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Abstract

For a summable variation potential function on a subshift of finite type, Pollicott
(2000 Trans. Am. Math. Soc. 352 843-53) gave an estimate of the decay of
correlations. It was known that the systems he considered have the bounded
distortion property (BDP), and that is a key condition on the systems. In this
paper, we study weakly expansive Dini dynamical systems that may not have
the BDP. Under some assumptions, our theorem gives an estimate of the decay
of correlations.

Mathematics Subject Classification: 28D05, S8H11

1. Introduction

This paper can be regarded as a continuation of our paper [LY], and the notation is adopted
from there. The decay of correlation [Bal] or, alternatively, the rate of mixing [Po], is
a problem addressed in many fields. It is closely related to the convergence speeds of
iterations of the Ruelle operator. They have been extensively studied in dynamical systems
[Bal, Bow, Boy, FJ, Li, Ru, Yo, Yu]. For a summable variation potential function on a subshift
of finite type, Fan and Pollicott [FP] gave an estimate of the convergence speed of iterations
of the Ruelle operator; later on, Pollicott [Po] gave an estimate of the decay of correlations.

In the following we always assume X to be an nonempty compact subset of Euclidean
space (R?, | -|) with X° = X, and let T be a self-map on X. We call (X, T') a weakly expansive
dynamical system if it satisfies the following condition: there exists a finite partition {X;}_,
of X such that foreach 1 < j < m,

I. X is a connected subset of X with piecewise smooth boundary;
IL. T|x;, : X; — T(X;) is a homeomorphism with continuous extension to X; and

T(X) = X;
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II. T|x, is weakly expansive, i.e. for any t > 0,

inf {|T(x)—-TO)|:x,y€X;}>t
b=yl >t

With such a system (X, T'), we associate a potential function ¢ : X — R such that each ¢|x;,
is Dini continuous [LY]. The triple (X, T, ¢) is called a weakly expansive Dini dynamical
system.

We will see that, under some assumptions, the system (X, T, ¢) has a unique equilibrium
state v [W1]. And then the correlation function with respect to continuous function f can be
defined by [Po]

Wy(n) = (v, (f o T") f) — (v, /).

In this paper, we will focus on studying the decay of correlations. For this we define the
expansive ratio function r(-) of (X, T) by
|Tx — Ty|

r(y)= inf ——— ify e X;.
A =)l :

For any multi-index J = (jij2--- ju), | < Jji < m, welet

X;=X; n(T'X;)Nn---n(T"VX,).
We use |D| to denote the diameter of subset D(C X). Let y, = max -, |X;|. By the
weakly expansion of T, we will see that lim, . 35, = 0. For any function p defined on
X, we define the modulus of continuity of p by &, (1) = sup,_, < |p(x) — p(y)|. Let
a(t) = maxigj<m Agjy, (), and define

t
@dx, 0<t<I|X|.

D) =a(t) + /

0

Then @ is well defined because of the Dini continuity of ¢|y,. Our main result is
(corollary 4.3).

Theorem. Suppose that the weakly expansive Dini dynamical system (X, T, ¢) satisfies the
condition

max Y exp@())(r()) " <min Y exp(@(y).

yeT~'x yeT~1x

Then the system has a unique equilibrium state. Moreover, there exist constants C > 0,
0 <X < 1and £y € N such that for any f € C(X) andn > k€ with £ > £y, we have

W) < ar(y)l fIl+CAS+ 25+ 200)IFII%.

We remark that the key condition in [FP] and [Po] is that the systems have the bounded
distortion property (BDP), which is guaranteed by the summable variation of the potential
function. Since a general weakly expansive Dini dynamical system may not have the BDP
(see example 4.4), it creates more difficulty (see the remark after definition 3.2). We discuss
this in propositions 3.5 and 3.6, that are fundamental propositions of the paper. Our method is
to make use of the known results for the IFS in [LY] to define a ‘normalized’ Ruelle operator
and averaging operators [FP], and then get an estimate of decay of correlations.

We organize the paper as follows. In section 2, we will match the weakly expansive Dini
dynamical systems with some weakly contractive Dini IFS, and then we convert the Perron—
Frobenius properties of the dynamical systems into the IFS. In section 3, we set up the basic
propositions. We give an estimate of decay of correlations in section 4.
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2. Preliminaries

Without loss of generality, we assume that | X| = 1. Welet UC(X°) and C (X) denote the space
of real-valued uniformly continuous functions on X° and X, respectively, with supremum norm
Il - II. Let M(X) denote the set of all regular Borel measures on X. We say that p € C(X) is
Dini continuous if fol a, (1)t~ dt < oco. Throughout the paper we always assume (X, T, ¢) to
be a weakly expansive Dini dynamical system defined in the previous section. Then we have
the following lemma.

Lemma 2.1. The Ruelle operator Ly defined on UC (X°) by
Le(f)(x) = Z exp(e(¥) f(¥) (2.1)

yeT1x

is a self-map of UC(X°), i.e. Ly(f) e UC(X®) if f € UC(X").

Proof. By assumptions I and II on the system (X, T'), we have T'(X;) =X°VlI<j<m
Then

#y: T(y)=x}=m Vx € X°. 2.2)

By the Dini continuity of ¢|x,, we see that the ¢|x, is uniformly continuous. It, together
with (2.2) and assumption II, deduces that Ly (f) € UC(X°) if f € UC(X®). |

We remark that the system (X, T) is a special case of Markov [Boy] and satisfies
condition (2.2). It may not be shared by general Markov systems.

Given an IFS (X, {wj}'}’zl), welet I" ={J = (jij2---jn) : 1 < j; < m}. For any multi-
index J € I", we use | J|(= n) to denote the length of J. Let w, (x) = wj owj,0---ow;, (x),
and let w; (X) = {w;(x) : x € X}. We say that the IFS (X, {wj}?zl) is weakly contractive if
foreach 1 < j < m,

oy, (1) = sup |w;(x) —w;(y)| <t vt > 0.
lx—yl<t
We call the triple (X, {w;}}_,, {p;}}_,) a weakly contractive Dini IFS if, moreover, each p;
is Dini continuous on w; (X). For more details on the IFS, we refer readers to [LY].
Now we are ready to match the weakly expansive Dini dynamical systems with some

weakly contractive Dini IFS.
Proposition 2.2. Suppose that (X, T, ¢) is a weakly expansive Dini dynamical system with m
branches. Then there exists a weakly contractive Dini IFS (X, {w;}7"_,, {p j}g’zl) such that

j=r
(i) Tow;j(x) =xVx e X°, 1< j<m
(ii) lim,,_, o0 Vn =0;
(iii) Z'J":l pjow;(x)- fow;x)=Lef(x)Vf e UC(X°),x e X°.

Proof. (i) By assumption II, T'|x, has a unique continuous extension to X_j, and denote it by
T;. By assumption III, we have forany 1 < j < m,

IT7' ) = T7' W < |x — | Vx,y € T(X).

Note that T(X;) = X. We follow that (T|xj)‘l has a unique continuous extension to X.
Denote it by w;. Hence, we set up an IFS (X, {w;}_,). Itis clear that forany 1 < j < m,

Tiow;j(x)=x Vx € X. 2.3)

In particular, T o w;(x) = x Vx € X°.



1380 Y-L Ye

We will show that the TFS (X, {w;}7_,) is weakly contractive. By assumption II, we
deduce that for any ¢ > 0,

Ri@) = inf (IT;(0) = Tl : x.y € X))

= inf {lTJ(X)_T](y)| :x,yGXj}-

lx—y|=>t
Then by assumption III, we have R;(t) > ¢, and then T; is weakly expansive. Let
ri(t) :=27'(t + R;(t)). Hence for any r > 0,
ri'(0) <t <rj@t) < R;@).
We claim that

sup  Jw;(x) —w;(y)| <t vt > 0.
[x—yI<r; @)

Otherwise, suppose that there exists some #y > 0 such that

sup  |w;(x) —w;(y)| > fo.
[x—y|<r;j(to)

Then there exist xg, yo € X such that
|xo — yol < 7;(t0) and |w;(x0) — w;(yo)l > fo.
This, together with (2.3) and X° = X, deduces that

R;(to) < |xo — yol < 7j(t0) < R;(%0).
This contradiction implies the claim. Using this claim, it follows that
(1) = sup |w;(x) —w;(I <r;t@) <1,
[x—yl<t !
Thus, the IFS (X, {w j}’j’.’ 1) is weakly contractive.

(i1) It is straightforward to check that for any multi-index J,
wy(X°) € Xy Cwy(X).

Note that X° = X and the continuity of w;. We have w;(X°) = w;(X). So |X,| = |w,;(X)].
Thus, ¥, = max;=, |lw;(X)|. Hence by the weak contraction of w;, we have 0 < Y41 < Vy.
It follows that lim,, o ¥, = O.

(iii) For each 1 < j < m, we define g; : X; — R* by

qj(x) =exp(¢(x)) ifx € X;.
By the Dini continuity of ¢|y, it follows that there exists a unique Dini continuous function

p; defined on X_, such that p;(x) = g;(x) for any x € X;. Hence, the (X, {w_,-}T:l, {pj};f‘:])
is a weakly contractive Dini IFS, and

m
D piowi(x) - fow;(x) = Ly(x) VfeUCKX), xeX°. W
j=1
Hence, given a weakly expansive Dini dynamical system (X, T, ¢), we can match it with a
weakly contractive Dini IFS. We will call this weakly contractive Dini IFS induced from the
system (X, T, ¢). Consequently, corresponding to the system (X, T, ¢), we can define another
Ruelle operator P on the induced IFS (X, {wj}T:p {pj}’j’.'zl) by

P(f)(X)=ZPjowj(X)-fowj(X) Vf e CX). 2.4

j=1
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Let 0 = 0(Ly) be the spectral radius of Ly, and let L} be the dual operators of L on the
dual space (UC(X°))*. For any integer n, we let S, (x) = Z:’;OI ¢ (T'x). Then

Lyf)= D exp(Si)f().

yeT"x

The PF property (PF stands for Perron—Frobenius) for the Ruelle operator on IFS has been
defined in [LY]. We can define a similar property on this dynamical system.

Definition 2.3. The Ruelle operator Ly on the dynamical system (X, T, ¢) is said to have the
PF property if there exists a unique 0 < h € UC(X°) and a unique probability measure
defined on X° such that

Loh=oh,  Lip=on.  (uh)=1
and for every f € UC(X°), Q’”Lgf converges to (|L, f)h in the supremum norm.

Lemma 2.4. Let Ly and P be defined as (2.1) and (2.4), respectively. Then

(i) P is a unique continuous extension of Ly;
(ii) Ly has the PF property if and only if P has the PF property.

Proof.

(i) Since X° = X, then any f € UC(X®) can be extﬁrldﬁd uniquely to some f e C(X), and
hence L4( f) has a unique continuous extension Ly (f). By proposition 2.2(iii), it follows
Pf(x) = Lyf(x) ¥x € X°. Note that P(f) € C(X). It follows that P(f) = Ly(f).
Hence, P is a unique continuous extension of L.

(i) Let M (X°) denote the set of all regular Borel measures on X°. Define w : UC(X°) —
C(X) by n(f) = f . It is easy to see that 7 is an isometric isomorphism. Then the
adjoint operator 7 * is an isometry between M (X) and M (X°). This, together with (i) and
X° = X, deduces that L4 has the PF property if and only if P has the PF property. W

Hence we can regard Ly and P as coincident. In this paper we always consider Ly as a
continuous linear operator on C(X), i.e. Ly = P. Consequently, we canregard 4 € C(X) and
i € M(X) in definition 2.3.

Our next theorem gives a sufficient condition for the possession of the PF property. Then
discussion on some relevant concepts such as equilibrium state [W1] and mixing [W2] are
involved.

Theorem 2.5. Suppose that the weakly expansive Dini dynamical system (X, T, ¢) satisfies
the condition

max Y exp@()r()) ! <e. 25)

yeT-1x

Then Ly has the PF property. Moreover, if we let v = hu, where 0 < h € C(X) and
w € M(X) are given by definition 2.3. Then

(i) v is a probability measure and satisfies the measure separation condition, i.e.
v(X/ (X)) =0 VI #£J with |I|=1J];

(ii) v is the unique equilibrium state of the system (X, T, ¢);
(iii) v is mixing for T.
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Proof. Let (X, {w;}}_,, {p;}}_,) be the weakly contractive Dini IFS induced from the system
(X,T,¢),andletr; = sup,, |w;(x) — w;(y)|/|x — y|. Note that
Tx—-T
() = inf XD ifyeX;.
2o =yl
From this, together with proposition 2.2(i), it follows that (r|x/.)*1 =rjforeach 1 < j <m.
Hence (2.5) implies that

Y piow0Or;
j=1

By [LY, theorem 4.4], we see that the operator P defined by (2.4) has the PF property.
Combining with lemma 2.4(ii), it follows that L, has the PF property.

<o.

(i) By definition 2.3, we have v(X) = (u,h) = 1. Again by definition 2.3, we have
supp(p) € X°. This, together with Ly = o, deduces that

supp(u) € U X5 Vn e N.
[J]=n
Then pn(@X;) = 0 VJ € I". Because X_j = X, and X; (X, = @, we have
X/ X; C3X,()3X,. Hence

wXr ()X = n@X,()oX,) =0.
Therefore, v = hu satisfies the measure separation condition.

(i) The proof can be modified from [W1] on the symbolic space with summable variation
potential function. @~ We outline the idea here for completeness. Let g(x) =
exp(¢ (X)) (x)(eh(Tx))~'. Then ZyeT,,x g(y) = 1. Define a ‘normalized’ operator
Ligg: UC(X°) > UC(X°) by

Lige f(X) =Y g0 f).

yeT~'x
v =uv,andforanyn € N,

0 "Li(fh) = hL{,  f.
Hence, by making use of theorems 4.14 and 4.18 of [W2], we can prove, similarly to [W1,
theorem 2.1], that the system has a unique equilibrium state v = hpu.
(iii)) The argument is standard, and can be modified from [Bow] on the Holder continuous
system. We therefore omit it. n

Then Ll*Og ¢

Definition 2.6. [Po] The correlation function Wy of (X, T, ¢) with respect to f € C(X) is
defined by
Wy = (v, (f o T f) = (v, ), neN.

We will consider the correlation function in the following sections.
3. Basic propositions

In the following sections we always assume the dynamical system (X, T, ¢) to be as in
theorem 2.5, and let the function g, ‘normalized’ operator Liog, and equilibrium state v be
as there. Let (X, {w;}7_,, {p;}}_,) be the IFS induced from the system (X, 7', ¢). We know
from the previous section that the unique equilibrium state v is mixing. To study the decay of
correlation functions, we need consider the convergence speed of iterations L7 ( f). For this

log g
we set up some basic propositions first.
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3.1. The averaging operators

Let B(X, v) denote the set of all bounded measurable functions on X with essentially supremum
norm, i.e. for any f € B(X, v),

IfIl=inf ' sup [f(x)]

xEX E
We remark that it coincides with the supremum norm if f € C(X). And for any multi-index J,
we can regard that 1y, =1, (x).
Forany n > 1, let g,(x) = [/, &(T"x). Then, by induction we have
Li, J@ = Y 2.(f(y)  VfeBX. ).
yeT"x
Define the averaging operator P, : B(X, v) — B(X, v) by
Pof(x) = Lis, f (T").
It is easy to see that
1P f1l = 1 Lig o £ 3.1
For any x € X, we denote by X,,(x) the cylinder X ; containing x and with |J| = n, and
let B, be the o-algebra on X generated by the cylinders of {X;},7=,. Let E,(-) = E(-|B,)

be the conditional expectation with respect to 53, on the measure space (X, v). Then for any
f € B(X,v),

o fdv
En(f)(x>=%.
Hence,
gnowy(x)
Ly En(f)(x) = ‘;n xS YreX. (3.2)

For any ¢, n € N we denote

S)EZ)Z max Z|gnowj(x)—gn0w1(}’)|~
lx—yI<ve \Tl=n

Lemma 3.1. Foranyn =kl (k, £ € N) and f € C(X), we have

j—2 k
(l_[ PiZEili) @) (1—[ PiliEM) f H .

i=1 i=1

k—1
1P fI < ap(re)+ ) Sy, -

j=2

Proof. For any g € B(X, v), let
var,(q) = max. sup lg(x) — gl

=N x,yeX,

Note that || P,(¢g)|| < |lg|l. We have
1 P.(I — En)gll < (I — En)qll < var,(q).
By (3.2) and the B,-measurability of E, (q), it follows that

Varn+€(PnEn (61)) < Var(( 10ggEn(q)) Sy(,e) : ||f]||
Then for any j > 2,

j—1
Po(I — Ejy) (H mm) (f)
i=1

©
< Sione

j—2
(1‘[ PME,-@) (f) H : (33)
i=1
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We know from [FP, theorem 2] that for any n = k€ (k, £ € N),
k-1 -1 k
Po=P (U —=E)+Y (I —Ej)[ [ Piuki+]] PruEie
j=2 i=1 i=1

Note that

1P.(I — E)(H < vare(f) < ap(ye).
This, together with (3.3), deduces the assertion. [ ]
Hence, we are required to estimate the values of | P, E,(f)| and Sj(-',?. Before beginning our

estimates, let us recall the following definition.

Definition 3.2. The dynamical system (X, T, ¢) is said to have the BDP if there exists C > 0
such that for any n,

[Spowy;(x) — S, ow;(¥)| <C VJ el and x,y € X.

We remark that, under the assumption that the systems have the BDP, Fan and Pollicott
[FP, Po] showed easily that there exists 0 < 7 < 1 such that for any f € B(X, v) with

fx fdv =0,
1P En(OI < TN fI- 34

This was the key inequality in their estimates. To our knowledge, (3.4) has not been proved in
the absence of the BDP. However, the weakly expansive systems considered may not have the
BDP (see example 4.4), hence we are required to make adjustment so that it holds. A similar
problem appears when we estimate the value of S](.',’l) .

3.2. Basic propositions
To check whether the inequality (3.4) holds, we need the following simple inequality.

Lemma 3.3. Let constant a > 0 and J € I" satisfy the condition
gnowy(x) <agsowy(y) Vx,y e X.
Then

-1 < 8n © LUJ()C)

Vx € X.
v(Xy)

Proof. By theorem 2.5(i) and proposition 2.2(i), we have
L dx, )= Y 2.3 1x,(0) =gaow,(x)  ae (V).

yeT"x
From the above, together with Lf‘og V=0, it follows that
V(X)) = (v, Lige1x,) = (v, gn o wy (). (3.5)
We end the proof by noting that (v, 1) = 1. ]

Lemma 3.4. Suppose that 0 < a=' < c; < aVJ € I". Then for any f € B(X,v) with
Jx fdv =0, we have

e[ ravl<a-adisl Y e v,
Xy

|J|=n |J|=n
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Proof. Since

> Xdev:/devzo,

|J|=n
then
a—cf1
Zc,/ fdu| < 1 Zc,/ fdv by ([FP, lemma 1])
|J|=n Xy ata- |J|=n Xy
<A =adIfI Y es-vXy). -

|J|=n

Proposition 3.5. There exists 0 < v < 1 such that for any f € B(X, v) with fX fdv =0,

we have
1P En (O < TlfIl Va2l
Proof. Let (X, {w;}]_,,{p;}})) be the IFS induced from the system (X, T, ¢). Let
0 < h € C(X) and g be as in theorem 2.5. Denote g, (x) = ]_[;:01 g(T'x). Then
Z gnows(x)=1 Vn € N. (3.6)
|J|=n

And for any multi-index J € [" and x, y € X,

gnows(¥) _ exp(S, 0wy () hows(x) h(y)
gnows(y) exp(Spowy(y) howy(y) h(x)

(3.7)

Letr; = SUp, |lw;(x) —w;(y)|/Ix — y|. Then o) ' = rjif y € X;. Note the fact
<
o <max ) exp(@(y)).
yeT~1x

We deduce from (2.5) that min; ¢, ¥; < 1. Combining with the case n = 1 of (3.6), it
follows that there exists 0 < 1 < 1 such that

m
max ow;(x)r; < n.
Xex;‘g J0r; <
J=

For J = (jija--ju)s let ry = rjrj---rj,. And for 0 < k < € < n, let J|} =
(Jk+1Jk+2 - - - je). Then by induction we have

rilea;( ‘g gnowy(x)ry <n' vn > 0. 3.8)
Choose 6 such that n < 6 < 1 and let
Q(n, k) ={J : |J| =n, k smallest with r;p > 6"}, 0<k<n,
Qn,n)y={J:[J|=n, rjp <0"*VO0<k<n}.
Then Q(n, k) (2, k') = @ Vk # k', and I" = |J;_,Q(n, k). Let § = no~'. Then
0 < § < 1. By (3.8), we have for any integer k,

D aowsx) <5

JeQ(k,0)
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By 2?1:1 gow;(x) =1, we deduce that

Y gmows(0) <8 (3.9)

JeQ(n,k)

Denote
n—k
A, k) = JQm.n—k—i).
i=0
Letc = (1 — 8)~!. Then
n—k
D gnows(x) <Y <est (3.10)
i=0

JeA(n,k)

Hence, by (3.5) we have

> u(x,)=/ D gnows() | du(x) < st (3.11)
JEA(n.k) X\ JeAm.k)
Define
a(f) = max sup |¢|x,(X) —¢|x/(y)|~ (3.12)

ISism jx—yi<t
Leta := Z,fio a(6%). Then a is finite because ¢| x; is Dini continuous.
Forany J € Q(n,n—k),andany0 < i < n—k, sincer”nz L2 ok andrm =rypecryp, <
_ ; _
0" ", we have

rjllr_r—k}"”

n
n—k n—k—i
rjl;t—k = < 0 .

T
It deduces that for any x, y € X,

G(T" 0wt (x) < G(T 0wyt ()@ ).
Then

n—1

k
Spows(x) =Y (T ow,;(x)) < Syowy(y) +a+ Y aly). (3.13)
i=0 i=1
For any J ¢ A(n, k) with |J| = n, there exists some k€’ < k such that J € Q(n,n —k').
Then by (3.13), we have
k
Spows(x) < Syowy(y) +a+ Y ).

i=1
Denote
k

ay 1= exp (a + Zalogh(l) + Za(%‘))-

i=1
Hence by (3.7) we have
gnowy(x) < axgn o wy(y), vVJ ¢ An, k). (3.14)
(We use | X| = 1 here.)
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By proposition 2.2(ii), we have lim, ., «(y,) = 0. This, together with 0 < § < 1,
deduces that there exists integer ko > 0 such that a, 2 _ 3¢k > 0. Fixing such a ky, we take

=1 —a; +3c8.

Then 0 < 77 < 1.
For any f € B(X, v) with fx f dv =0, we claim first that

|Liog e En (I < Tl £l Vn > ko. (3.15)

Indeed, for any x € X and n > ko, we let A, = 3/ 40u40) ij fdv, and let

Bw= 3 S0 [ ra
Xy

seamiy VXD
By (3.11) we have
Al < Y vXDIFI < es £

JeA(n ko)
By (3.10) we follow that

Lig En()0) = By < IFI Y gnow,(x) < csf.

JeA(n. ko)
Define
1, if J € A(n, ko),
cj(x) =1 gnowy(x) .
- if J ¢ A(n, ko).
v(Xy)
By (3.14) and lemma 3.3, we have
~1 < gno—wj(x) < VJ & An. ko).
ako U(Xj) Ak, ¢ (}’l, O)
Then
a,;)lgcj(x)gako vJel", xelX.
Thus

|An+ By = | D csx) | fdv

|J|=n Xy

SA=agAIfI| Y. vxp+ Y. giowsx)]| bylemma3.4
JeA(n,ko) J¢An, ko)
<A =g DIfIes® +1) by (3.11)and (3.6)
<A —a+cdfI.
Hence for any n > ko,

|Ljog ¢ En (/)] < [Ljgg o En(f)(x) = By(X)| + |Ay| + Ay + B, (x)]

log g
cSUfI+ e8Il + (0 —a” + e8| £l = rll £II.

NN

The claim is thus proved.
For n < ky, we let

ko
b =exp <2alogh(1) + ZOZ(%))

i=l1
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andletp =1 — b2 Then 0 < 1, < 1. Note that for any n < ko,

ko
Spows(x) < Y a(yi) + Spows(y) vJel" and x,y€X.
i=1
It follows from (3.7) and lemma 3.3 that

wy(x
p1 < 8OV e and xe X

v(X))
Then again by (3.2) and lemma 3.4, we have for any n < ko,
Ly En ()] < T2l £1.
Take T = max{ty, 12}. Then 0 < v < 1. From this, together with (3.15), it follows that
[ Ljog o En (O < Tl £l Vn > 1.

logg
By (3.1), we have || P, E, ()l < Tl f]. u

To estimate the value of S;’:L), we need another function. For this we let o be defined
by (3.12), and define '

d(t) = alr) +/
0

Then @ is continuous and lim,_,¢- ®(r) = ®(0) = 0 because of the Dini continuity of ¢|x;.
We remark that forany 0 < 6 < 1,

fa(x)
——dx, 0<r<1.

oo
Za(@”t) <1 -0)"'o@ vOo<r<I. (3.16)
n=0
Let § be as in the proof of proposition 3.5. Then we have the following proposition.
Proposition 3.6. There exist A > 0 and £y € N such that for any £ > £,

S5 < AG + d(v) Vj e N.

Proof. Let Q2(n, k) be as in the proof of proposition 3.5. For any multi-index J € I" and
x,y € X,let

n

oy (x, y) = 2ai0gn(1x — YD) + Y allwyp (x) — wyp ().
k=0

Denote ¢t = |x — y|. Note (3.16) and the weak contraction of w;. It follows that for any
J € Q(n,k),

D a(wp(x) —wip (M) < (1—6)"' D) + (n — ka(2).
k=0
‘We know from theorems 4.2 and 4.4 of [LY] that
ou i (1
up & oh (1)
>0 @(t)
So there exists ¢; > 0 such that for any J € Q(n, k),
ay(x,y) <a®@)+n — ko).
Thus combining with (3.7), we have
8n O Wy ()C)
8n O Wy (y)

<exp(ay (x, y)) < exp(e1 @ (1)) (expla ()" .
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Hence for any 0 < k < n, we have

E(n k)= Y lgaow;(x)—gyow,(y)
JeQ(n,k)

< (exp(e1 @) Eexp@®)" = 1) Y grow,(x)
JeQ(n,k)

< (exp(e; @ (1)) (exp(ar(1)))"* — 1)8"* by (3.9).
Take ¢ty > O such that § exp(«(#p)) < 1. Then for any 0 < ¢ < 1o,

D lgnows(x) —guow, () =Y E, k)

[7|=n k=0
n ‘ n ‘ n+l
< expl(c; P (2 Sexp(a(t)))' " — "N S+
e ())kZ:;( p(@ (1)) ; T
where
exp(c1 P (?)) 1

T 1—sexpat)) 1-6
Note that ¢(0) = ®(0) = 0 and o < . There exists ¢; > 0 such that for any 0 < ¢ < 1,
exp(c1P(®)) < 1+ (1) and exp(a(?)) < 1+cP(7).
By using this, it follows that
1+ c® () 1
S 1—sexpla(t) 1-34
Take A = max{cs, §(1 —8)~'}. Then for 0 < ¢ < £y, we have

sup Y fgaows(x) — g ows;(y)| <A@+ ()  VneN.

[x—yl<t |J|=n

< c3®((r) for some c¢3 > 0.

By proposition 2.2(ii), there exists an integer £o > 0 such that y, < y,, < #o forany £ > £,.
Hence in particular

S < AG + @ () VjeN. |

4. Decay of correlations
Having proved propositions 3.5 and 3.6, we are ready to estimate convergence speeds of the
iterations L?Og g( ).

Theorem 4.1. There exist constants B > 0, 0 < A < 1 and £y € N such that for any n > k¢
with € > £y and f € C(X) with [ f dv = 0, we have

g e F1 < ap(ve) + AN F 1+ B+ @) fII-
Proof. Let 0 < 7 < 1 be given by proposition 3.5. Let A > 0,0 < § < 1 and £y > O be as in
proposition 3.6. Take A := max{z, §}. Then 0 < A < 1. Thus forany j > 1 and £ > £,

St < AR+ () < AR+ D ().
Forany f € C(X) with [ f du = 0, by using repeatedly || P, E, ()|l < Al f ||, we deduce that

Jj
‘ <H PMEM) (f)
i=1

<MFI V>l
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Let B= A} 72,2/ Hence by lemma 3.1 we have

k—1
1P (O < apve) + Y Sy, - M2 1A+ 241 £

j=2
Lar(y) + A fI+BA + @) fI.
Note that (3.1) and || Lj,, . f1| < | Lﬁfgg £l Yn > ke. The result follows. [ ]

Let the correlation function W be given by definition 2.6. We can now estimate the speed
of W (n) converging to 0.

Theorem 4.2. Forany f € C(X) andn = k€ with £ > £y, we have

W ()] < ar)lFIL+ 225 FI7 +2BOS + (o) I FII.

Proof. For any f € C(X),let fo = f — (v, f). Then

(v, fo) =0, [l foll < 2|11 and o) =or().
Thus, by theorem 4.1, we have for any n > k€ with £ > £,

I Liog g foll < ap(re) + 2251 £ 11+ 2B (A" + D () I f1I.

It is easy to check that for any integer n,

Ly o(f o T" - f)(x) = f(x) - Lib (/) @).

Hence

<U’ (f © Tn)f> U L;loé,g(f oT"- f) U f L?Oggf

Therefore,

(W) = (v, f(Liggg f — (Us SN = [, [+ Ligg o fo)| < I I Ljog g foll
S a;OIfI+225 1 F17 +2BGS + @)l fIP. [

We remark that the ® is Holder continuous if each ¢|x, is Holder continuous. Itis obvious
that if T is strictly expansive, then the condition in the theorem is trivially satisfied. However,
the explicit value of o is difficult to find. A simple estimation on the lower bound of g is

min | exp(# () < e
yeT~'x
By using this we have the following corollary.

Corollary 4.3. Suppose that the weakly expansive Dini dynamical system (X, T, ¢) satisfies
the condition

max Y exp@()()) <min Y exp@(y).

yeT~'x yeT~1x

Then there exist constants C > 0, 0 < A < 1 and £y € N such that for any f € C(X) and
n >kl with £ > £,

W) < ar(o)lfIl+CAF+ 25+ @00l F1I%
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Example 4.4. Let X = [0, 1] and

x .
T(x)=431—x’ i xef0.5)

2x—1, ifxe (1]
Choose a > 0 such that a + (log2)™% < 1. Define ¢ : X — R by

log(a + (log T (x))™?), if x €0, 3],
log(1 —a — (log T (x))72), ifx € (3.1].
Itis clear that |o,1/2) is not Hélder continuous, and the system (X, T, ¢) satisfies the condition
of corollary 4.3. The system, however, does not have the BDP. We can check that v, = (1+n)™",

and ©(t) = O(—1/logt) near 0. Hence, for any Holder continuous function f on X, we have
|Wy(n*)| = O(1/logn).

P(x) =
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