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1. Introduction

An increasing number of people are approaching retirement, as population aging is progressing rapidly in both
the developed and developing worlds. The decisions of the people close to retirement are affected significantly
by the outcomes of financial markets. For example, the big stock market boom between 1995 and 2000 led to
a dramatic increase in the number of people who chose voluntary early retirement (Fahri and Panageas [9]).
In reverse causality, these people’s decisions on retirement, consumption, and savings are expected to have
a significant effect on aggregate consumption and investments, and to have a large influence on the world’s
financial markets and economy.’

In this paper we study a model of consumption and investment with a mandatory retirement date and early
retirement option.> More specifically, we study the optimal consumption and portfolio choice of an agent/wage
earner who faces a prespecified mandatory retirement date but has an option to retire earlier than that date.
We investigate the properties of the optimal choice of retirement time, consumption, and portfolio of assets.
There have been studies of models with one feature of retirement: either only with voluntary retirement (Choi
and Shim [3], Choi et al. [4], Dybvig and Liu [6], Fahri and Panageas [9]) or only with mandatory retirement
(Dybvig and Liu [6]). There, however, has not been a serious theoretical study devoted to the model where
both features—the mandatory retirement date and early retirement option—are present. For example, Dybvig
and Liu [6] study two different models, each with only one feature of retirement; the authors state that “an
alternative model of mandatory retirement that allows for early retirement is more complicated because of the
extra time dimension, but can be solved using the randomization method employed by Liu and Loewenstein...”
(p. 886). The method of Liu and Loewenstein [23], mentioned in this quote, is a model of transaction costs,
and not that of retirement. It provides an approximation to the final horizon by a random time and thus is
an approximation method, and it is not a method to study the true optimal solution. Fahri and Panageas [9]
provide an approximate solution to the problem with both features of retirement. Their investigation, however,
is an addendum to that of an infinite horizon problem, and they have not conducted a thorough analysis of the
true solution, as we do here.

Consideration of both the mandatory retirement requirement and voluntary early retirement option makes
it necessary to study a model with a finite horizon. Thus, in our model an agent chooses consumption and
the portfolio of assets, faces a mandatory retirement date T, and has an early retirement option (i.e., he or
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she can choose retirement time 7 < T). Thus, the model provides a challenge in the following two senses.
First, it is a problem where the optimal choice of consumption and investment is coupled with the optimal
stopping problem of choosing the retirement date, where the two decisions interact with each other. Second,
the embedded optimal stopping problem has a finite horizon, and so similar to an American option, which
does not admit a simple closed-form solution.

In this paper we propose an approach to investigate the model with a finite horizon and analyze properties of
the optimal strategy, and thereby contribute to understanding the interaction between retirement, consumption,
and portfolio decisions in the presence of both the important features of retirement. In particular, we provide
a characterization of the threshold of wealth as a function of time and show that it is strictly decreasing near
the mandatory retirement date. The threshold is similar to the early exercise boundary of an American option
in the sense that if the agent’s wealth is above or equal to the threshold level, then the agent immediately
retires. We also provide useful comparative static analysis. For example, we show that the threshold tends to go
higher if the wage rate increases, and the threshold tends to go down if the utility cost of labor increases, for
every t € [0, T), extending the comparative static analysis by Choi and Shim [3], originally derived in an infinite
horizon without a mandatory retirement requirement.

In the literature there exist three common methods to analyze the properties of the value function and optimal
strategy of an optimal control problem without a choice of a stopping time: first, the martingale method with
a dual transformation (see, e.g., Cox and Huang [5], Karatzas and Shreve [16], Karatzas et al. [18]), second,
the transformation of the associated Hamilton-Jacobi-Bellman (HJB) equation into a linear partial differential
equation (PDE) through the Legendre transformation (see, e.g., Fleming and Soner [10], Karatzas et al. [19]),
and third, the stochastic maximum principle (see, e.g., Yong and Zhou [32]). But all of the methods cannot be
directly applied to our problem because the state equations before and after the retirement date are not the
same, and the dual transformations and Legendre transformations in the two stages are different. Moreover, the
stopping time is unknown and interacts with the optimal control. For an optimal stopping problem, there are
also three commonly used methods: the martingale method (see, e.g., Karatzas and Shreve [16], Karatzas and
Wang [17]), the probabilistic method (see, e.g., Peskir and Shiryaev [25]), and the PDE method via its associated
variational inequality (see, e.g., Bensoussan and Frideman [2], Friedman [11]). But it is difficult to discover the
properties of the value function and the optimal strategy only by the martingale method or by the probabilistic
method, because the optimal stopping time discovered with these methods is relatively abstract. The PDE
method attempts to identify the optimal stopping boundary for a Markovian optimal stopping problem, but
it cannot be directly applied to our problem, because the associated H]B equation is a variational inequality
with a fully nonlinear parabolic differential operator. Thus, it is very difficult to discover the properties of the
solution. If the horizon is infinite, the associated HJB equation is an ordinary differential equation, and an
explicit solution can be found and properties can be discovered by investigating the explicit form (e.g., Choi and
Shim [3], Dybvig and Liu [6, 7]). But it is impossible to obtain an explicit solution of a finite horizon problem,
even for a simple problem without optimal control, such as pricing a standard American call/put option.

In this paper we propose methods to get over the difficulty and discover important properties of the value
function and the optimal strategy of the agent’s choice problem with only a minimal assumption on the agent’s
utility function. Because of the aforementioned difficulty, the results a researcher can expect, under the assump-
tion of a general utility function, are usually a characterization of the value function as a unique solution to an
associated HJB equation, and there is a vast literature with such limited results (see, e.g., Hamadene et al. [14],
Touzi and Vieille [26]). For example, Koo et al. [20] have considered a finite horizon problem similar to ours
and have shown only the existence and uniqueness of the value function; they have not been able to derive the
properties of the optimal strategy. We overcome the difficulty in the following ways. First, we conduct succes-
sive transformations (see Section 3): first transforming the original problem into its dual problem (similar to
Karatzas and Wang [17]), then transforming the dual problem into a variational inequality. Second, we use the
PDE method to analyze the properties of the optimal strategy in the dual coordinate system. Finally, we come
back to the original problem and discuss the properties in the original coordinate system.

The rest of this paper is organized as follows. In Section 2 we explain our model. In Section 3 we transform
the original problem into a variational inequality and provide the verification theorem. In Section 4 we provide
a solution to the variational inequality and explain its properties. In Section 5 we study the optimal retirement
threshold. In Section 6 we conduct comparative static analysis, and in Section 7 we conclude.
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2. A Model of Retirement, Investment, and Consumption Choice

2.1. Objective of an Agent Facing Retirement

We consider an economic agent who receives a constant stream of labor income at a rate equal to ¢ > 0. The
agent’s objective is to maximize the following utility function by choosing the consumption, portfolio of assets,
and time of retirement:

Tl
U= [EU e ULt ¢,) = U jyery) dt +e T UL(T", W) |, 1)
0

where ¢, is the agent’s rate of consumption at time t, Wy is his or her wealth at time T!, g > 0 is the subjective
discount rate, U, is the felicity function of consumption, U, is the bequest function, I > 0 is the utility cost of
labor, 7 is the time of retirement, I, is the characteristic function of set A, and E denotes expectation. Time T*
is the final time of the agent’s horizon—that is, the time when the agent’s consumption plan ends and he or
she makes a bequest. We assume that the subjective discount rate f, the utility cost of labor I, and the final
time T! are fixed constants. Our model, however, can be extended to accommodate a random final time—for
example, a random time of the agent’s death, with the assumption that there is no bequest motive (i.e., U, =0).
Consider the case where U, =0, and T"! is a random variable taking value in [T, T?], where T is the mandatory
retirement date explained below and T? is a constant (an upper bound of the agent’s life span).> Suppose that
the probability density function and the cumulative distribution function of T' are f(&) and F(&), respectively.
Then the agent’s objective function can be written as

2

T T2 pe
U=EJ/O e‘ﬁt(ul(t,ct)—ZI{tST})dt+‘/T (‘/T e‘ﬁtul(t,ct)dt)f(é)dcf]

- 2T
:[E_‘/O eﬁt(Ul(t,cf)—lI{tg})dt+‘/T (/t f(g)dé)eﬁtul(t,ct)dt]

:[E>/0 eﬁf((l—F(t))u1(t,ct)—lI{KT})dt}. -

The above objective function belongs to the class defined in (1).

There is a mandatory retirement date T < T'! when the agent is forced to retire from work. We assume that T
is a constant. Choi and Shim [3] have employed an objective function similar to (1) in their infinite horizon
model without a mandatory retirement date. After retirement, the agent does not have an option to go back
to work, and thus retirement is an irreversible decision. The agent, however, is allowed to retire earlier than
the mandatory retirement date and hence able to choose retirement time 7 <T. We assume that the agent does
not receive income after retirement.* The agent thus faces a choice between earning higher income by delaying
retirement and saving the utility cost of labor by retiring immediately.

For later use, we define U;(t,0) £ lim__,, U;(t,c).” We make the following assumptions with regard to the
felicity function U, and the bequest function U,.

Assumption 1. The utility functions U;(t, c) € C*([0, T'] X (0, +c0)), i = 1,2, take values in R,® are strictly concave with
respect to c, and satisfy the following conditions:

li%l d.U(t,c) =+co, lim J.U;(t,c) =0, limsup max .U (t,c)cF<C

c—to0  LE[O
for any t € [0, T'], where C and k are positive constants.

Remark 1. The first two conditions in Assumption 1 are called Inada conditions, which are commonly employed
in models of economic growth and consumption/savings (see, e.g., Inada [15], Uzawa [28]). Indeed, we can
dispense with the first condition, lim,_,y. d.U;(t, ¢) =400, and consider the case lim _,. d.U;(t,c) <+oo fori=1,2.
Treatment of the latter case, however, turns out to be very similar to analysis of the problem under the first
Inada condition, and we will mainly focus our analysis on the case where the Inada condition is satisfied.” From
Assumption 1, we can deduce that (see Karatzas and Shreve [16])

lim min J.U;(t,c) = +oo, lim max d,U;(t,c)=0.

c—0* te[0, T c—+00 te[0,T1]
Moreover, since utility functions U; are concave, the inequality in Assumption 1 implies that
Fu,(t,x) <CA+x7%), V(t,x)€[0,T']x(0,+00), i=1,2, 3)

where 7, (t,) are the inverse functions of d.U,(t,-), and C, is a positive constant.
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The last inequality in Assumption 1 is a technical assumption, which is satisfied by many commonly used
utility functions. For example, it is satisfied by the following CRRA utility function and constant absolute risk
aversion utility function; that is,

-y
1C_y(0<)/¢1) or U,(t,c)=1Inc or U(t,c)=1-e*(a>0). 4)

U;(t,c) =

There exist examples of a time-inhomogeneous utility function for U, (¢, ¢). An example is given by the class of
utility functions U, (¢, c) = A(t)U(c), with U(c) satisfying Assumption 1 and A(t) > 0 being a general discount
function of time—that is, a declining function of time as in Watson and Scott [29]." A special case of the utility
function in (2)—that is, a utility function of the form U, (¢, c) = (1—F(¢))U(c), where U(c) satisfies Assumption 1
and F(t) is the cumulative distribution function of a random time taking value in [T, T']—belongs to this
class. Another example is the class of utility functions with time-varying risk aversion such as, for example,
U (t,c) = c7® /(1 — y(t)), where y(t) is a deterministic function satisfying y,, < y(t) < yy, with 0 < y,, < yu
being constants such that y,, >1 or y,, <1.

2.2. Financial Market
The financial market consists of one riskless asset and d risky assets. We assume that the risk-free rate is a
positive constant and equal to 7.
The price P, of the riskless asset and the price P; of the ith risky asset are governed by the following stochastic
differential equations (SDEs):
dP,,=1P,,dt, Py o =Py,

d
dP,,=a;P,  dt+ > 0P, dB], P, =P,
j=1

where B, = (B},...,B%)T is a d-dimensional standard Brownian motion, which represents sources of risk for
the asset returns; a = (ay,...,a,)" represents the vector of expected rates of return on the risky assets; and
Y. =(0"),44 represents contributions by the risk sources to the volatility of asset returns (T denotes the transpose
of a matrix). We assume that the investment opportunity is constant (i.e., @ and L are a constant vector and a
constant matrix, respectively). The Brownian motion is defined on a probability space (Q, (%)20, P), and (%)20
is just the augmented filtration generated by Brownian motion B.’

We assume that X is positive-definite and a — r1,; # 0;, where 1, and 0, denote the d-dimensional column
vectors of 1’s and 0’s, respectively. We will assume that all processes are (%)f;o-progressively measurable, and
all stopping times are (E%)tio—stopping times.

2.3. Admissible Choices and Optimization Problem
We now explain admissible choices of the agent. We consider the problem starting at time f > 0.

The consumption rate, ¢, and the monetary amounts invested in the risky assets, © = (7, ..., ,;)T, are admis-
sible only if ¢ > 0. The time, 7, of voluntary retirement is admissible only if it belongs to % 1, the set of all
stopping times taking values in [t, T] (define [t, T]={t} if t > T in this paper). Namely, the agent’s choice should
be conditional only on currently available information.

The agent’s wealth process W is governed by

AWLo o = [nl(a—rl,) + W o9 —c + ol oy | ds + I ZdB, W, =w. (5)

Another requirement for the triplet of choices (7, ¢, ) to be admissible is the following:

Tl
/ c.+|m,[Pds <o as. inQ, subjecttoc, >0, TEU 1, WEOTeT > ¢(s)l(oeqy, Vs€E[t, T, (6)
t

where 0
=™ T-1) Vs<T,
gls)=1r
0 VselT, T
The quantity g(s), the negative of which is the present value of labor income at time s under the assumption

that the agent does not choose early retirement, is defined as above to facilitate the transformations. The exis-
tence of retirement option might cause mismatch of dual value functions at the time 7 of retirement when one
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applies the martingale dual approach separately to the agent’s optimization problems before and after retire-
ment. The definition, however, allows us to modify the dual value function after retirement (see (16)), to make
the dual value function before retirement match the modified dual value function after retirement (see (24)), and
to derive a variational inequality (19) that connects the problems before and after retirement. In this paper we
allow the agent to borrow fully against the stream of future income. Consideration of limited borrowing ability
as in Dybvig and Liu [6, 7] would be interesting, but it introduces complications to the already challenging finite
horizon model. As a first step toward investigating the model of consumption, investment/retirement choice
with a mandatory retirement requirement, and a voluntary retirement option, we will confine our attention
to this case of the maximal borrowing ability, which is consistent with the agent being able to pay debt back
eventually (i.e., Wp >0).

Remark 2. We may consider the case where the agent receives a pension income after retirement. For the
moment, let us assume that the rate of labor income is g, and the rate of pension income is g, such that
0< 0, <o, Let us denote p =g, — g,. Then, in the absence of borrowing constraints, it is easy to show that the
agent’s problem with W, = w in this case is equivalent to the problem in our model with W, =w + (g, /7)(1 -
e~ ™) in which the agent receives labor income at the rate of g before retirement and does not have income
when retired. In this sense, our assumption that the agent receives no income after retirement is not restrictive,
and the result we have obtained in this paper under the assumption can be extended to the more general case
with only a slight modification.

We will denote the set of all strategies satisfying (6) by s/(¢, w). Finally, the set of admissible controls, denoted
by st*(t,w), is defined as follows:

Tl
s (t, w) = {(T,C, 7)€ d(t, w): [E[/ e PC DU (s, c,) ds + e PT DU (T, W;'lwﬂ'c'”)] < +oo},
t

with U7 =max{0,-U;}, i=1,2.
The agent’s objective at time ¢ is to maximize the following utility function by choosing (7, ¢, 1) € s¢'(t, w):

T T!
= [E{/ e PI(U, (s, ¢) — ) ds + [E[/ e PEIU, (s, ¢, ds + e PTIUL (T, W ™oT) },
t T
Y (t,w)€ iy, (7)

T1
J(t, w;T,c,m) = [E[/ e PNUy (s, ) = U gery) ds +e T IU(T, W}f“'“'”)]
t

g

T

where we have used the following notation, which we will use throughout this paper:
My = {(t,w): w>g(t), te[0,T)}, My = {(t,w): w> g(t), t€[0, T},
Ay 2 {(t,w): w>g(t), t€[0,T]}, M 2 {(t,w): w>g(t), t €[0,T]}.
The agent’s problem is to find an optimal strategy, (t*,c*, ") € si'(t, w), such that
J(t,w; T, ", ) =V(t,w) £ sup{J(t,w;,c,n): (t,c,m) €A (t,w)}, V(t,w)E€ M.

2.4. Static Budget Constraints and Convex Dual Functions

We will use the martingale and duality methods (see, e.g., Cox and Huang [5], Karatzas and Shreve [16],
Karatzas et al. [18]). Define the discount process D, the market price of risk 8, an exponential martingale M,
and the state-price-density process H as

®)

D(s)=e7"67D, 0= a-rly), Mszexp{—/ erBu—§/ |6|2du}, H, =D(s)M,.
t t

It is not difficult to deduce that
dH,[W, = §(s)I(;cry] = —H,c,ds + H[r]Z = (W, — g(s)(;.))0"1dB,, Vse[t,T)U(r,T'].

Since W, — g(s)I;,.,; = 0 for any s € [t,T'], we can deduce that W, — g(s)I(,,, >0 for any s € [t, T"] from the
continuity of W, — g(s) with respect to s. So Fatou’s lemma implies that

[E{HS[WS —g(s)] +/ H,c, du} <w-g(t), if0<t<s<r7, 9)
t

<w, if0<t=1<s<T. (10)

[E[HSWS +/ H,c,du
t
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Remark 3. The constraints (9) and (10) are called static budget constraints. According to Karatzas and Shreve [16]
and Karatzas and Wang [17], the inequalities in (9) and (10) hold as equalities for candidate optimal choices,
and the static budget constraints are equivalent to the wealth evolution equation (5).

We denote by l~Ii the convex dual functions of the concave functions U;, i =1, 2. For convenience of exposition,
we list properties of U; (see Karatzas and Shreve [16]).

Lemma 1. Utility functions U, and their convex dual functions U;, i = 1,2 have the following properties:

Ui(t, x) 2 sup[U(t, ¢) — xc] = Ui(t, Fu,(t, %) = xFy,(t,x), 9. Ui(t, x) = =Fy,(t,%) <O,

c>0
Uj(t, ¢) = inf[Ui(t, x) + xe] = Ui(t, Fa,(t, =) + Fu (t,=c)e,  IUi(t, €)= Fg,(t,—¢) >0,
-1 -1
O, accui t, :_ac T t,_ = = ’
Uit Fu (%) (=0 ult =)= g 7t -0

accclli(tljuv(t/x))
J ,..., Vte O,Tl, x>0, ¢>0, i=1,2,
G, T (6P 0,77]

where ¥ (t,) is the inverse function of d . U.(t,"), i =1,2. Moreover, 3, U,(t, x) — —oco as x — 0*, and d U, (t,x) — 0~
as x — +oo forany t€[0,T'], i=1,2.

axxai(trx) = —axjui(t,x) =

axxxai(trx) =

2.5. Notation for Spaces of Stochastic Processes and Function Spaces
To facilitate the exposition, we introduce the following notation.

For some p > 1, we introduce two spaces of stochastic processes and one space of random variables, which
will be useful for our later argument about backward stochastic differential equations (BSDEs) (we refer to Yong
and Zhou [32] for the theory of BSDEs):

o &7, the space of continuous (F?,)Zo-progressively measurable stochastic processes with norm
[E(sup,(, 1 |Xs")]V7 for process (X)L,;

o <", the space of (gt)fio—progressively measurable stochastic processes with norm [E( ftTl |X,|P ds)]V/P for
process (X,)".,; and

* L’(F 1), the space of F1-measurable random variables with norm [E(|X;1|7)]'/? for random variable Xp..

We next introduce two Sobolev spaces, which will be useful to study variational inequalities (we refer to
Krylov [21] for the theory of Sobolev spaces; note that Itd’s formula still holds for V(t,X,) if V belongs to an
appropriate Sobolev space):'’

. Wj’l(/lp), p =1, the completion of C*(/1) under the norm for V,

1/p
||V||w§r1(mzﬂ)é[ ; (IVIP+ 9,V +10, VI’ +10,,VI')dxdt| ; and
M1

. W;,’lloc('/%w)’ p =1, the set of all functions whose restrictions to the domain /7, belong to Wﬁ’l(/l}l) for any

compact subset (7, of Mz:.

3. Transformation of the Original Problem into a Variational Inequality and

Verification Theorem
In this section we will recast the original optimal stochastic control problem into a variational inequality (VI)
by making three successive transformations. Next we will present the verification theorem (Theorem 1), which
provides a connection to all three transformations. The verification theorem states that a solution to the VI
satisfying suitable regularity conditions gives an optimal strategy for the original optimization problem.
As a preparation for the transformations, we first consider the agent’s problem after retirement.

3.1. The Agent’s Optimization Problem After Retirement
In this subsection we will consider the agent’s optimization problem after retirement. The problem is a standard
optimal consumption and investment choice problem similar to Merton [24]. The solution to the problem with
a general utility function (in the absence of pension income) has been provided by Karatzas et al. [18].

After retirement, the agent does not face any choice of a stopping time. Thus, the control does not involve
stopping time 7. Formally, the model in the previous section accommodates this case if we let 7 =t, where ¢
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is the fixed current time. Then, the admissible set is s{}(t,w) = {(c, 7): (t,c, m) € sd'(t,w)}, where the admissible
set is dependent on the initial time ¢ and the initial wealth w, and the subscript ¢t indicates that the stopping
time is equal to ¢, (i.e.,, T =t). Let us denote the agent’s value function after retirement by V; that is,

Tl
V(t,w)= sup E [/ e PCDU, (s, c.)ds + e PT-DUL(T?, W;'lw;f’c’”)} .
(c,n)esﬂ}(t,w) t
Now (10) implies that for any t € [0, T'], x >0, w >0,
Tl
V(t,w)—xw<  sup [E{/ [e7P"YU, (s, c,) — xH,c,] ds + [e‘ﬁ(Tl")UZ(Tl,W;'lw;t’c’") — xHp W;’lw;t’ﬂ’"]}
(c, n)esﬂ}(i,w) t

Tl
S[E/ e PN (s, X,) ds + e P DTL(T, X)) | £ V(8 ), (11)
t

with X, = xefC-VH,.

Remark 4. The Lagrange multiplier, x, and the dual variable process, (X); 1), represent the agent’s marginal
utility of wealth at time ¢ and at time s € [t, T"], respectively. We call V (¢, x) the dual value function of the agent’s
optimization problem after retirement. By the argument below in the proof of Theorem 1, we can show that
X =(X,)sepr, 11y X' €S} for any p > 1 and V < co. Thus we know by (3) that all assumptions in Karatzas and
Shreve [16, theorem 3.6.11] are satisfied. Then, according to Karatzas and Shreve [16, theorem 3.6.11], we deduce
that for any x > 0, there exists a unique w > 0 such that the inequalities in the above hold as equalities, and V
is the convex dual function of the concave function V; that is,

V(t,x)=sup[V(t, w)—xw], V(t,w)= ing[\:/(t, x)+xw], Vte[0,T'], x>0, w>0.

w>0

Thus, it is possible to deduce properties of V through those of V.
Itd’s formula implies that X is governed by the following SDE:

dX,=(B-r)X,ds—0"X.dB,, Vsel[t T, X, =x. (12)

In view of the Feynman-Kac formula (see Fleming and Soner [10]), V is expected to satisfy the following PDE:

{_ay_smj/:al in N 13

V(T!, x)=Uy(T",x), VYxe€(0,+),
where we have used the following notation, which we will use throughout the paper:

|6|2x2

S 5 dy +(B—1)xd, —B,
‘NT = [0/ T) X (Or +OO)/ ‘/VT = [01 T] X (0/ +OO)/
NTl z [0, Tl) X(O, +OO), ﬁTl z [0, Tl] X (0, +OO).

3.2. Transformations
In this subsection we make successive transformations to change the original problem into a VL

Transformation 1. In the first step, we apply the dynamic programming principle to transform the problem into
an optimal consumption, investment/retirement problem where the utility function after retirement is given
by V' the value function of the agent after retirement, which has been discovered in Subsection 3.1.

From the agent’s problem in (7), we can deduce that for any (t,w) € M,

V(it,w)< sup E [/ e P (U, (s, c;) = 1)ds + e PV (7, Whwimem) (14)
t

(t,¢,m)est (t, w)

subject to (5).
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Remark 5. If t € [T, T'], then the agent has already retired, and thus, the agent’s problem is just that of a
standard optimal investment and consumption choice, and V(t,w) = V(t,w) for any (t,w) € [T, T"] X (0, +c0).
Hence, we will mainly focus on the case t < T. Note that even if t > T, (14) still holds since we have defined
[t,T]={t} and 7 € U, = {t} above.

Remark 6. According to the dynamic programming principle or the result in Koo et al. [20], we can prove that
the inequality in (14) is indeed an equality, and the problem in Transformation 1 is equivalent to the original
problem. That is, the agent’s optimization problem after retirement can be summarized by its value function V.

Transformation 2. In the second step we transform the original problem, which involves both stochastic control
and optimal stopping, into a standard optimal stopping problem that does not involve stochastic control. We
use the martingale and duality methods, following the idea in Karatzas and Shreve [16] and Karatzas and
Wang [17].

For a Lagrange multiplier x >0, we define U, V as

U, (t,x) =sup[U,(t,c) — | — xc] =sup[U,(t,c) —xc] -1 = U, (t, x) -1, (15)
>0 c>0
V(t,x)=V(t,x)+xg(t), (16)

for any t €[0,T], x> 0.

Remark 7. There is a difference in income before and after retirement, and the term xg(#) is necessary to adjust
the dual value function after retirement to the difference, as will be shown in (17).

As a result of the transformation, we will obtain the dual value function V for the agent’s problem. Since the
retirement time T must be no later than the mandatory retirement date T, we apply the transformation only
in Ji[; rather than in /.

So (14), (9), (15), (11), and (16) imply that for any (t,w) € /iy, x >0,

V(t,w)—x(w—g(t))
< sup [E{/ [ePU, (s, c,) = 1]ds + e PV (7, Wheimem) — x [/ Hc,ds + H (Wh©mem — g(T))]}
t t

(t,¢,m)est (t, w)

=  sup [E{/ [ePDU, (s, ¢,) =1 = xH,c,]ds + [e PV (r, WEom o) — xH (Wh@mem — g(T))]}
(t,w) t

(1,c, m)est!

< sup [E[/ e P (s, X, ) ds + e PO (V(x, XT)+XTg(T))}
t

T€U, 7

= sup [E[/ e PO (s, X,) ds +e PV (x, XT)} 2V (t,x), (17)

TEU T t

where we recall X, = xefC~"H_.

Remark 8. Applying the idea in theorem 8.5, corrollary 8.7 in Karatzas and Wang [17], for any x > 0 we conjec-
ture that the inequalities in the above hold as equalities for a unique w > g(t). In addition,

V(t,x)= sup [V(t,w) - x(w - g(t))], V(t, w) =ing[V(f,X)+x(w—g(f))] (18)
w>g(t) ¥

for any t € [0,T], x >0, w > g(t). If the conjecture is true, then we can derive properties of V through those
of V. We will show that the conjecture is true in the verification theorem (Theorem 1).

Transformation 3. The optimization problem represented by the right-hand side of the last equality in (17) is
a standard optimal stopping problem for t € [0, T]. Thus, in this last step we can use the relationship between
optimal stopping problems and VIs to transform the original problem into a VL

By relying on a standard relationship based on the dynamic programming principle, we derive the follow-
ing VI for V from the optimal stopping problem in (17) (see, e.g., Peskir and Shriyaev [25]):

—BtV—SL‘)V=l:11, if V>V and (t,x)eNg;

-9,V-2%V>U, ifV=V and (t,x)€Ny; (19)

V(T,x)=V(T,x), VYxe(0,+c).
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Remark 9. If € [T, T'], the agent has already retired. So we consider VI (19) only in {V r rather than v - But
to give a convenient and complete expression for our model, we extend V and V as V(t,x)=V(t,x)=V(¢t, x)
for any (t,x) € (T, T'] x (0, +c0), where V is the solution of PDE (13).

3.3. Verification Theorem

In this subsection we will state and prove the verification theorem, which provides a justification as well as a
connection to the three transformations. The verification theorem states that if solutions to VI (19) and PDE (13)
satisfy suitable regularity conditions, then the value function V of the original optimal control problem is just
the concave dual function of the solution of VI (19), and (18) is valid. In the theorem we also construct optimal
strategies by using the solution to VI (19). That is, the marginal utility of the wealth process is discovered by
using the inverse function of d,9(¢,-), where 7 is the solution to VI (19) and optimal consumption is expressed
in terms of the inverse, f,,, of the derivative of the felicity function (i.e., the marginal utility of consumption)
and the marginal utility of wealth process. The agent’s wealth at time T is determined by the inverse, ¥ , of
the derivative of U, (i.e., the inverse of the marginal utility of wealth function at time T"). The optimal portfolio
is discovered from the unique solution to a BSDE. The optimal stopping time is determined as the first time
when 9(s, X?) hits 9(s, X).

Theorem 1. Suppose that ¥ is the strong solution to PDE (13), and denote 9 = ¥ + xg(t) in Np. Assume that ©
is the strong solution to VI (19), where the terminal value and lower obstacle V is replaced by . Extend o =9 in
(T, T'] % (0, +c0). Suppose that 9, ¢ have the following properties:

1) 9,0€ W;' (N 1) N C(N 1) with some p >3, and 9,0, 9,0 € C(Np1).

1
,loc

(2) 0,0 >0 a.e. in Np1. Moreover, d,9(t,x) — —co as x — 0%, and 9,0(t,x) — 0 as x — +oo for any t € [0, T!].
There exist positive constants C and K such that

|9,0(t, x)| +19,0(t, x)| < CA+x75),  V(t,x)€Np.

Then,

V=0in N, V=9, V=0in N, (20)
where V, V, and V are defined in (11), (16), and (17), respectively. Moreover, for any (t,w) € Ay, we have

Vit w) = infla(t, %) + x(w - g()] = 3(E, ¥ (1, w)) + (1, 0)(w = (1)), 1)

where x*(t,w) = F4(t,¢(t) —w) >0, and F,(t,) is the inverse function of 9,0(t,-). Moreover, x* € C(AMy), and for
any t € [0, T'], x*(t,w) is strictly decreasing with respect to w and has the asymptotic properties: x*(t, w) — +oo as
w — g(H)*, and x*(t,w) — 0" as w — +oo.

The optimal consumption and the optimal retirement strategy can be described as

o= Fu,(s,X3), T =inf{s €[t, T]: d(s, X) =0(s, X))} with X:=x"(t,w)ef*""H,,

where X* is the solution of SDE (12) with the initial state x*(t,w). Moreover, the optimal investment strategy m" is
governed by the following BSDE:

T! T!
W;:w;l—/ ()20 + W2 — ¢, + ol cr | du—/ (r:)'2dB,, Vselt,T'], (22)

with Wi, = J,(T', X2,).

The proof of Theorem 1 is based on the martingale method and dual attainment. Concretely, the main idea
of the proof is to prove that

J(t,w; T, ¢, ) 20t x") +x"(w — g(t) = V(t, w) > J(t, w;T", c", T").

The first inequality in the above means the strategy (7, ¢, ") is optimal. The second and the third inequalities
imply that V is the dual concave function of 9 (see (21)) and V is the value function.
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Proof of Theorem 1. First, we show that x*(t,w) in Theorem 1 is well defined and x*(t,w) > 0, x* € C(/l11). We
also show that x*(t, w) has the monotonicity and asymptotic properties as in the conclusion of the theorem. In
fact, since 9,9 € C(N1) and 9,0 >0 a.e. in N1, we deduce that 9,(t, x) is strictly increasing with respect to x
for any t € [0, T'). And property (2) in the assumptions in this theorem implies that 9, (¢, ): (0, +o0) — (-0, 0)
for any t € [0, T'). Hence, we deduce that x*(t,w) = ¥,(t, g(t) — w) exists for any (t,w) € M1, takes values on
(0, +c0), and is continuous and strictly decreasing with respect to w for any t € [0,T!). And the asymptotic
properties of x*(t,w) come from those of d,%(t, x). Moreover, the properties on ¢ = T! come from the terminal
condition of PDE (13) and Lemma 1.

Second, we show that c*, W2, and 7" are well defined. In fact, U;, i =1, 2 are strictly concave by Assumption 1;
thus, ¥, are well defined, and hence, c* and W, are well defined. In the case of t < T, since 9(s, X?) — 9(s, X?)
is continuous with respect to s, 7" is a stopping time. Moreover, the terminal value condition of VI (19) implies
that 7 <T and 7* € U, 1. In the case of t > T, noting that we have defined [t, T] = {t}, and recalling the fact that
o =7 in (T, T'] X (0, +0), we deduce 7" =t €U, ;.

We will show in Lemma 2 that 7* can be constructed from the solution of BSDE (22) and (t*,c¢*, ") €
s4'(t, W;). From the lemma we continue the proof of the theorem. The optimal investment strategy 7 comes
from BSDE (22), and thus it is necessary to prove W*=W"®.<.™_For this purpose, we compare SDE (5) with
BSDE (22), and recall 26 = a —r1,;. We find that

(e CTIWEUT T ) = (e IWY), VE<s<T

Hence, the uniqueness of the solution of the SDE implies that it is sufficient to prove that W; = w.
Applying It6’s formula, we have

dle PUIX (W, = g ()] = e P IX [=c;, = 0l cuery ) dut + e PUIX (1) TE ~ OT(W; — g(u)]dB,, Vuelt, T'].

So we deduce that
T! T!
W, = g(D)] = T =X;, Wi, + / ePUDX [+ 0l g cyery | — / e PN X () E — OT(W;, — g()] B,

Taking 7,-conditional expectation in this equality and applying the Markov property, and combining this
with the fact that X', W € ¥}, m* € Z} for any p > 1 (refer to the proof of Lemma 2), we have

Tl
(W =g(t)]= [E[e‘ﬁ(TT‘”X*F W, +/ e P X [ + 0l cuery] du]
t -
= E{e‘ﬁ(Tl‘”[Uz(Tl, W2 - Uy(T', X2,)] + / e PUIU(u, ¢)) = Uy (u, X)) + 0X I (e cyery] du}
t
- ](t, W;; ¢, n*) _ [E{e—ﬁ(Tl_t)?(Tl/X"Tl) 4 / e—ﬁ(u—t)l:ll(ul X;) du
t

T!
+/ e_ﬁ(u_t)[al(u/XZ)_QX;I{HST}]dM}' (23)

Here, we have used the definitions of ¢* and W7, in the second equality and used (7) and (15) and the terminal
condition of PDE (13) in the third equality.
Since 9(-,X*) and 9(:, X’) are continuous stochastic processes (see Krylov [21] or Yang and Tang [31]), the
definition of " and =9 =7 in [T, T"] X (0, +o0) imply that
o(T', X;) = 8(T, X)) = 0(T', X;), (¢, X3) = 0(T", X:). (24)
Recalling PDE (13), we have

atz_)’\(u/ X;) + 3Z_)A(M/ X;) = at[z_hj(t/ x) + xg(t)](t,x):(u,X,j) + g[ij(t, X) + xg(t)](t,x):(u,X;)
:_Cll(u/X;)+QX:¢I{LzST}/ Yue [tlTl] (25)
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Since 9 € Wzl’lloc(JV 71) N C(# 1) with some p > 3, applying It6’s formula to 9 (see Krylov [21] or Yang and

Tang [31]), by (23)-(25), we deduce that
Jit, Wi, ¢, ) = x [W = g(t)]

T T!
= [E{e‘ﬂ(Tl‘”z_}(Tl, X5,)+ / e PUIT (u, X3) du + / e P (u, X;) = 0X ey du}
t (o

Tl

:[E{e-ﬁ<f*—f>z3(r*,x;,)+ / e PO (u, X)) du — / e‘ﬁ(”")c?xz_}(u,X;)GTX;dBu}.
t T

Property (2) in the assumptions in the theorem implies that
le P99 b(u, X:)0TX: | < CX: +C(X)"K, uelt, TY.

Recalling X*, (X*)™ € 97 for any p > 1, we deduce that e P99 5(-, X)0TX" € S%’f for any p > 1, too. Hence, we
have

J(t, Wi T*, ¢, ) = X [W = g(t)]

= [E{e/g(f”t)z‘)(,r*’ X;*) +/ e*ﬁ(u*f)al(u,X;) du} — [E[e*ﬁ(t—t)z‘)(tlxz)] — Z}(t, x*).
t

In the second equality, we have used a method similar to that in the above and the fact that
9,0(u, X))+ %0(u, X:)=-U,(u,X;), foranyuelt, 1],

which can be deduced by the definition of t* and VI (19).
Until now, we have proved that for any (t,w) € /i1,

J#, Wi, ¢t ) = 0, x7) + 2 [Wi = ()] > inf {5 (¢, x) + x[Wy = g ()]}
=0(t,27) + ' [Wy - g(1)], (26)
where X* = #,(t, g(£) - W)).
On the other hand, recalling (16), (11) and (13), and applying It6’s formula, we have

Tl
V(t,x)= [EU e PN (s, X, ) ds + e FTIF(TT, Xpn)
t

+xg(t)

Tl
= [E[e‘ﬁ(t‘”zj(t, x)— / e P9, 8(s, X,)0T X, dB, | +xg(t) =0 (t,x), V(t,x)€Np. (27)
t

Combining (17), (27), and VI (19), and applying It6’s formula, we deduce that for any (t,@) € M, x > 0,
(t,¢,m) € st (t, W),

J(t,@;7,c,m) < V(t, D)< V(tx)+x[@®— g(H)]

< sup [E[/ e PEDUL (s, X, ) ds +e P Dd(t, X,)
t

TEU T

+x[@ - g(t)]

<supk
TEU, T

=9(t, x) +x[w — g(t)].

+x[w - g(t)]

e PEDG (¢, x) — / e P679,0(s, X,)0" X, dB,
t

Setting @ = W}, x =%, (t,¢,n) = (7°,¢*, ") in the inequality, and recalling (26), we deduce that for any
(t, ZU) S /%Tl’

J#, Wi, ¢t ) = 0, x7) + 2 [Wi = g ()] = inf{o(t, x) + x[W; — g(1)]}
=9(t, &) + T[W; — g(H)] = V(t, &) + T[W; — g()] = V(t, W)). (28)
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Since d,,0 >0 a.e. in N1, we have

Fo(t, g(t) —w)=x"=2"= F,(t, g(t) - W)).

Since f;(t, g(t) — w) is strictly decreasing with respect to w for any t € [0, T'], we conclude that w = W; and
W= Wheiw. &\ for any (t, w) € M.
Finally, (27) and (28) imply the statements in (20) and (21). This completes the proof. O

Lemma 2. Suppose that the assumptions in Theorem 1 are satisfied. Then, the strategqy m* in Theorem 1 is well defined
and can be constructed from the solution to BSDE (22), and (t*,c*, ") € si'(t, W;).

Proof. We prove the existence of 7*. In fact, SDE (12) implies that X* € #/ for any p > 1. Denote Y* £ 1/X*; then
it is not difficult to deduce that Y is governed by

Y;:%+/(r—ﬁ+|9|2)Y;du+/ 0"y dB,, Vselt, T
t t

Thus, we can claim that (X*)™! = Y* € ¥/ for any p > 1. Hence, (3) implies that Wr, = J4,(T', Xz,) € LP(F 1) for
any p > 1. Repeating the same argument as in the above, we derive that c* € #/. Consider the following BSDE:

T! T!
w;zw;l—/ [Z§9+rw;—c;+gl{m}]du—/ Z'aB,, Vsel[t, T (29)

It is clear that BSDE (29) has a unique solution (W*,Z) € #} X £¥ for any p > 1. Since ¥ is positive-definite, we
can get 7' = (2 H)'Z € £ for any p > 1.

Next, we prove that (t*,c*, ") € &ﬁl(t,W;). In fact, since the ranges of the functions %, ,i=1,2 are (0, +00)
and c* € #¥, n* € #! for any p > 1, we deduce that

1
/T ¢, +ImillPds <co, Wi, >0as. inQ, c:>0, foranysel[t,T']as.in Q.
t
Recalling the definitions of c* and W;l, we deduce that
Tl
/ e P DU (s, ct) ds + e PT D UL (T, W)
t -
= / e PEDXet + Uy (s, X2 ds +e PTD[X Wa, + (T, X))
t

Tl
> / e PED[X el + Uy (s, c) — Xiclds + e-ﬁ”l—”[x;l W2, + Uy(T?, ¢) = X,
t

where we have used that U,(t,x) > U;(t,c) — xc for any t €[0,T"], x, ¢ >0, i =1,2. Combining this with the fact
that X*, W, ¢* € #/ for any p > 1 and that c is arbitrary, we have

Tl
[E[ / e P (s, c2) ds + e PT DU (T, Wi ) | < +oo.
t

Moreover, it is not difficult to check that (W* — g(-)I,_..,, L") satisfies the following BSDE:

T
W; - g(u)l{s<7*} = W;"l _/ [(TCZ)TZQ + V(WE - g(é)l{scf*}) - CE - QI{T*<§ST}I{5<T*}] d‘g

Tl
- / (m:)'ZdB;

for any t <s <u <T". Since Wy, >0, ¢; + 0l(-c;<ryl(s<ry > 0, applying the comparison theory for BSDEs, we
deduce that W; — g(u)I,_.., >0 for any t <s <u <T". In particular, setting 1 =s, then we have W; - g(s)[;,_,., >0
for any s € [t, T']. Hence, we have proved that (t*,c*, ") € sd'(t, W;). O
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4. Solution to the Variational Inequality
In this section, we consider PDE (13) and VI (19), and we prove that the unique solution V and the lower
obstacle V of VI (19) satisfy the assumptions in Theorem 1. We will use V, V for solutions to PDE (13) and (19),
respectively, rather than for the value functions defined in (11) and (17). We will show that VEV+x g(t) and 1%
satisfy the assumptions of 9, 9 in Theorem 1, and the theorem implies that V, V, and V are, respectively, equal
to those defined in (11), (16), and (17). Thus, our notation does not lead to any confusion.

We first show the properties of the solution to PDE (13), V, in the following theorem. The properties of the
lower obstacle V will be derived from those of V by its definition, V=V+x g(t).

Theorem 2. PDE (13) has a unique solution V satisfying the following properties:

(1) VeC=(fp).

() 9., V>0in Np.

(3) 9,V(t,x) <0 for any (t,x) € Np1. Moreover, 3,V (t,x) — —c0 as x — 0%, 9,V (t,x) — 0~ as x — +oo for any
t €0, T']. There exist positive constants C and K such that

10,V (t,x) <CA+xK), V(tx)efn. (30)

Proof. (1) Since the differential operator is degenerate parabolic, we need the following transformation to prove
the existence of the classical solution of PDE (13):

z=Inx, \_7(t,z) = \_7(t,x). (31)

Then, it is not difficult to deduce that 1_7 is governed by the following PDE:

(32)

-0,V -2V =U,(t,e?), in[0,T)XR,
V(T',z)=U,(T",e?), VzeR,

where op op

Z 2 |2| 8ZZ+(ﬁ—r 9] )8 -B,
which is a uniformly parabolic differential operator with constant coefficients. Moreover, recalling Lemma 1,
we deduce that the inhomogeneous term, U, (t,e%), and the terminal value, U,(t,e?), belong to C([0, T']XR).
Hence, the regularity theory for PDESs (see, e.g., Lieberman [22]) implies that PDE (32) has a unique solution, V €

C=([0, T'] xR). Recalling transformation (31), we deduce that PDE (13) has a unique solution VeC2(Np).
(2) We now prove V is strictly convex. Differentiating PDE (13) twice with respect to x, we derive that 9,V

satisfies
_at(axx‘:/) - gxx(axx‘:/) = &xx Hl > OI in ‘/\/Tll
. V(T x)=0a_ U,(T", x) >0, Y x €(0,+),
where
|9|2 i 2 2
Loy = =0, + QIO +p-1)xd, +(|O]" +p—2r).

The strong maximum principle upphes that 9.,V >0 in .
(3) Temporarily denoting Q =9, V, and differentiating PDE (13) with respect to x, we have

-9,Q-%4,Q=0.U,, in Np, (33)
Q(T', x) =9, U,(T",x), Vxe(0,+),
where
|9|2 2 )
Lt ———0, + (0 +p—-1)xd, .

Since d,U; <0 in /' for any i =1,2, the strong maximum principle (see, e.g., Lieberman [22]) implies that
2.V=0Q0<0, in Np.

Moreover, we deduce that 9, V(T?,x) <0 for any x >0 by using the terminal value of PDE (33) and Lemma 1.
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Next, we prove that there exist positive constants C and K such that
9. V(t, 0 =1Q(t, )| < C(x* +x75), V(t,x)€p. (34)

In fact, it is clear that Q can be approximated by Q,, n =2, ..., which is the unique classical solution to the
following PDE:
_ath_ngn:&xalf in ‘/\/;1 é[O,Tl)X(l/Vl,i’l),
Q.(T', x)=3,Uy(T",x), Vxe[l/n,n],
Q,(t,1/n)=03,Uy(t,1/n), Q,(t,n)=0,Uy(t,n), Vte[0,T"].
It is clear that Q, - Q in C (/\f_;ﬂ) for any m =2,.... Let us temporarily denote
Q(t, x) = =CeXT DK +x7K), V(t,x) € fip,

where C and K are positive constants defined later. A straightforward calculation shows

-0,0-%,0= CeK3<T”>{ [—1@ + @K(K -1+ (|6 +p-r)K- r]xK
+ [—K3 + gK(K+ )= (16> +p—r)K- r}x‘K}.

Recalling (3) and Lemma 1, we deduce that d,U,(t,x) > —=C(xX + x7X) for any (t,x) € /., i =1,2, where we
have changed the constant C and let K be large enough such that K >1/k, and

2
K> %K(K+1)+(|9|Z+‘B+r)1<+1.
Hence, we have
-0,Q-%4,Q0 <-C(x*+x*) <9,U,=-9,Q, - £,Q,, in V7.,
Q(T, x) = =C(x¥ + x7%) < 9, U,(T*, x) = Q,(T", x), Vxe([l/n,n],

Q(t,1/n) <Q(T",1/n) < d. U,(t,1/n)=Q,(t,1/n), Q(t,n)<ad U,(t,n)=Q,(t,n), VYte[0,T.

The comparison principle for PDEs (see Tso [27]) implies that Q, > Q in /N7, for any n=2,.... Note that Q is
independent of 7, so we have Q > Q in N7, Since Q <0 in A1, (34) is obvious.
Moreover, since d,,V >0 in #';1, we deduce that

9. V(t,x)>min{d V(s,1): s €[0,T']}, Vte[0,T'], Vx>1.

Combining (34) and 9,V <0 in V71, we can obtain (30) if we change the constant C appropriately.
Next, we prove the asymptotic properties of Q. By slight abuse of notation, we will redefine Q temporarily

as follows: N N

Azé ( X ) ! Alé ( X ) 2 ~ ~

— - — | =9, (t,x)€[0, T x[%, Ki],
Q(t,x): Al _/\2 K.x Al _/\2 K.x (

=26, (t,x)€[0, T'] x (K&, +00),

where K, %,and 6 are positive constants that will be determined later, and A, and A, are the positive and
negative roots, respectively, of the following algebraic equation:

0]
2
It is not difficult to check that Q(t, KX) = -20, d,Q(t, K%) =0 for any ¢ € [0, T'], and

AA=1)+(|0P+B-r)A—r=0. (35)

Q e C([0, T X [%, +e0)) N Wj;foc([o, T % (%, +00)), 9.Q(t,x)>0, forany (t,x)€[0,T']x[% K%),

and
-r5, in[0,TY) x[%,KZ%),

-9,Q-4,Q= {_m, in [0, T") x (K%, +00).
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Fix %, then take 6 = max{-d,U,(t,%)/r,—d,U,(t,%)/2:t € [0,T']}, and choose K large enough such that

~ Azé 1 )‘1 Alé 1 )‘2 Alé —A ~ 1
t, %)= - - -] -6<-—1—K"<mi £ %)t T'1}.
Q( ,x) Al_AZ(K) AI_AZ(K) 6_ Al_/\z _mln{Q( ’x) e[O, ]}

By the fact that l:li is convex with respect to x, we deduce that Q satisfies

-0,Q-%,Q <-r6 <9, Ut %) <9, Uy(t,x)=-9,Q - £,Q, in [0, T") X (&, +0),
Q(T', x) < Q(T', K%)= —26 < 9, U(T", %) < 9, U,(T", x) =Q(T",x), Vxe€ (% +),
Q(t, %) <min{Q(t, X): t €[0, T"]} < Q(t, %), Vtelo,TH.

Thus, the comparison principle for PDEs implies that Q > Q in [0, T'] X [, +00). Letting x — +0c0, we have
liminf Q(f,x) > Lim Q(t,x)=-26=min{2d U, (t,%)/r,d U,(t,%): t €[0,T']}, Vte[0,T!], %>0.
X—+00 X—+00 ~
Recalling Lemma 1, and letting ¥ — +c0, we deduce that

liminfQ(t,x) >0, Vtel[0,T'].

X—+00

Combining this with the fact that Q <0 in /1, we derive that for any ¢ € [0, T'],
lim 9, V(t,x)= lim Q(t,x)=0.
X—+00 X—+00

Let us temporarily denote

[ = Ag) = (4K = AR, (t,x) € 10,71 % (0,1,

Q(t,x)=

Ay Ay
Alf/\z{[M(%) _7\2(%) ]_(AlKAZ—/\zKM)}’ (t,x) € [0, T x[%,Kx],

where, by slight abuse of notation, K is a constant large enough such that (1, — A,) — (4;K*2 — 1,K") <0, ¥ and
0 are positive constants that will be determined later, and A, and A, are the same as previously defined.
It is not difficult to check that

Qe C([0, T x (0,Kx]) nW>! ([0,T]x(0,K%)),d,Q(t,x) >0, for any (t,x)€[0,T'] x (%, KZ],

p,loc
and s
T [(A, K" = A,K") = (4, = Ay)], in [0,T") x (0, %),
~ S 1774
_atQ - ng = —7"(5
T (A, K" = A,KM), in [0, T") x (%, K%].
17 /4
Fix ¥, then take ~
__hmh (AR 1
o= WS { . , =0 Uy(t,KX): t€[0,T"];.

Combining this with the fact that U, is convex with respect to x, we deduce that Q satisfies

_atQ_ - ng 2 axal(trKf) = a)cljll(i'/x) = _an - ngr in [01 Tl) X (OIK"’%)I
— Ay M - -
Q(T', x) > Q(T", %) > (le AAZK )5 9. UL(T!, K%) > 9, UL(T!, x) = Q(T", x), Vxe(0,K%],
1= /W2
Q(t,K%)=0> Q(t, K%), Vtelo,T'].

Thus, the comparison principle for PDEs implies that Q < Q in [0, T'] X (0, KX]. Letting x — 0%, we have

(A, =A,) = (A, K2 = A,KM) (=a U, (t, KX)
A, K% — A,KM min r

limsup Q(f, x) < lirgl+ Q(t,x) = ,—0. U,(t,KX): t €]0, Tl]}

x—0*

for any t € [0, T"].
Recalling Lemma 1, and letting ¥ — 0%, we deduce that

Ki¥ — 0%, hrgax\_?(t,x):hrggQ(t,x):—oo, Vtel0,T']. o
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Next, we state and prove the properties of the unique solution V of VI (19) in the following theorem.

Theorem 3. VI (19) has a unique strong solution v satisfying the following properties:
1) Ve W; lloc(J\/NT) NC(N7) for any p =1 and 3.V, d,V € C(/\NfAT).
(2) 9,V <0 in Ny. Moreover, d,V(t,x) — —c0 as x — 0*, 3, V(t,x) — 0 as x — +oo for any t € [0, T). There exist
positive constants C, K such that A .
10, V(t,x)| <C(1+x7X), V(tx)eN;. (36)

(3) 9.,.V>0ae. in Ny

To prove the theorem, we study properties of the following function:
P2V -V=V-V-xg(t).
Recalling that V satisfies PDE (13), we transform VI (19) into that of P:

—-0,P-Y%P=px-1, if P>0 and (t,x)€ N},
—-,P-FP>px—1, if P=0 and (t,x)€ Ny, (37)
P(T,x)=0, Vx>0.

In VI (37), the lower obstacle becomes 0; thus we have transformed the problem into a problem where the
continuation value after retirement is 0. We will show the existence and uniqueness of a strong solution to
VI (37) and properties of the solution in the lemmas below. The following proof of Theorem 3 will be based on
the lemmas.

Proof of Theorem 3. (1) Since V=P +V =P+ V + g(t)x in #; and g(t) € C*([0,T]), V € W; lloc(J\/T) NC(AN;) for
any p > 1. Conclusion 1 in Theorem 2 and the fact d,P € C(.V7) (proved in Lemma 3) imply 9,V € C(/;). Also,
9,V € C(N;) follows from conclusion 1 in Theorem 2 and the fact 9,P € C(/;) (proved in Lemma 4).

(2) The fact that d,V <0 in #; is deduced from conclusion 3 in Theorem 2 and the fact that d,P(t, x) < —g(t)
for any (t,x) € ' (proved in Lemma 5). By the fact that P =0 in the domain [0, T) x (0, x*] (proved in Lemma 5),
we deduce that J,P(t,x) — 0 as x — 0. Moreover, the fact that d,P(t,x) > 0 and J,P(t,x) < —g(t) for any
(t,x) € Ay (proved in Lemmas 3 and 5) implies that d,P is bounded in /7. Hence, conclusion 3 in Theorem 2
and the fact that d,P(t,x) — —g(t) as x — +oo for any ¢ € [0, T] (proved in Lemma 5) imply the asymptotic
properties of 9,V and (36).

(3) 9.,V >0 comes from conclusion 2 in Theorem 2 and the fact that d,,P > 0 a.e. in /' (proved in Lemma5). O

Lemma 3. VI (37) has a unique strong solution P satisfying the following properties:
(1) Pe W; 1105(/\/]) NC(N7) for any p 21 and 9P € C(Ny).
(2) d,P=0in Ny and J,P <0 a.e. in Nr.

Proof. (1) Repeating the same transformation as in (31), the degenerate parabolic differential operator ¥ is
transformed into a constant coefficient nondegenerate parabolic differential operator, £. Note that the inhomo-
geneous term px — [, the lower obstacle 0, and the terminal C0n~dition 0, are smooth. Thus, it is not difficult
to prove that VI (37) has a unique solution P € W; IIOC(J\/ r)NC(Np) for any p > 1, and d,P € C(N7) (see, e.g.,
Friedman [13] or Yan et al. [30]). 3 5

(2) Next, we prove that d,P >0 in /. Let us temporarily denote P(t,x)=P(t, 0x) with 6 > 1; then we deduce
that

d,P(t,x)=d,P(t, dx), xd,P(t,x) = (6x)d, P(t, dx), x%d, P(t,x) = (6x)?d . P(t, bx),

and ; y
(0,P +<£P)(t,x)=(9,P + LP)(t, 6x).
So D satisfies _ _ _
—0,P-<LP=pox—1, if P>0 and (f,x)e N,
—~0,P—%P>0p5x—1, if P=0 and (t,x)€ Ny,
P(T,x)=0, Vx>0.
Since p6x — 1> px —1I for any 0 > 1, x > 0, and the terminal values and the lower obstacles in VIs of P

and P are the same, the comparison principle for VIs (see, e.g., Friedman [13] or Yan et al. [30]) implies that
P(t,6x)=DP(t,x) > P(t,x) for any 6 >1 and (x,t) € /7. Hence, we deduce that d,P >0 in f';.
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Let us temporarily denote P(t,x) = P(t — §,x) with 6 > 0 being sufficiently small. Then, it is not difficult to
deduce that P satisfies

~9,P — %P =px—1, if P>0 and (t,x)€ Ny 2[5,T)%(0,+),
—-9,P - %P > px -1, if P=0 and (t,x) € N1,
P(T,x)=P(T-6,x)>0, Vx>O0.

Since P(T, x) > P(T, x) for any 6 >0, x >0, and the lower obstacles and the inhomogeneous terms in VIs of p
and P are the same, the comparison principle for VIs implies that P(t - 6,x) = P(t,x) > P(t,x) for any 6 >0,
(x,t) € N1 5. Hence, we deduce that J,P <0 a.e. in N;. O

Note, in particular, that d,P <0 in Lemma 3. It is monotonically decreasing in time.
Since d,P >0 in A, P is increasing with respect to x, and the following free boundary (the optimal retirement
boundary) is well defined:
R,(t) 2inf{x >0: P(t,x)>0}, Vtel0,T).

We will show that R, is increasing in the interval [0, T) in Lemma 6. Thus the left-hand limit of R,(t) as t = T
exists, and R,(T) is well defined as the limit,

R.(T)= tlirﬁ R, ().
Moreover, we can define the working region (WR,) and the retirement region (RR,) as follows:
WR, ={(t,x): x >R, (t),t €[0,T)}, RR, ={(t,x): 0<x < R,(t),t €[0,T)}.

Note that if the initial (t,x) € WR,, then P(t,x) >0 (i.e., V(t,x) > V(t, x)). The definition of 7* in Theorem 1
implies that " >t a.s. in Q (i.e., the agent chooses to work). As time passes, s > t, before the trajectory of the
dual variable process X first hits the optimal retirement boundary R,(s), (s, X;) € WR,, and 7" > s (ie., the
agent keeps working). If X hits R,(s), then (s, X?) e RR,, 7° =5, and the agent chooses to retire. If the initial
(t,x) e RR,, however, then P(t,x)=0 (i.e., V(t,x) = V(t, x)). The definition of 7* in Theorem 1 implies that 7* =t
a.s. in Q) (i.e., the agent chooses to retire).

Since we have proved that d,P <0 a.e. in ';; the coefficient functions in the parabolic differential operator ¥;
and the terminal value function, the lower obstacle function, and the inhomogeneous term are all smooth, it is
not difficult to deduce the following regularity results by using a standard method as explained in Friedman [12].
We omit its proof.

Lemma 4. The optimal retirement boundary is smooth (i.e.,, R, € C*[0,T)NC[0, T]). Moreover, the solution P =0 in RR,,
and P e C¥({(t,x): x >R, (¢),t €[0,T]}), and 9,P € C(Np).

Next, we state and prove the following lemma about P, which will lead us to the proof of Theorem 3.
Lemma 5. (1) P =0 in the domain [0,T) % (0, x*], where x* is defined in (38). And P(t,x) >0 in the domain [0, T) X
(x", +00) with x™ = 1/g. Hence, x® <R, <x" in [0, T].

(2) 9.P(t,x) < —g(t) for any (t,x) € Ny. Moreover, d,P(t, x) — —g(t) as x — +oo for any t € [0, T].

(3) d,,P>0a.e. in Ny.

Proof. (1) First, we prove that P =0 in the domain [0, T) X (0, x*]. Let us denote

0, (t,x) €[0,T]x(0,x%),
Poo(t, X) e 1 x Ay
ox 1
— =] +X=—-=, (t,x)€[0,T]x[x®,+c0),
ﬁ(l—)\4)(x°°) P (t,x)€[0, T]x[ )
where n
co A —TiAy
X0 E 38
OB 1) o
and A; and A, are, respectively, the positive and negative roots of the following algebraic equation:
Cls

T/\(/\—l)+(ﬁ—7’)/\—ﬁ:0.
It is not difficult to check that

P eC(Ny)N W;:lloc(J\/T), 3., P7(t,x)>0, forany (t,x)€[0,T]x(x*,+c0),
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and
a Poo gpoo _ O’ in [0’ T) X (O/ xOO),
U - = . .
ox—1, in [0,T)X (x%,+00).

Since A, <0 and ,
-6
BOL=1)=rAy= (=)~ = - 4,00, -1) <0,

we have x* <1/p and
—0,P® —%P* >z pox—1, in Np.

Recalling d,.P=(t,x*) = P*(t,x*) =0 for any t € [0,T], and 9,,P* >0 in [0,T] X (x™,4+o0), we deduce that
P®>0in [0, T] X (x*, +00).
Hence, P> satisfies the following VI:
-0, P*—-%P®=px—1, if P*>0 and (¢,x)e Ny,
-0, P® —4P®>px—1, if P°=0 and (t,x)e N,
P=(T,x)>0, Vx>0.

Thus, the comparison principle for VIs implies that P < P* in ;. In particular,
0<P<P*<0, in]0,T]x(0,x%).

Hence, the definition of the optimal retirement boundary R, implies that R, > x* in [0, T].
Next, we prove that P > 0 in the domain [0, T) X (x”, +0). In fact, VI (37) implies that in the domain RR,,
P=0, 0=-9,P—%P>px—1I.

So we deduce that RR, C [0, T) x (0, xT]. Hence, it is clear that {(,x): P(t,x) >0} = WR, D [0,T) X (xT, +o0). The
definition of the optimal retirement boundary R, implies that R, < x” in [0, T].
(2) Next, we consider the property of d,P. It is clear that P satisfies

—-0,P-4P=px-1, in WR,, (39)
P(T,x)=0, Vx>R.(T), P(t,R,(t)=0, Vtel0,T].
Temporarily denoting Q =J,.P + g(t), we have
-0,0-%,0=0, din WR,, (40)
Q(T,x)=0, Vx=R.(T), Q(tR,(t)=g(t)<0, Vte[0,T]

where we have used the fact d, P is continuous on [0, T] % (0, +0), and, in particular, it continuously crosses the
optimal retirement boundary x = R _(t).

Applying the comparison principle for PDEs, we deduce that Q <0 and J,P < —g(t) in WR,. Moreover, it is
clear that d,P =0 < —4(t) in RR,. Hence, we conclude that d,P < —g(¢) in /. In addition, d,P(T,x)=0=—-g(T)
follows from the terminal condition of VI (37). We thus have proved that d,P < —g(t) in A.

Let us temporarily denote

Ay
Q(t,x):g(O)(;—T) , Vx>0,

where A, is the negative root of (35).
Then we can check that

-9,0-%,Q=0=-9,0-%,Q, in WR,,
Q(T,x) <0=0Q(T,x), Vx 2 R(T),

R,(1))"
Q(t,Rx(t))=g(0)(x—T) < g(0) < g(t)=Q(t,R,(t), Vte[0,T],

where we have used the fact that R, < x". Thus, the comparison principle for PDEs implies that Q > Q in WR,.
Combining this with the fact that Q <0 in WR,, we conclude that Q <Q <0 and

Q(t,x)—0, J.P(t,x)=Q(t,x)—g(t) = —g(t), asx—+oco, Vte[0,T].
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(3) Differentiating PDE (39) twice with respect to x, we deduce that d,,P satisfies

-0,0,,P—-%,.09,,P=0 in WR,,
0,.P(T,x)=0, Vx>=R/(T).

Moreover, we have P, d,P, and 9,P € C(f';) from Lemmas 3 and 4. So on the optimal retirement boundary
x=R,(t), t€[0,T), we have P(¢t,x)=0d,P(t,x)=0,P(t,x)=0 and

2(1 - px) S 2(1-ox")
|6|2x2 = |6|2x2 -

2
|9|2X2

d.,P(t,x)= (0P +Z£P)(t,x)=
Applying the comparison principle for PDEs, we deduce that d,,P > 0 in WR,. Combining this with the fact
that P =0 in RR,, we conclude that d,,P >0 a.e. in /. O

Remark 10. By Theorem 2 and 3, all the assumptions in Theorem 1 are satisfied by V and V. Hence, the agent’s
optimal strategy and value function are given as in Theorem 1. It turns out that the optimal consumption is
a continuous stochastic process, since d,V is continuous. This implies, in particular, that the agent’s optimal
consumption does not jump at the time of retirement.

Next, we finish the section with a lemma about the optimal retirement boundary R_(f).
Lemma 6. The optimal retirement boundary, x =R, (t), t € [0, T], is strictly increasing with the terminal point R (T) =

lim,_,;- R, (t) = xT (see Figure 1). In addition, x* < R,(t) < xT for any t € [0,T), where x" and x* are defined in
Lemma 5.

Proof. By Lemma 3, we have
d,P>0, J,P<0 ae inN;, PeC(0,T]x(0,+c0)).

So we deduce that P is decreasing with respect to ¢ and increasing with respect to x.
For any fixed t, € [0,T) and any x € [0, R, (ty)], t € (t,, T], we deduce that

0 < P(t,x) < P(t,R,(ty)) < P(ty, R,(t,)) =0,

where we have used that P =0 on the optimal retirement boundary x = R,(t). Hence, the definition of the
optimal retirement boundary implies that R, (#) > R, (t,) for any 0 < ¢, <t <T. Hence, R, is increasing on [0, T].
Since R, is increasing, the limit, R,(T), of R, () as t — T~ exists. Next, we prove that the limit is equal to x.
Recalling property 1 in Lemma 5, we know that R, < x” in [0, T]. So it is sufficient to prove that R.(T) > x'.
Otherwise, R (T) < xT, and [0, T) x (R,(T),x™) c WR, (see Figure 2). Recalling (39), we can show the following
by computation:
. P(T,x)=-%P(T,x)—ox+1=—0px+1>0, Vxe(R,(T),x").

On the other hand, we know that d,P <0 a.e. in N} from Lemma 3, and P € C*({(¢,x): x > R,(¢),t €[0,T]})
from Lemma 4. So we have 9,P(T, x) <0 for any x € (R,(T), xT). Hence, we obtain a contradiction and thus have
proved that R (T) > x7, and R, (T) = x".

Figure 1. The Optimal Retirement Boundary Figure 2. Nonstrictly-Increasing Optimal
x=R,(t) Retirement Boundary

A

T
1

-
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Next, we prove that R, is strictly increasing on [0, T']. Otherwise, there exist constants x,, t;, and ¢, such that
x; € [x®,xT],0<t, <t; T, and R, (t) = x, for any f € [t,,t;] (see Figure 2). It is clear that P(t,x) =0 for any
(t,x) € [ty,t1] X (0, x,]. Since J.P continuously crosses the optimal retirement boundary, d,P(¢,x;) =0 for any
t € [t,,t;]. We then deduce that

d,P(t,x,) =0, 9;(d,P)(t,x) =0, Vtel[ty,t]. (41)
On the other hand, in the domain [¢,, ;) X (x1,+00), P and d,P respectively satisfy

—0,P = %P =px—1in [t 1) X (x1,+0), P(t,x;)=0, Vtel(ty,ty),

—&t&tp—gatPZO, &tP SO, in [tz, tl)X(x1,+OO),
atp(tl xl) = 01 Vte (tZI tl)

By applying the Hopf lemma (see Evans [8]), we deduce d,.(d,P)(t, x;) <0, which contradicts the second equality
in (41).
Since x® < R, < xT =R (T), and R, is strictly increasing, we conclude that x* <R, (t)<x” forany t €[0,T). O

Remark 11. The proof of Lemma 6 shows that the optimal retirement boundary x = R,(t) is independent of the
utility function after retirement. In other words, if we look at the agent’s problem through his or her marginal
utility of wealth, then the optimal retirement boundary, expressed in marginal utility, does not depend on the
agent’s utility function after retirement. The utility function after retirement influences the agent’s choice only
by affecting his or her marginal utility of wealth at initial time, not through other channels.

5. Optimal Retirement Threshold

In the previous section, we studied the properties of the convex dual function V as a solution to PDE/VI. We
used (t,x), where t denotes time and x denotes marginal utility, as the coordinate system for the study. In
this section we will come back to study the value function V in the original coordinate system (¢, w), where w
denotes the wealth of the agent. For this purpose, we redefine the working domain and the retirement domain,
and we define the optimal retirement threshold in the (¢, w)-coordinate system.

Recalling Theorem 1, we know that x*(t,w) = ¥y (t,—w + g(t)) is continuous and strictly decreasing with
respect to w in .11, and it is a bijection from (g(t), +0) to (0, +o0) for any # € [0, T']. So for any ¢ € [0, T'], x*(¢,")
has an inverse function w*(t, -), which is continuous, is strictly decreasing, and maps (0, +c0) to (g(#), +o0).

Let us define

Ry (t) = w'(t,R(t)), Vie[0,T], (42)
RR, £ {(t,w) € Mr: (t,x*(t,w)) €RR,}, WR,, = {(t,w) € M (t,x*(t,w)) € WR_}.

Then, RR,,, WR,,, and w = R,,(t) represent the retirement region, the working region, and the optimal retire-
ment threshold in the (¢, w)-coordinate system, respectively. Moreover,

WR, = {(t,w): g(t) <w <R, (t),t€[0,T)}, RR, = {(t,w): w >R, (t),t €[0,T)}.

If the trajectory of the wealth process W; stays in WR,, then the trajectory of the dual process X; stays in
WR, and the agent chooses to work. If, however, the trajectory of the wealth process W; reaches RR,, then the
trajectory of the dual variable process X reaches RR, and the agent chooses to retire. The optimal retirement
threshold is such that the agent retires as soon as the wealth process reaches the threshold.

We now state and prove properties of the value function in the following theorem.

Theorem 4. The value function V satisfies the following properties:
(1) Ve W>! (M) for any p =1, and V, 9,V € C(diy1), 9,V € C(ly). Moreover, V is piecewise smooth—that is,

p,loc ~ ~
VeC®({(t,w): g(t) <w <R, (t),t€[0,T)}) NC®(RR,) NC=([T, T'] X (0, +0)), where My, My, and [y are defined
in (8).
(2) 9,V >0 in Jiy:. Moreover, 3,V (t,w) — +o0 as w — g(t)*, and 9,V (t,w) — 0% as w — +oo for any t € [0, T"].
(3) 9,,V <0ae. in fliy.
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Figure 3. The Optimal Retirement Threshold w =R, (t)

Proof. (1) Recalling conclusion 3 in Theorem 3, conclusion 2 in Theorem 2, and V=V in [T, T'] % (0, +c0), we
claim that d,,V >0 a.e. in ¥7:. By conclusion 1 in Theorem 3, we conclude that V € W;:lloc(J\/’ r) for any p > 1,
and V, 9,V € C(Ny), 3,V € C(Ny).

Recalling V € C*(/11) (by conclusion 1 in Theorem 2) and the fact that

V=V+P+xg(t) in iy, V=Vin [T, T'1x(0,+),  P(T,x)=g(T)=0,

we deduce that V, 9,V € C(/'11). Moreover, combining this fact with Lemma 4, we have that V € C*({(t, x): x >
R.(t),t €[0,T)}) NC=(RR,) N C([T, T'] X (0, +00)).
Combining the above regularity properties with (21) allows us to compute the following partial derivatives:

o2,V (t,w) = 8t\7(t, xX(t,w))+ [Bxf/(t, x'(t,w))—gt)+w]dx"(t, w)—x*(t,w)g’'(t)
=9, V(t,x'(t,w)) - x"(t, w)g'(t),
d,V(t,w)=x"(t,w), (43)
-1

oVt w) = d,x (W)= ——————— .,
V) = 0 ) = )

(44)

where we have used the fact that d,V(t,x*(t,w)) = g(t) — w. Hence, the results about the regularity of V are
obvious.

(2) Since 9, V(t,w)=x*(t,w)= Fy(t, g(t)—w) and g(t)=0 for any t € [T, T'], Theorem 1 implies all the results
in conclusion 2.

(3) Recalling (44) and 9.,V >0ae. in N1, we deduce that d,,V <0 a.e. in /.. O

ww

The optimal retirement threshold in the primal (f, w)-coordinate system is illustrated in Figure 3.
We now state and prove properties of the optimal retirement threshold in the (¢, w)-coordinate system.

Theorem 5. (1) The optimal retirement threshold is given by w = R, (t) = -3,V (t,R,(t)), and R, € C*([0,T))NC([0, T])
with the terminal point R, (T) £ lim,_ - R, (t) = =3, V(T,x"). And W <R, <W in [0, T), where

W =-max{d,V(t,x"): t€[0,T]}, W = —min{d, V(t,x): t €[0,T]}, (45)

and xT and x* are defined in Lemma 5. Moreover, R,, is strictly decreasing near the terminal time T with lim,_ - R, (t)
= —0Q,

(2) The optimal consumption ci(t,w) = Fy (t,x*(t,w)) for any (t,w) € M1, where x*(t,w) is defined in Theo-
rem 1. The optimal consumption function c; € C(Mm) and is strictly increasing with respect to w. Moreover, for any
te[0,TY), ci(t,w) = 0" as w — g(t)*, and c;(t,w) — +oo as w — +co.

(8) The optimal investment is

it w) = x*(t,w)d,, V(t,x"(t, w))(Z") 6, and  O'ZTr; >0 in .
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Proof. (1) Recalling (42), we know that R, (t) = w*(t, R, (t)), where w*(t,-) is the inverse function of x*(¢,-).
Since x*(t,w) = Fy(t,—w + g(t)), we have 9, V(t, x*(t,w)) = —w + g(t). Taking w = w*(t, x), we can show by
computation
AV (t,x)=a, V(t,x*(t,w'(t,x))=—w(t,x)+g(t), V(t,x)€Np.

Hence, we deduce that w*(t,x) = g(t) - d.V(t,x) for any (t,x) € A/71. So we have
R, (t) = w(t, Ry (1)) = g(t) = 9,V (t, R,(t)) = g(t) = 9.(P + V)(t, R,(t))
= g(t) - at[P + ‘_7 + g(t)x]x:Rx(t) = _ax‘_?(t/ Rx(t))/ Vte [O/ T]r

where we have used the fact that J P(t,R,(t)) =0 for any ¢t € [0, T].
Since R, € C*([0,T)) N C([0, T]) and V € C*®(#1), we deduce that R, € C*([0,T)) N C([0, T]), too.
It is clear that
R,(T)= =0, V(T,R,(T)) = =3, V(T,x").

From Lemma 6, we have that x” < R (t) < x* for any ¢ € [0, T). Combining this with the fact that 9,V (¢, x) is
strictly increasing with respect to x, we deduce that

-9 V(t,x") <R, (t)<—-a,V(t,x*), Vte[0,T).

And (45) is obvious.
Next, we prove that R, (t) is strictly decreasing near the terminal time T with lim,_,;- R (#) = —c0. Differenti-
ating (39) with respect to x, we can show that

0,,P=-%,(0,P)—pin {(t,x): x >R (t),t €[0,T]}.
Recalling (33), we have
-0, V=0 U, +%.9,Vin {(t,x): x> R,(t),t €[0,T]}.

Since Jd,P continuously crosses the optimal retirement boundary x = R,(t) and P =0 in RR,, we have
d,P(t,R,(t))=0 for any t € [0,T]. So we have

9, P(t,R,(1)  Z,(9,P)(t,R(t)+0
C0uP(tR(1) T 9,P(tR,(t))

8t)cp(t/ R*c(t)) + axxp(t/Rx(t))R:c(t) = 0 = R;c(t) =

Then, it is clear that for any ¢ € [0, T),

R, (1) ==, V(t,R.(t) = 9. V(t, R, (1)), Ri(t)
Z,.(d,P)(t,R.(t) +0
9, P(t, R, (1))

=9, Uy (1, Ry(D) + L, (9, V)(t, R (1)) = 9., V (£, Ry (1)

Letting t — T~, we have

Z.0+p
=—00

R;,() = 9. Uy(T, Ry (T)) + £,(9,V)(T,Ry(T)) = 9., V(T, R (T)) o ,

where we have used the terminal conditions of P, 9,0, <0, d,,V >0, and d,,P >0 in /1 and V € C®(Np1).
Thus, R (t) is negative for every t sufficiently close to terminal time T, and the optimal retirement threshold R,,
is strictly decreasing near the terminal time.

(2) Recalling Theorem 1, we know that optimal consumption is given by ¢* = 7, (-, X) € F¥. So we have
c;=Jy,(t,x7), and thElS, ci(t,w)= jul(t,x*(tJ w)) in the (¢, w)-coordinate system.

Since x*(t, w) € C(/lr:1) and ¥y (t, x) € C(N71), we know that c;(t, w) € C(Mly1).

Note that x*(t, w) is strictly decreasing with respect to w, and f; (¢, x) is strictly decreasing with respect to x.
Then, we can deduce that c;(f, w) is strictly increasing with respect to w.

Since x*(t, w) — +o0 as w — ¢(t)*, and F; (t,x) = 0% as x — +o0, ¢j(t,w) — 0* as w — g(t)*.

Since x*(t,w) — 0" as w — +oo, and Fy;, (t,x) — +00 as x — 0, we deduce that cj(f,w) — +o0 as w — +o0.
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(3) It is clear that the value function V satisfies the following HJB equation (see, e.g., Yong and Zhou [32]):

sup {0,V +in"SE0,,,V +[n"26 + rw —c+ 0l g 110,V = BV + Uy (t, ¢) = I 11y g iy } =O.

neR, c>0 e
So the optimal investment is given by
-d,V(t,w)
t -
TS Vi

where we have used (43) and (44) in the second equality.
Finally, a straightforward compuation shows that

EH1e=x(t, w)d, V(t,x*(t, w)(ZH) 70 in iy,

OTE i (t, w) = x*(t, w)d,, V(t, x*(t, w)|0) >0, V(t,w)ediy. O

Remark 12. It is possible to prove that R,(-) is decreasing with respect to t in [0,T] under a restrictive
assumption—for example, the assumption that d,,lI; <0 in #/11 and 9, U, (T, x) + £,9,U,(T, x) <0 for any x > 0.
Such an assumption, however, is rather technical, and hence, it is an interesting open question left for future
research to find an essential condition to ensure that R, (-) is monotonic.

6. Comparative Static Analysis
In this section we conduct comparative static analysis with respect to important model parameters. First, we
analyze the effect of the rate, g, of labor income on the agent’s optimal strategy.

Theorem 6. The value function V, the optimal retirement threshold R, and the optimal consumption c; are increasing
with respect to .

Proof. Suppose g, > p,. Denote V, v,... onr the case p = g; by 14,‘7,,..., i=1,2.
From VI (19) and (16), we know that V — xg(¢) satisfies the following VI:

-0,(V—-xg(t))—2(V-xg(t)=U,—1+pox, if V-xg(t)>V and (t,x)€ Ny,
-0,(V—xg(t))—2(V-xg(t) 2 U, ~1+px, if V-xg(t)=V and (t,x)€ Ny, (46)
V(T,x)- xg(T) = V(T, x), Vx€(0,+00),

where U, is independent of g, and V satisfies PDE (13), which is independent of g. So we deduce that V, =V,
in 7. Since U, — 1 + o,x > U, — I + g,x, the comparison principle for VIs implies that V; — xg,(t) > V, — xg,(t)
in ;. Recalling the extension of V to (T, T'] x (0, +0) in Remark 9, we deduce that

Vl(t,x) -xg.(t) = Vl(t,x) = \_71(t,x) = 1_72(t,x) = Vz(t,x) = Vz(t,x) —-xg,(t), V(t x)e(T, T % (0, +00).

Hence, V, —xg,(t) > V, — xg,(t) in 1.

Since V;(t,w) = inf,[V;(t, x) = x(g;(t) —w)] in Mig: ;,i=1,2, we have V; >V, in g , = g1 O Mg .

Consider VI (37). Since g;x — I > g,x — I, the comparison principle for VIs implies that P, > P,, and {P; >0} D
{P, > 0}. Hence, the definition of the optimal retirement boundary implies that R, ; <R, ,.

Consider PDE (33), which is independent of 9. So we deduce that —9,V, = -9, V, in /.. Since —d,V,(t, x) is
decreasing with respect to x, we derive that R, ; > R,, , by Theorem 5.

Recalling (39), we have

—a,axpl 8 & Pl Ql’ il’l Werz,
d,P(T,x)=0, Vx=R, ,T), 9,Pi(t,R, ,(t)=>0, Vte[0,T],
and
_ataxPZ - gx&xPZ = 02/ in WRx,ZI
9. P,(T,x)=0, Vx=R, ,(T), 9,P,(t, R, ,(t))=0, Vtel0,T],
where we have used the fact that d,P >0, R, ; <R, , and WR, ; D WR_ ,. So the comparison principle for VIs

implies that d,P; > d,P, in ;. } } A } §
Combining this with the fact that =9,V ,=-9,V, in /1 and V, =P; + ¢;,(t)x+V, in #',i=1,2, we know that

g1(t) _axvl =-d,P, - ‘_71 <-d,P,— ‘_72 =g,(t) _asz in ﬁT'
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Moreover, recalling Remark 9 and the definition of g(t), we deduce that ¢,(t) -9, V; < g,(t) =9, V, in .. From
xi(t,w) = Fy.(-w+ g;(t)),i=1,2, we know by straightforward computation that

()= Vi(t, xi(t, w)) =w = g,(t) — 3, Vs (t, x3(t, w)) = g, (t) — 3, Vi (t, x3(t, w)).

Since =@, V(t,x),i=1,2 are decreasing with respect to x, x](t, w) < x5(t, w) in /%Tl/z. Combining this with the
fact that f (t,x) is decreasing with respect to x, we conclude that c; ,(t,w) > c; ,(t, w) in My ,. O

Remark 13. Theorem 6 says that as the wage increases, the optimal retirement threshold tends to go higher and
optimal consumption tends to increase. Thus, the agent consumes more and retires later if the wage increases.
This is an intuitive result and extends a similar result by Choi and Shim [3] originally derived in an infinite
horizon model.

In the next theorem we show the effect of the utility cost of labor, [, on the agent’s optimal strategy.

Theorem 7. The value function V, the optimal retirement threshold R, and the optimal consumption c; are decreasing
with respect to 1.

Proof. Suppose I, > I,. Denote V,V,... for the case [ =1, by V;,V,,...,i=1,2.

Recalling VI (46) and U, - L+ox<U -1, +px, and repeating an argument similar to that in the proof of
Theorem 6, we can deduce that Vi—xg,(t) <V, —xg,(t) in Np1, and V; <V, in g

Again, repeating an argument s1m11ar to that in the proof of Theorem 6, and using gx — I, < px —[,, we can
show that P, <P, in A, and R, ; >R, ,, and R, ; <R, ,

Repeating an argument similar to that in the proof of Theorem 6, we deduce that d,P; < d.P, in N, g,(t) —
9.V, 2 g5(t) = 9.V, in Wi, x;(t, w) > x5(t, ) in Mp1, and ¢} | (t, w) < ¢ ,(t,w) in M. O
Remark 14. Theorem 7 says that as the utility cost of labor increases, the optimal retirement threshold tends to
go lower and optimal consumption tends to decrease. Thus, the agent consumes less and retires earlier if the
utility cost of labor increases. This result also extends a similar result by Choi and Shim [3] originally derived
in an infinite horizon model.

Next, we compare the optimal strategy in our model with that in the model where the agent does not have
an early retirement option and every other feature is the same as in our model. We will refer to the latter as
the nonretirement option model.

Theorem 8. Denote the value function and the optimal consumption of the nonretirement option model by V" and €;,
respectively. Then, 3
V(t,w)<V(t,w), €t w)=ci(t,w), V(t,w)e M.

Proof. It is clear that the nonretirement option model has the following admissible set:
si?(t,w) = {(t,c,m) € A (t, w): T=T}.

Let % be the smooth solution of the following PDE:

V(T,x)=V(T,x)=V(T,x), Vxe(0,+). “7)

{ 9T - =U,=U,~1, in Ny,
As previously, extend U as U =V in [T, T'] x (0, +c0). Then, for any (t,w) € Ay, we have

V(t,w)= igg[oAV(t, x)—xg(t)+xw].

The optimal consumption is given by €;(t, w) = ,; (t,%"(t, w)), where ¥"(t, w) = ¥ (t, —w + g(t)) for any (¢, w) €
M1, and the optimal investment is given by

T (t, w) = X (t, ),V (t, 2" (t, w))(Z) O in M.

Recalling (19), we deduce that V satisfies

—8,\7—3’\72&1, in Ny,
V(T,x)=V(T,x), Vxe(0,+).
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Hence, the comparison principle implies that V > in /. So, V >/ in /iy is obvious.
Comparing (47) with (13), we deduce that

OAV(t/x):‘_?(t/x)'i-é(ert_rT_l)I{tST}/ a,\’(J\[A/(t/x):a){‘_?(t/x)/ V(t/x)e‘/\??"l'

Thus, by (16), we have

OV<d V=909 inNp, 9, V=9V <d7 inRR,.

X

Moreover, from (19) and (47), it is not difficult to check that

0,0,V -%.0.V=0 U =-0,0,7 %07, in WR,,
&XV(T, X)= &x?(T, X)= 8X°AV(T, X), Vx€(0,+00),
. V(t,R (t) <d, TV (tR,(t)), Vtelo,T].

Hence, the comparison principle implies that J, I > 9,V in WR,, too. So we have proved that 9,7 > 9,V in /.
Since V=V =% in [T, T'] X (0, +o0), we have (9 U > 8 V in N1. Thus, we know that

AV (t,x'(t,w))=—w+g(t) =3,V (t, % (t, w)) = I, V(t, %" (t,w)), V(t,w)€ M.

Combining this with (9“,17 >0 in W71, we can show that %*(t,w) < x*(t, w) for any (f,w) € M7, and € (t,w) >
ci(t,w) for any (t,w) € M. O

Remark 15. Theorem 8 says that the agent consumes less when he or she has an early retirement option than
when he or she does not. Indeed, the agent gives up future labor income if he or she chooses early retirement,
and thus the agent’s consumption is lower when there exists an early retirement option. This result also extends
a similar result in Choi and Shim [3]. Choi and Shim [3] also show that the agent tends to take higher risk when
there is a retirement option than when the agent is forced to work forever in a model without a mandatory
retirement date (see also a similar result in Dybvig and Liu [6]). It is possible to prove the same result in our
model with a mandatory retirement date under the assumption that the absolute risk aversion coefficient of U,
i =1,2 is increasing with respect to consumption or wealth. The assumption, however, is too restrictive, and we
leave it as an interesting open question to find the necessary and sufficient conditions for the result to hold in
a model with a mandatory retirement date.

7. Conclusion

We have studied a retirement/consumption and investment choice problem of an agent who faces the trade-off
between receiving labor income and suffering the utility cost caused by hardship or lost leisure as a result
of labor. We have derived a solution to the problem by successive transformations, which ultimately result in
a pure optimal stopping problem, and provided a verification theorem. We have also derived properties of
optimal strategy and conducted comparative static analysis, which studies the effects of parameter values on
the optimal strategy.

The method we have proposed in this paper combines transformations and the PDE approach to analyze
properties of the optimal strategy, which has not yet been widely used in the study of financial models. We
expect that the approach proposed in this paper will have wide applicability in future studies.

In this paper we have assumed a constant investment opportunity set for simplicity of analysis; the consid-
eration of time-varying investment opportunity is left as a topic for future research. Also, consideration of the
borrowing constraints as in Fahri and Panageas [9] and Dybvig and Liu [6] will be an important extension of
the research of this paper.
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Endnotes

1Bakshi and Chen [1] have shown that population aging had significant effects on capital markets. We expect that retirement decisions also
have similar effects on the markets.

2This paper can be regarded as continuation of the study by Karatzas and Wang [17]. We work on the conjecture presented in appendix B
of their work and consider the case where the stream of consumption and investment extends beyond the moment of stopping.
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31f the final time T" is random and U, #0, or there is a nonzero probability that T' < T, then the financial market is essentially incomplete,
and the method in this paper does not apply. The market can be made complete by introducing appropriate insurance contracts (see, e.g.,
Dybvig and Liu [6]). We leave market incompleteness or the introduction of insurance for future research.

41t turns out that this assumption is not restrictive. In the absence of borrowing constraints, the case where the agent has pension income
is equivalent to the case where the agent has no income but his or her wealth is augmented by the present value of pension income. See
Remark 2 in the next subsection.

5The limiting value U,(t,0) maybe be equal to —co, for example, if U, is the constant relative risk aversion (CRRA) utility function with
¥ >1 or the logarithmic function in (4).

6We need U,(T",-) defined only at ¢ = T'. For convenience of exposition, we will assume that it is defined for all ¢ € [0, T']. Indeed, if it is
defined only for ¢t =T?, then we can extend it by letting U,(t,c) = U,(T",¢) for t € [0, T").

"Treatment of the case d.U;(t,0) < +co is available from the authors upon request.

81n this case, the discount rate for utility of consumption is deterministic but time varying. The discount rate for utility of labor, however,
is assumed to be constant and equal to f.

9We considered an extension of our model to the case where the final time is random in Section 2.1. In such an extension, we assume the
random time is independent of (%),T:lo.

10For details, one can refer to Krylov [21] or Yang and Tang [31].

References
[1] Bakshi G, Chen Z (1994) Baby boom, population aging, and capital markets. J. Bus. 67(2):165-202.
[2] Bensoussan A, Friedman A (1974) Nonlinear variational inequalities and differential games with stopping times. ]. Functional Anal.
16(3):305-352.
[3] Choi K, Shim G (2006) Disutility, optimal retirement, and portfolio selection. Math. Finance 16(2):443-467.
[4] Choi K, Shim G, Shin Y (2008) Optimal portfolio, consumption-leisure and retirement choice problem with CES utility. Math. Finance
18(3):445-472.
[5] Cox J, Huang C (1989) Optimal consumption and portfolio policies when asset prices follow a diffusion process. |. Econom. Theory
49(1):33-83.
[6] Dybvig P, Liu H (2010) Lifetime consumption and investment: Retirement and constrained borrowing. J. Econom. Theory 145(3):885-907.
[7] Dybvig P, Liu H (2011) Verification theorems for models of optimal consumption and investment with retirement and constrained
borrowing. Math. Oper. Res. 36(4):620—-635.
[8] Evans LC (2010) Partial Differential Equations (American Mathematical Society, Providence, RI).
[9] Fahri E, Panageas S (2007) Saving and investing for early retirement: A theoretical analysis. J. Financial Econom. 83(1):87-121.
[10] Fleming W, Soner H (2006) Controlled Markov Processes and Viscosity Solutions (Springer-Verlag, New York).
[11] Friedman A (1973) Stochastic games and variational inequalities. Arch. Rational Mech. Anal. 51(5):321-346.
[12] Friedman A (1975) Parabolic variational inequalities in one space dimension and smoothness of the free boundary. J. Functional Anal.
18(2):151-176.
[13] Friedman A (1982) Variational Principles and Free-Boundary Problems (John Wiley & Sons, New York).
[14] Hamadene S, Rotenstein E, Zalinescu A (2009) A generalized mixed zero-sum stochastic differential game and double barrier reflected
BSDEs with quadratic growth coefficient. Anal. Stiin. Ale UNIV. Al I Cuza Din lasi-Serie Noua-Matematica 55(f2):419-444.
[15] Inada K (1963) On a two-sector model of economic growth: Comments and a generalization. Rev. Econom. Stud. 30(2):119-127.
[16] Karatzas I, Shreve S (1998) Methods of Mathematical Finance (Springer-Verlag, New York).
[17] Karatzas I, Wang H (2000) Utility maximization with discretionary stopping. SIAM ]. Control Optim. 39(1):306-329.
[18] Karatzas I, Lehoczky ], Shreve S (1987) Optimal portfolio and consumption decisions for a “small investor” on a finite horizon. SIAM
J. Control Optim. 25(6):1557-1586.
[19] Karatzas I, Lehoczky ], Sethi S, Shreve S (1986) Explicit solution of a general consumption/investment problem. Math. Oper. Res.
11(2):209-216.
[20] Koo H, Tang S, Yang Z (2015) A Dynkin game under Knightian uncertainty. Discrete Continuous Dynamical Systems 35(11):5467-5498.
[21] Krylov N (1980) Controlled Diffusion Processes (Springer-Verlag, New York).
[22] Lieberman G (1996) Second Order Parabolic Differential Equations (World Scientific, Singapore).
[23] Liu H, Loewenstein M (2002) Optimal portfolio selection with transaction costs and finite horizons. Rev. Financial Stud. 15(3):805-835.
[24] Merton R (1969) Lifetime portfolio selection under uncertainty: The continuous-time case. Rev. Econom. Statist. 51(3):247-257.
[25] Peskir G, Shiryaev A (2006) Optimal Stopping and Free-Boundary Problems (Birkhéduser Verlag, Basel).
[26] Touzi N, Vieille N (2002) Continuous-time Dynkin game with mixed strategies. SIAM ]. Control Optim. 41(4):1073-1088.
[27] Tso K (1985) On an Aleksandrov-Bakel’'man type maximum principle for second-order parabolic equations. Comm. Partial Differential
Equations 10(5):543-553.
[28] Uzawa H (1963) On a two-sector model of economic growth II. Rev. Econom. Stud. 30(2):105-118.
[29] Watson ], Scott J (2014) Ratchet consumption over finite and infinite planning horizons. J. Math. Econom. 54(October):74-96.
[30] Yan H, Liang G, Yang Z (2015) Indifference pricing and hedging in a multiple-priors model with trading constraints. Sci. China Ser. A:
Math. 58(4):689-714.
[31] Yang Z, Tang S (2013) Dynkin game of stochastic differential equations with random coefficients, and associated backward stochastic
partial differential variational inequality. SIAM ]. Control Optim. 51(1):64-95.
[32] Yong J, Zhou X (1999) Stochastic Control: Hamiltonian Systems and HJB Equations (Springer, New York).

RIGHTS L1 N Hig



	Introduction
	A Model of Retirement, Investment, and Consumption Choice
	Objective of an Agent Facing Retirement
	Financial Market
	Admissible Choices and Optimization Problem
	Static Budget Constraints and Convex Dual Functions
	Notation for Spaces of Stochastic Processes and Function Spaces

	Transformation of the Original Problem into a Variational Inequality and Verification Theorem
	The Agent's Optimization Problem After Retirement
	Transformations
	Verification Theorem

	Solution to the Variational Inequality
	Optimal Retirement Threshold
	Comparative Static Analysis
	Conclusion

