, ", Hy(Ah)(£) = IEF(Hup)(E)
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Representation of kernel Il: F(La o)

The functional calculus shows for well-behaved functions F(see Taylor’s book)

FLA)(,0) = Y (@) [ FpM (ol () o) pdp

keZ

=Yoo [ aerede [ () (rp) () oo

keZ

:j; f02n (Z ak(rz)(Pk(Qz)) : (Z(pk(e)vak(n rz)) d0s 1o dry

keZ keZ

:f: f:n 1(r2,02)( Y, 9 (O)pk(02)K,, (1, 12) ) oz 00z

keZ

00 27
:f f f(l’z, QZ)K(I', 9, ra, 92)!’2 drg ng (114)
0 0
where

K(r,0,12,02) = Y pi(0)p(02)K (1, 12),
keZ

and
K (r,1) = fo F(0)uy (rp) s (12) pllp. (1.15)
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Heat kernel estimate

Proposition 1 (Heat kernel(L.Fanelli,J. Zhang,Z.20))

Let x = ry(cos 04,sin 61) and y = ra(cos 62, sin 02), then we have the expression of heat
kernel

e~ tLao (X, y) (1.16)

b i [72 A®0)do’
e a e % _ip
=7 T(X[O,n](|91 — 02]) + €™ X(r,2n (101 — 92|))
_q3 g oo
_ 18T ia(er-0a)+ [ A@)der f e o C"Shs( sin(lo|r) el
n t o
+ sin(an) (e7% — cos(81 — 02 + 7)) sinh(as) — isin(61 — B2 + ) cosh(as) )ds.
cosh(s) — cos(61 — 62 + 1)

As a consequence, we obtain the heat kernel estimate

. Xy
leLro(x,y) <t e Vi>0. (1.17)
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Keypoint observation

Note that on the line, we have

i(k+ —i(k+
Z cos(slk + al)e k(@1=02) — Z gi(k+a)s _;e i(k+a)s J(or-6)

keZ kezZ

1 ) )
- §(e*’ﬂ%(e1 — 02+ 5) + €7°5(01 - 02 - 5)).

To get cos(s +/Lap) on R/(2nZ), by the method of image, we make
the above periodic

cos(sy/Lap)d(01 — 02)

1 : . : )
=3 Z [675%5(01 + 2jm — 02 + 5) + €°°5(601 + 2jrt - 0, - 5)].
jezZ

(1.18)
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Mikhlin Multipliers, Littlewood-Paley theory

ZIE 1.2 (Mikhlin Multipliers)

Suppose m : [0, e0) — C satisfies [9/m(A)| < A~ for all j > 0 and that

1 < p < o0. Then m(+/Lap) extends to a bounded operator on
LP(RR?).

Let ¢ : [0, 00) — [0, 1] be a smooth function such that
Pp(A)=1 for 0<A<1 and ¢(A)=0 for A =2
For each integer j € Z, we define
0j(A) = ¢(A/2) and  @;(A) = ¢i(A) — pj1(A).

Clearly, {pj(A)}jez forms a partition of unity for A € (0, o). We define
the Littlewood-Paley projections as follows:

P=0i(VLao) Pii=¢i(VLao) and Puji=1-P (1.19)
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Bernstein inequality, Square function inequality

Proposition 2 (Bernstein inequality)

Let {¢j}jcz be a Littlewood-Paley sequence, let A € W'=(S') and assume (1.5). Then for

1<p<g<oori<p<q< o, there exists constant Cpq depending on p, g such that

/2R, = Coa2 5P, (i)
andfor1 <p<oo
V@i VRO, ) < CoaP ey (1.21)

Proposition 3 (Littlewood-Paley square function inequality)

Let {¢p;ljcz be a Littlewood-Paley sequence. Then for 1 < p < o, there exist constants cp
and C, depending on p such that

ol < (X ins VEROF)

jez

Lo (R?) < Cp”f”LF(]R2)~ (1.22)
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Dispersive/Strichartz estimate(propagation of regularity)

From the explicit formula

1

2
eA f(x) = _ f e f(y)dy,
(x) (4int)2 Jrn )y

we get the standard dispersive inequality
"l gy = 1t E MMl ey, V0. (1.23)
This will yield Strichartz estimate (2 + ¢ = 2 and (q,r,n) # (2,0, 2))

HerHLfL;(]RxR") < Cliflle (1.24)

Indeed, by TT*-argument, it is equivalent to

“fei(“s)AF(s,x) ds
R

< — 5|2 Y (Ro
LIL;(RXR™) ””f]th sl ZHF(S’X)”LX (IR") ds

Remark: f(x) € L2(R") = ef(x) e LJ(R")(2<r< 23),ae. t €R.

wory S PN 1 oy
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Strichartz estimates for wave

wave equation:
u(0) = uo, A:u(0) = uy.

3ttu -Au=0,
e Strichartz, Ginibre-Velo, Smith-Sogge, Keel-Tao
lp(V-2 ”F”U(mn Yo LE(Rr) = <tz (1.25)
eStrichartz estimates: for any (g, r) € As
Ut X)llapr(xroy < C(”UOHHs + Ut ll - ),
For s € R, we say the pair (q,r) € As if (g, r) € [2, 0] satisfies
2 n-1 _n-1
a + p < — (q,r,n) #(2,00,3). (1.26)
and ] ’
n n n
a+7f§— ,§+7—2. (1.27)

Schrédinger operator with potential
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wave-admissible pair in IR"

ol

ol
3
|

0 eS| i 1 " o "
2n+1) 2 0 1 3 3

R T

FiGure 1. n > 4. q tw—3 1

FIGURE 2. n=3.
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Abstract Strichartz estimates |

Let (X, du) be a measure space and H a Hilbert space.
Suppose that for each time t € R, U(t) : H — L?(X) which
satisfies the energy estimate

IUMys2 <C, teR (1.28)
and that for some ¢ > 0 either
U@ U(s) fllL < Clt = s°lifll, t#s. (1.29)
or

U U(s) fllLe < C(1 + [t = s)°IIFllLs- (1.30)
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Abstract Strichartz estimates I

We say that the exponent pair (q, r) is c-admissible, if
(g,r) € [2,]? such that (g, r,0) # (2,00,1) and

+

=|Q

o
< > (1.31)

Q=

If the equality holds, (g, r) is said to be sharp g-admissible,
otherwise (g, r) is non-sharp o-admissible. Note when ¢ > 1,
the endpoint

P:(Z 2“) (1.32)

"o -1

is sharp o-admissible. For wave o = ”—51; for Schrédinger o =
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Abstract Strichartz estimates Il

Theorem 1 (Keel-Tao)
If U(t) satisfies (1.28) and (1.29), then the estimates

N AlLar; < I1fllk, (1.33)

f(U(S))*F(S)d3’ S Pl el (1.34)
R H t -z

\ SIFll e (1.35)
hold for all sharp o-admissible pairs (q,r),(q, ). Moreover, if
the decay is strengthened to (1.30), then the above estimates
hold for all -admissible pairs (q,r),(q,F).

f 1U(t) (U(s))" F(s)ds

LoL;
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Dispersive/Strichartz estimate perturbated by potential

ius — Au+ V(x)u=0.
smoothness and decay of V has a great influence.

o H=-A+ V(x), V(x) less singular, Kato class; Schlag(07),
Schlag-Soffer-Staubach(10), etc.
e V(x) = alx|2 and a < 0, the classical dispersive estimate for the

wave equation does not hold, see Goldberg- Vega-Visciglia,
Duyckaerts. Fanelli-Felli-Fontelos-Primo (13, d = 3)

i Kl iy X y
e:t.Caf X) = e f e‘ilf f K(_,—)d : (1.36)
et e N )
o m(k)
Koy) = (x- W) % Y, Y, e 30, (11 ) Yiom( %) Yiom( ).
k=0 m=1

e V(x) = a|x|~2: Burq, Planchon, Visciglia - - - (perturbation method)
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Strichartz estimate, Burg-Planchon-Stalker-Zadeh, 03

[ flliar < Clifllz. (1.37)
Since u(t, x) := e Laf solves

iotu+ Au = izu, u(0,x) = f(x),

I

we have ;

u(t,x) = e™f + iaf e’(”S)A(lx\’Zu)(s)dS.
0
Then,
t t
[ fo & Fu)(s)as] ., 2 f e X 2u)(3)s],, 25
<C|ixI2u] (o1 Fen S Gl g e < Clfl,

where we use local smoothing estimate (n > 3)

2
f it X1 it < Clifi?,
R JR? X2

Jigiang Zheng, IAPCM Schrédinger operator with potential
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Main result I: a = 0 Dispersive estimate

AA 2
uﬁ+(iv+ %) u=0.

The unique solution to (1.3) with a = 0 can be represented by

sin(t/ZLao)

(vZLao)

u(t,) = cos(ty/Lao)f(-) + g(-). (1.38)

I8 1.3 (Dispersive estimate: a = 0, Fanelli-Zhang-Z,20)

Let A € W'>(§',IR?). There exists a constant C > 0 such that, for any

Hsin(t Lao) f

VLA

_1
A < Clt| 2||f”31,/12,A(R2)' (1.39)
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Main result Il: a # 0, Strichartz estimate

The unique solution to (1.3) can be represented by

u(t,-) = cos(ty/Laa)f(-) + M

). 1.40
(To) a() (1.40)

EIE 1.4 (Strichartz estimate,Fanelli-Zhang-Z,20)

Leta,A € W' (§',IR?), assume
— 1 — 2
a> 'Pe'i?“k Dal}e.
Then there exists a constant C such that
oy < C(IMllag ey + l0lig s rey) (1.41)

for any s € R and (q,r) € AY given by

Jigiang Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

Representation of fundamental solution

First, we recall Poisson’s formula

. A f
RGO 7 S B (S () BV (21)
Ny ve 21 Jan 2=y — xP
which implies
Sn(tV=A) oy = 1 Xewol)
VR e Ry R

By using polar coordinates,

X = ri(cos01,sin01), y = ra(cosBy,sinBz),

we get
Ix -yl = f12 + I’22 —2r1rz cos(61 — 02).
Hence,
-A
sin(t V-A) )
V-A
< (e f(r2, 02)

= )({rf +r2 —2rirpcos(61 — 02) < t2} doy ra dry

er operator with potential



Dispersive estimate
Proof Higher dimensions

Decomposition: three regions

Region I: t < |ry — rz|. In this region, note that

|I’1 - I’2|2 < I'12 + r22 —2rr COS(91 - 92),
we obtain
K(t,r1,61,r2,62) =0.
Region ll: |[r{ —ro| <t <rq + rp. Set
24 2 _q2

n +I’2

.= arccos
ﬁ1 2riry

€ [0, n].
Note that
|61 — 02| € [0, 271],

and when By < |61 — 62| < 21 — B4, we have

r2 4 r2 —2rirpcos(01 — 02) > t.

0 if <01 -0 <21 —
K(t,r1,01,r2,02) = P R i (2.2)

[t2 = (2 + 12 — 211 cos(01 — 02))] 72 - if else.

Jigiang Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

Region lll: t > ry + r2. In this region, note that
t2 > (I’1 + r2)2 > I'12 + f22 —2!’1 ro COS(61 - 92),
we easily get

K(t, r1,91,r2, 92) = [t2 - (I'12 + r22 - 2"1 I COS(91 — 92))]_%

Now, consider the kernel

sin(t
) = [ 2000 rp) oo (23)
0, if (tn,r)el
1 B1 cos(vs) .
=1L —m ds it (t,r,r)ell
coslmy) ot ds if (t,r,r)ell

m P’z \/r$+r22+2r1 1> cosh(s)—t2

Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

Representation of fundamental solution(a = 0)

sm(t\/.LAo
(vLao)

u(t,-) = cos(t+/Lag)f(-) + a(). (24)

Proposition 4

Let K(t, x,y) be the Schwartz kernel of the operator S'"UT e Suppose
A0
X = ri(cos 01,sin 61) and y = ra(cos 02, sin 62) and define
r2 42 _ 2 2 _ 42 — )2 -1
y=it=l (n+r) g (n-r) +1 (2.5)
2[’1 e} 2I’1 ra 2I’1 ra
and
» rZ4r2—t2 - 2-r2—r2 o0
B1 = cos (W), B2 = cos ( T ) (2.6)
Then whent > 0, the kernel can be written as
K(t, x,y) = K(t,r1,01,r2,02) = Gu(t,r1,01,r2,02) + Dw(t, 11,01, r2,02) (2.7)

Jigiang Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

“geometric” term

Gw(t,r1,01,12,02)

12 e
:21_71(t2 —(r?+r2-2rrcos(61 — 92))) PRAMEICRLE

) (2.8)
X {X(\n—rzl,n+rz)(t)[)([o,ﬁ|](|91 = 02]) + €2 X iprg, 2 (161 — Qzl)]
F X(r1+r2/oo)(t)[)([0,n](|91 - 02]) + €72 X1 2 (161 — 92|)]}
and “diffractive” term
) (1) il a(01-6)- [t a(6')de"
Dt 1,01,1,00) = 22V oL e
B2 _1/2
X f (t2 — 12 —r2 - 2rrp cosh s) (sin(|oz|n)e"“IS (2.9)
0

(675 —cos(01 — 02 + m)) sinh(as) + isin(61 — O2 + 1) cosh(as)

+ sin(am) cosh(s) — cos(61 — 02 + m)

)ds.

When t < 0, the similar conclusion hold for (2.8) and (2.9) with replacing t by —t.

IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

If @« = 0, the Diffractive term D vanishes and the geometric term G consists with the

fundamental solution of wave equation without potential

sin(t V=A)
v-A

where H is the Heaviside step function on R.

(%) = o= H(E = X~ yP)(E = X~ yP)™" 210

As a consequence of Proposition 5,

1

|Gw(t, r1,01,r2,02)| S 2>x-yP (2.11)

and
1
[Duw(t, r,01,r2,02)] § ————x, 2> (1 + )2 (2.12)
t2—(r +r2)?

Jigiang Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

Localized-frequency decay estimate

Proposition 5

Letp e CP(R\{0}), with0 < ¢ <1, and suppp c [1/2,2]. Then for
all j € Z, there exists a constant C independent of x, y and t such that

H sin(t+/ZLap) f
Lao

where f = (27 \[Lao)f.
1, e o
x-yestz 2 —|x = yP

270
f(r2, 65)]
22 rydrdo H <
||fr1+r2)2<t2f \/ (1 +12)2 2L )

Jigiang Zheng, IAPCM Schrédinger operator with potential

< C2%(27 + [tl) 2 1Ifll,1 re), (2.13)

L=(R2)

<COA+It) 2, (2.14)

L=(R2)

C(1 +1t) 2 Ifll,-




Dispersive estimate
Proof Higher dimensions

Strichartz estimates for purely magnetic waves

Proposition 6

Let U(t) = e Va0 and f = @;(/Lao)f for j € Z, then

||U(t)f||L:7L;(]R><]R2) S 2js||f||L2(]R?)/ (2.16)

where s € R and
(@neAV ={gnee]x[2,0), 2+1<] s=2(}-1)-1}

As a consequence,
e VRl oy ey < il quey (2.17)

for s € R, any wave-admissible pair (g,r) € Y.

Jigiang Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

Local smoothing for wave associated with La 4

Proposition 7 (Local smoothing estimate)

There exists a constant C > 0 such that,

”r ﬁelt‘VLAaf”Lz R:L2 ]R2)) < C”f“Hﬁ 1§ (218)

for any B € (% 1+ vo).

Jigiang Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

Strichartz estimate for electromagnetic wave

Nut, X)llewiLrwey) S 1LR Ut X)lliwwiL2(re))

< ”f“Hf\,a(]Rz) + ||Q||Hls{;(]Rz)

u(t,) = cos(t \Zao)f(-) + sin(t y£Lao) a() - ft sin (- 7) vLao VLAO((_*

(vLao) VZno P U(T,~)) dr.

EFE 2.1 (Strichartz estimate, L. Fanelli, J. Zhang, Z.20)

There exists a constant C such that

el groe ey < C(Ifllg ey + 191 ey ) 2.19)

forany s € R and (q,r) e AV.
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Dispersive estimate
Proof Higher dimensions

Equivalence of Sobolev norms

EIR 2.2 (Equivalence of Sobolev norms,Killip-Miao-Visan-Zhang-Z,18, Math.Z)

Supposed>3 a>—(%= 2)2, and 0 < s < 2. If 1 < p < oo satisfies

sto n—o
=<z p < min{1, =2}, then

[(-a) s | Z2fll, forall feCT(RMNO).  (2.20)

If max{?, ¢} < 5 < min{1, =2}, which ensures already that1 < p < oo,
then

s

“La% f”LP Snp,s H(—A)Ef

» forall feCZ(R"\{0}). (2.21)

Jigiang Zheng, IAPCM Schrédinger operator with potential



Dispersive estimate
Proof Higher dimensions

Uniform Sobolev inequality

Kenig-Ruiz-Sogge (87’) showed

[(-a-0)" < Clo#Ga) “Nflliperey, o € C\RY, feCy(RY), (2.22)

fHLa,Z(]Rd

where d > 3 and (p, q) satisfies

2d 2d 2d ___ 2d
dr1 d-1°9g-3

(2.23)

1
d+1 " p

Letvy = a+(df)2,y0:%whenvoz1/23ndyo 122for0<vo<1/2 and
c <l—l<g ed <p< 2] e <Qg< 2 (2.24)
dri1°-p g d dre(+m) Pidxi d=1 " 9°d—20 1) ©

Then there exists a positive constant C such that

(£ = 0) " ] azgge) < ClolZ 8 fllpzqre), o € RY, f € C5(RY).

inger operator with potential
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Strichartz estimate: metric cone (M,Q)

EIE 2.4 (Zhang-Z., Math. Ann.,2020)

Letd > 3, suppose u : I x M — R is a solution to (92 + Lz)u = F.
Then, the Strichartz estimate

NUllois rony S Nollpss(may + NUtllgss—s aay + IFNL# L ey (2.25)
hOIdS for all (q/ r): (E’/ ?) € /\S,vo Where Vg =a-+ _(d,42)2 and
Nswo =1(q, 1) €As 1 1/r>1/2=(1 +10)/d}. (2.26)

Moreover, the requirement (2.26) is sharp.

The set Ag,, is different from As. If s ¢ [0,1 + 1), the set A, is
empty. It is easy to check that

Nsyy =Ns for se]0,1/2+vg)
and while Ag,, € Ag for s € [1/2 +vo,1 + vp).

Jigiang Zheng, IAPCM Schrédinger operator with potential
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Main result : Defocusing case
Let

+~ d=3
Cqg =125 ’ (2.27)
{g d=4.

IR 2.5 (Defocusing, Miao-Murphy-Z,2020, AIH Poincaré-NA)

Letd € {3,4}, a> —(%2)? + ¢4, and y = +1. For any
(uo, uy) € H' x L2, the corresponding solution to

8?u—Au+ﬁu+|u|ﬁu:0, (t,x) e RxRY, (2.28)
(u, up)(0,x) = (o, ur)(x) € H' x L2(IRY). '

is global and scatters in the sense that there exist solutions v.(t) to
(02 + La)v: = 0 such that

L CORTACTRREY

Jigiang Zheng, IAPCM
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Thanks for your attention!

Jigiang Zheng, IAPCM Schrédinger operator with potential
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