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CLASSICAL RECONSTRUCTION PROBLEM

e Given:datayn=f(xn) +enforn=1,..., N
e centers Xy := {x,..., xy} € Q c R
o Wanted: approximating function s : QO — R

Ansatz:
e f € H (Q) function space
o typical solution s¢ = arg MiNscy(q) Jx,,y ($) With

HMZ

e Useful properties: stability and consistency

If—stll3 < HfHH+ I Uk (50) 172 < [Ifllag + %(JxN,y(f))”2 <L

< Jelellr, + 211l
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REPRODUCING KERNEL HILBERT SPACE (RKHYS)

DEFINITION

Hilbert space H (Q)) € C(Q) is RKHS, if thereis K: QO x QO — R,
s.t.

e K(-,x) e H(Q) forallx € O
o F(Xx) = (f.K(-. X))y q) forall f € H(Q), x € Q

Basic properties
e Kissymmetric,i.e., forall x,y € Q

K(x,y) = (K(y) K x))g = (K x) K Y)) g = K (Y, X)
e K is positive semi-definite, i.e., for all N € IN, all
Xy = {x1,..., xy} c Qandallc e RV

N
Z C/C/ X/ Xj = Z C,-C/- (K(-,X,-), K('vxj))q-[
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OPTIMAL RECONSTRUCTION IN AN RKHS

REPRESENTER THEOREM

LetA>0Xy={x,..., xy} € O, and y € RN. Then a minimizer
s* for

N ) ,
Jany(8) 1= (s (9) = v) "+ Allslye

j=1

lies in span{K (x1,-),....K(-,xn)}. 1. s (x) = SN K (-, ).

Sketch of the proof: Let s € H. Decompose s = sl + s with
sl e span{K(x,-),....K(-,xy)} and sll L st. Then

br(®) = 3 (505) ~ )+ M5l
=1
N
= (s k05:0),, =) 2 ([ o)

j=1

~.

—.

(Schélkopf and Smola 2002)



CHARACTERISTICS OF KERNEL-BASED
APPROXIMATION

ADVANTAGES
e Optimality properties (,splines™)
e Scatftered data

e Generdlized recovery (not only point evaluations) via Riesz
representation

PROBLEMS
e Optimality holds only in associated Hilbert space
e Problem-induced kernel often not available in closed form
e Numerically feasible approximation necessary
e Offen interested in multiscale decompositions



PARAMETRIC PDE

PARAMETRIC POISSON PROBLEM
—div(a(y,x)Vu(y,x)) =g (x) forall (y,x)eQxD
u(y,x)=0 forall (y,x) e QxaD

Quantity of interest: f: QO — R, f(y) = (&, u(y. ")) v+, v(D)
o Yy ={y1...-, Yng} C Q C RNP with Np large
e asuch that pde is well posed

data: (v, zx) € QO x R, with f(yy) =z, 1 < k < Ng
exploit structure in reconstruction of f

determine kernel from problem data, i.e. a € L* (Q C! (5))



POINT EVALUATION

e We need to evaluate f(y,) numerically

DISCRETIZATION IN SPACE
e trial space Vj, :=span{¥;,..., ¥n,} C HY(D)
e find u" (yy, -) such that

/a(yk,x)Vuh(yk,x)Vvh(x) dx:/ f(x) vh (x) dx
D D

for all v, € V.

N
® €hi= mOin] ‘<Q' uh (Vi) — u( Vi .)>H*](D),HA(D))
e ¢his a parameter and we can achieve ¢, — 0O

see Mike's talk yesterday



high (Np) dimensional reconstruction problem for f : 3 — R
from (Vi Zi). 1 < k < Ns

deterministically polluted data (ep)

we study reconstruction of f, not quadrature —
il-conditioned problem

need to discuss Ns as function of Np
1st ingredient: smoothness of f — RKHS

2rd ingredient: error estimates which allow (a priori)
coupling of discretization parameters



PARAMETRIC REGULARITY

Separation of variables:

uy.x) =33 w(x) @ (y)

k=1 veNNP
lv|=k

Fast decaying coefficients w.r.t. function space V (D) := H} (D)
Cohen, DeVore, Schwab (2010), Babuska,Tempone, Zouraris (2004), Babuska,
Nobile, Tempone (2007), Dung, Griebel, Huy, CR (2017) ...

lullvp) < C(g.8)p™" foras admissible vector p € RN

TAYLOR SPECTRAL
1

e Uy (x) = ;95U (0, x) o U (X) = fDU(V' X) @, (v) dy

* & (y):=y" Monomials s @, (-) orthogonal system w.rt. to

Power series kermnels the joint probability density
Zwicknagl (2009), Zwicknagl

&Schaback (2013) Mercer kernels



RKHS CONTAINING f

o f(y) =(Q u(y."))v+D),v(D)

o U(Y.X) = 2T021 22, e Y (X) @y ()
lv|=k

leads to

fly)=> @y (y) with f, = (Q, W) v«(p),v(D)

and bounds
I <[1Qlwl < C(g.d) (|l p~"

fis contained in an RKHS of a power series kernel

K(y,y) = Z A VYYY sometimes closed formula

veNNp

Griebel&CR (2017)  Hardy-spaces as RKHS



REPRODUCTION FORMULA = TAYLOR EXPANSION
The weighted ¢>-space

H:—{f(-)_ S ()t with > "\:!/Qa§<oo}

ocGINSIP oce]NgIP
with inner product
1
(9= W(Dﬁf(o))(Dﬂg(O))
ﬂEINSIP P

X% ya

is the native space for K(x, y) := EaENNP Wa ™
5 !

D*f(0)) (DYK(O, a
(f' K(-, y))H — Z ( ( ))\(/V 1 ( y)) _ Z WL (CI,XIX!) (Wa%>
zxe]NgP N aeNQ’P &
= Z szya = f(y) .
sz]NéVP

Zwicknagl (2009), Zwicknagl &Schaback (2013)



COMPUATION OF KERNELS

EXAMPLE: H) ([a, b])

b b
(.9 o) = / F(x) g (x) dx + 7/ 3f(x)g(x) ax
a a
similar o anchored spaces H, ,, from Dick, Kuo, Sloan (2014)

AIM: REPRODUCTION FORMULA

f(y) (F. KGO ((ab)

b b
/ f(X)K(x,y) dx+'y/ af(x)oxK (x,y) dx

Fasshauer, Ye (2011), Cavoretto, Fasshauer, McCourt (2017)



GREENS FUNCTION

e integration by parts

b
(f, Q)ij([g,b]) = /O f(x) (Q(X) - 'YaQQ(X)) ax
+ 7[f(b)og(b) — f(a)og(a)]

e Greens function for
D = Id —d?

subject to Neumann BC
e Eigensystem of Neumann Laplace

¢r(x) = cos (nkﬁ) Ay = (11k)?

e Mercerkernel

kelN

)

B 1 X—a y—a
Kx,y)=>_ WCOS (nkb—o> cos(nkb_



EXPLICIT COMPUTATIONS

assume: dK diagonal jump
b b
flx) = / f(y)K(x,y) dy+7/ of(y)oK (x,y) dy
a

b
— /f xy)dy—v/ f(y)9?K (v, x) dy
+ [F(Y)OK (x, y)5 + 7 [F(¥)OK (x, )2
b
= [ (Key) =K (v.x)) oy

7F(Y) (9K (x4, X) = 9K (X, X))
+7 (f(b)oK (b, x) — f(a)aK(a, x)

Schaback’s Lecture Notes (2007)



COMPUTATION CONT.

fora < y<x forx < y<b
K(y.x) = 9®K(y.x) K(.x) = 79°K(y.x)
0 = 9K(a,x) 0 = JK(bx)
a(X) = 0K (x-,x) B(x) = 0K (x4, x)

JUMP CONDITION
a(x) = p(x) = 1 |

SOLUTION FOR [0, 1]

K(x,y) = sm‘hff cosh (/7 (1 —max{x, y})) cosh (/y min{x, y})

Schaback’s Lecture Notes (2007)



MANIFOLD REGULARIZATION

¢ = argmingcyF(S)
Ns

F(s) = Y Viz.s) + ksl +rmlislla
i=1

e V loss function and H RKHS with kernel K
o |[s[|34 = (5. (—Am)S) 2 — Graph-Laplacian Ay (h)
T
SlF An (Pl

2
NS

Ns
- LQ > (s(yi) — s(y))* Wy,
Ay

e Representer Theorem (Belkin, Niyogi, Sindhwani (2006))

Ns
s =" aK(-y)
=



GRAPH LAPLACE

Similarity measure: W ; = exp <_|yfm{’f|2)

AM(h) = D-W-= (Lj'k)]ﬁj,kSNs
exp (—”y’;,yk”?> if j # k
L, =
" -3, exp (—lealz) i =k
(£k

e discretization of heat flow
e parameter f has to be chosen carefully
e heat kernel



HEAT-KERNEL INDUCED GEOMETRIES
e Anistropic heat equation

9;u(t, x) — Lyxu(t,x) =0, u(0,x) = u®(x) y

Ly second order elliptic operator, y N
e.g. Lxu(t x) =Div(a(x)Vu(t, x)) N
p(t, x, y) fundamental solution 0

08

3tp(t X, v) = Lxp(tx,y) =0, limp(t,x,y) = 6(x = y)
Diffusion distance
D¥(x1, %) = |[lp(t,x, ) —p(t x, ')Hé(dy)

= e () — i (x0))?
=0

using eigenvalues and eigenfunctions of Ly

Kernels
KX, y) = Ape(X)¢e(y)
LeN

Coifman & Lafon (‘06)



TYPICAL QUESTIONS FOR POSITIVE DEFINITE
MULTISCALE KERNELS

=3 Mpe(X)e(y)

feIN
Want to reconstruct

[e9)

feH :={f= ZCI()\;/2CPZ : Z |Gg|2 < oo}

(=0 (=0
from values yn =~ f(xn), n=1,..., N

Ansatz: Rf(x) = SN fK(x, Xp)

e Bound the worst case approximation error for a function
f € H in dependence on the points xn
e Approximate K by finite sums K:(x, y) = Zé:o Aepe(X)pe(Y)
such that
e the Gramian matrix (K- (xn, Xp))n aen remains invertible.
e the worst-case error for an arbitrary admissible (price)
function has the same asymptotic behavior when using the
fruncated kernel



SOME RESULTS

L
KOGy) = Mge(X)e(y)
=0

¢ Sufficient conditions for L, e.Q., if
the weights A, decay
geometrically, then choosing
L = L(gx) preserves the required

good properties.
Griebel, Rieger & BZ ('15) & ("17)

e Error analysis for generalized Besov-spaces on metric
measure spaces, stability results Griebel, CR & Zwicknagl ('15) &
Qv

o If {¢,} is not an orthogonal system but e.g. monomials, tight frames, . ..
Zwicknagl (‘09); Schaback & Zwicknagl (' 13); Opfer ('05); Griebel, CR &
Zwicknagl ('15) & ("17)



DETERMINISTIC ERROR ANALYSIS

R orgminseHF( )
F(S) = Z V y/ Zj, S yl )+'YK||5||’H +7M”SHM
e Stability
Ns
Is*11% < 1113, + HfHM + WZ V(yi,zi. f(y)

i=1
e Consistency

Ns

V(yi. 21, 5*(v1) < vl F13, + vmll FllRe+ D Vi zi f(vi)
i=1

e Stochastic Analysis in Lo, Fischer, Steinwart (2017)



least-squares V(y;, 2, 5(v))) = (2 — s(yi))?
feHand |zi—f(y)] <ep

Stability
/\/56%7

s*2§f2+7—Mf2+
15113 < [I711% ,YKII 154 e

Consistency

(F(vi) — s*(vi)? < vklIF113, + v amllfl4 + Nse?



SAMPLING INEQUALITIES FOR SCATTERED DATA

Ul £ € () lulls + o ()

Ulp
Y,
Ns llw (V)

Cy—0as hyNs — 0. smoothness difference W and S

e Narcowich, J.D. Ward & Wendland (2005)
functions with zeros, u|y, =0,
s

m—k
Ul < CH™ ¥ Ul
e Wendland & CR (2005) : o @\q.

< m—k —k
lulwg < C <h |Ulwp +h HulVNsH&o(VNS>>
e Madych, J. Approx. Th. (2006)

lullipie < € (A Nulwmiay +hPllUlxllipvyg) )

e and many more ...



EXPONENTIAL APPROXIMATION RATES

SMOOTH FUNCTIONS

Hilbert space H of functions f : QO — R with embedding
constants Cy (k). s. 1. forafixed pand all f € H

Illwsay = Cr(k)IFll3 -
The sampling rate
@ ismeasuredin h = hy, o = SUPyeq MiNy ey, ly =yl

@ depends on the embedding constants Cy (k) for k — oo
@ depends on the geometry of the domain O

GUIDELINE

The slower the embedding constants Cy (k) grow with k — oo,
the better are the approximation rates!



EXPONENTIAL RATES: RESULTS FOR GAUSSIANS
EMBEDDING CONSTANTS
Cu(k) < Ckk=2)  forall k € N.
e D Compoc’r cube CRrR & Zwicknagl, (2010)
memse“wmwwmﬂ+c”NMA%mw

e D interior cone condition, points clustered towards
boundary CR & zwicknagl, (2014)

" Clog(h)/h —2]a
10y < Il -+ ch2 ity Newy,,
APPLICATION TO

INTERPOLATION RATE INTERPOLATION
o r=1Ff— Sf’ys

f—s <
H F¥Ns [l (D) =
eClog(h)/h I1Fll4 o HSf’YNSHH < [[f][4 and
f|yN =0
s



DETERMINISTIC ERROR ANALYSIS FOR MANIFOLD
SEMI-SUPERVISED LEARNING

Ingredients

/\/36,21
YK

s 12 < IIFI12 + 2072, +
Is°IF < 1FI + 11
(i) — s (vi)? < vklIf13 + vmlI FlI34 + Nse?

lullw £ S (P ) lulls + Cz ()

ulh H
Y,
Ns T (Yg)

e choose W =L[*(Q) = G, (hyNs> = const
e chooseu=f—-s"€H
Griebel&CR (2017)



If ="l S Cr (Pvyg ) IF ="l + Callflvy, = 8* vy llem vy

¢ (hv,) (2+ m) 115

Co (VrkllIfllze + vrkllfllm)

(] . C (hYNs)) Neen

VK

+ A

_|_

Choose:

=i~ i)

I =5l S C (P ) (IFlLae + 1Fll20) + /Nsen
Griebel&CR (2017)



CONCLUSION

problem adapted kernels

problems from parametric pde, greens function, heat
kernels

kernel needs careful computation
determinitsic errors need regularization
deterministic a priori error analysis

Thank you for interest!
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