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Optimal Investment-Consumption Choice with Portfolio Constraint in Ambiguity

Market
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Abstract: An optimal investment-consumption choice problem with portfolio

constraint is considered in this paper, where the expected return rate and volatil-

ity are uncertain. In order to achieve the optimal investment-consumption strate-

gies, this problem is formulated into an optimal stochastic control problem, and

then transformed into a saddle point problem of a function with constraint, where

the saddle point corresponds the optimal investment-consumption strategies and

the worst-case parameters. Finally, the explicit form of the optimal investment-

consumption strategies and the worst-case parameters are provided, and some

financial explanation about some results are presented.
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�Ñ�A�7K)º"

1 �.�í�

7K½|¥¹k��Ãºx]�S0Úd�ºx]�SSS := (S1, · · · , Sd)T§§��d�ÑlXe��Å

�©�§µ

dS0,s = rS0,sds, (1)

dSi,s = µi,sSi,sds+
d′∑
j=1

σijs Si,sdWj,s, (2)

Ù¥,r´~ê�Ãºx|Ç¶µµµ := (µ1, · · · , µd)T´ºx]��Ï"£�Ç��þ¶ΣΣΣ := (σij)d×d′ ´º

x]��ÅÄÇÝ
¶WWW := (W1, · · · ,Wd′)
T´��d′��IOÙK$Ä§TÙK$Ä½Â3÷vÏ~^

��VÇ�m(Ω, F,F , P )þ§F := {Ft}t≥0´dWWW )¤�g,LÈ§d ≤ d′"

Ý]ö3½|¥Ý]�¤§duÝ]ö&Ek�§¤±ØUO((½½|�ëê(µµµ,ΣΣΣ)§�U
(½

TëêáuXe�8Ü

B :=
{

(µµµ,ΣΣΣ) : (µµµ,ΣΣΣ) 'uF ì?�ÿ§� (µµµs,ΣΣΣsΣΣΣ
T
s ) ∈ B := Bµ ×BΣ

}
,

Ù¥,Bµ := ⊗di=1[µ i, µ i ], B
Σ := {xΣxΣxΣ ∈ Sd+ : (xΣxΣxΣ)ii ∈ [σ 2

i , σ
2
i ], i = 1, · · · , d}§Sd+�Ld¤k��

½!d × d��¢é¡
|¤�8Ü§~êµ i, µ i, σ i, σ i÷v−∞ < µ i ≤ µ i < +∞, 0 ≤ σ i ≤ σ i <

+∞, σ i > 0, i = 1, · · · , d"8ÜBµ, BΣ�N
Ý]<&E�õ�§Ý]<�&E��§é½|ëê��

OØ�Ò��§l½|ëê���8Ü��"AO/§8ÜBΣ�NÝ]<éü��ºx]�k�½�


)§�±�OÙÅÄÇ�����§�éu§��m�'X�Ã¤�"

�Ý]<Ý]�¤�ª�����~êT§PÝ]ºx]��°��πππ := (π1, · · · , πd)T§�¤Ç�ã

L�'�c"PX t,x;πππ,c,µµµ,ΣΣΣ �Ð©���t§Ð©ãL�x > 0§Ý]�¤üÑ�(πππ, c)§�.ëê�(µµµ,ΣΣΣ)�
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ãLL§"|^ (1)Ú (2)§�âgK]^�§��ãLL§÷vXe��Å�©�§§

X t,x;πππ,c,µµµ,ΣΣΣ
s = x+

∫ s

t

[
µµµT
uπππu + r(1− 111d

Tπππu)− cu
]
X t,x;πππ,c,µµµ,ΣΣΣ
u du+

∫ s

t

X t,x;πππ,c,µµµ,ΣΣΣ
u πππT

uΣΣΣu dWWW u,

Ù¥,111d�©þþ�1�d���þ"Ý]�¤üÑ��NNüÑ8�

A(t, x) : =

{
(πππ, c) : (πππ, c) 'uFTt ì?�ÿ, (πππs, cs) ∈ A,

∫ T

t

(
|πππs|2 + cs

)
ds < +∞,

{∫ τ

t

ln
(
csX

t,x;πππ,c,µµµ,ΣΣΣ
s

)
ds

}
τ∈U(t,T )

Ú
{

lnX t,x;πππ,c,µµµ,ΣΣΣ
τ

}
τ∈U(t,T )

þ���È

}
,

Ù¥,FTt ´d{WWW s −WWW t}Ts=t)¤�g,LÈ¶A := Aπ × [ 0,+∞), Aπ := ⊗di=1[ π i, π i ]§~êπ i, π i

÷v−∞ ≤ π i ≤ 0, 1 ≤ π i ≤ +∞, i = 1, · · · , d¶U(t, T ) ´d¤k��u[ t, T ]�FTt Ê�|¤�8
Ü"

Ý]<F"��z�¤�\È�^by�ª���ãL�^�by�Ú�Ï"§=

J (t, x;πππ, c,µµµ,ΣΣΣ) := E

[∫ T

t

λe−ρ(s−t) ln
(
csX

t,x;πππ,c,µµµ,ΣΣΣ
s

)
ds+ e−ρ(T−t) ln

(
X t,x;πππ,c,µµµ,ΣΣΣ
T

)]
,

Ù¥,�~êλÚρ©O�L�¤\È�^éª�ãL�^��ÚbyÇ"duÝ]<ØU(½ý¢�½|

ëê§���½|ëêáu8ÜB"�©b�Ý]<æ^°��üÑ§=ò���/e��^�Ï"��
8I�¼"ÏdÝ]<¬l�NNÝ]üÑ8A(t, x)¥ÀJ�`�Ý]�¤üÑ(π∗π∗π∗, c∗)§l½|ëê8

ÜB¥æ^���/e�½|ëê(µ∗µ∗µ∗,Σ∗Σ∗Σ∗)¦�

J(t, x) := sup
(πππ,c)∈A(t,x)

inf
(µµµ,ΣΣΣ)∈B

J (t, x;πππ, c,µµµ,ΣΣΣ) = J (t, x;π∗π∗π∗, c∗,µ∗µ∗µ∗,Σ∗Σ∗Σ∗), (3)

Ù¥,¼êJ(.)¡��`z¯K (3)��¼ê"

d©z[15]��§�`z¯K (3)�±8(�Xe���õ�¼ê3�å^�e�Q:¯K§T¼ê�

F (xq;xπxπxπ, xc;xµxµxµ,xΣxΣxΣ) := −1

2
xπxπxπ

TxΣxΣxΣxπxπxπ +
[

(xµxµxµ − r1d1d1d)
Txπxπxπ + r

]
+

(
λ lnxc
xq

− xc
)
, (4)

Ù¥,xq ∈ R+, (xπxπxπ, xc) ∈ A, (xµxµxµ,xΣxΣxΣ) ∈ B.

Ún1 ([15]) b�(x̃∗πx̃
∗
πx̃
∗
π(xq), x̃

∗
c(xq); x̃

∗
µx̃
∗
µx̃
∗
µ(xq); x̃

∗
Σx̃
∗
Σx̃
∗
Σ(xq)) ÷vXe5�µ

(i) éuz��xq ∈ R+Ú?¿�(xπxπxπ, xc) ∈ A, (xµxµxµ,xΣxΣxΣ) ∈ B,k

F (xq; x̃
∗
πx̃
∗
πx̃
∗
π(xq), x̃

∗
c(xq);xµxµxµ,xΣxΣxΣ) ≥ F (xq; x̃

∗
πx̃
∗
πx̃
∗
π(xq), x̃

∗
c(xq); x̃

∗
µx̃
∗
µx̃
∗
µ(xq), x̃

∗
Σx̃
∗
Σx̃
∗
Σ(xq))

≥ F (xq;xπxπxπ, xc; x̃
∗
µx̃
∗
µx̃
∗
µ(xq), x̃

∗
Σx̃
∗
Σx̃
∗
Σ(xq)), (5)

Ù¥(x̃∗πx̃
∗
πx̃
∗
π(xq), x̃

∗
c(xq)) ∈ A, (x̃∗µx̃

∗
µx̃
∗
µ(xq), x̃

∗
Σx̃
∗
Σx̃
∗
Σ(xq)) ∈ B.

(ii) ePG(xq) := F (xq, x̃
∗
πx̃
∗
πx̃
∗
π(xq), x̃

∗
c(xq); x̃

∗
µx̃
∗
µx̃
∗
µ(xq), x̃

∗
Σx̃
∗
Σx̃
∗
Σ(xq)),KG(xq), x̃

∗
πx̃
∗
πx̃
∗
π(xq), x̃

∗
c(xq), x̃

∗
µx̃
∗
µx̃
∗
µ(xq)Úx̃

∗
Σx̃
∗
Σx̃
∗
Σ(xq)þ

3«m(0,+∞)þ´ÛÜk.�"

PV (t, x) = g1(t) lnx + g2(t), x∗πx
∗
πx
∗
π = x̃∗πx̃

∗
πx̃
∗
π(g1(·)), x∗c = x̃∗c(g1(·)), x∗µx∗µx∗µ = x̃∗µx̃

∗
µx̃
∗
µ(g1(·)), x∗Σx∗Σx∗Σ =

x̃∗Σx̃
∗
Σx̃
∗
Σ(g1(·)), Ù¥,

g1(t) =
λ

ρ
+

(
1− λ

ρ

)
e−ρ(T−t), g2(t) =

∫ T

t

e−ρ(s−t)g1(s)G ( g1(s) ) ds. (6)
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K�`z¯K (3)��¼êJ = V§�`�Ý]�¤üÑ(π∗π∗π∗, c∗) = (x∗πx
∗
πx
∗
π, x

∗
c)§���/eëê(µ∗µ∗µ∗,Σ∗Σ∗Σ∗)÷

vµ∗µ∗µ∗ = x∗µx
∗
µx
∗
µ ÚΣ∗Σ∗Σ∗(Σ∗Σ∗Σ∗)T = x∗Σx

∗
Σx
∗
Σ"

3 �`üÑ���ëê�wªL�ª

dÚn1§�ò�`z¯K (3)8(�õ�¼êF3�å^�e�Q:¯K"�,�`z¯K����

{z§�Q:¯KEØ²�"ù´Ï�¼êF ¹k4�Cþ§Ù¥Cþxπxπxπ,xµxµxµþ´��äk�å�d��þ§

CþxΣxΣxΣ´��½�Ý
§¿���äkAÏ��å§ÏdT¯KE,äk����JÝ"Äué7K¯K

�n)!©ÛÚß�§�ÑXe(Jµ

½n1 b�|θ1| = max(|θi|, i = 1, · · · , d) > 0§Ù¥

θ1 : = min

(
µ 1 − r
σ 1

, σ 1π 1

)
I{µ 1>r} + max

(
µ 1 − r
σ 1

, σ 1 π 1

)
I{µ 1<r},

θi : =
µ i − r
σ i

I{µ i>r} +
µ i − r
σ i

I{µ i<r} (i = 2, · · · , d),

IA�L8ÜA�«5¼ê,K�`Ý]�¤üÑ(π∗π∗π∗, c∗)Ú���/e�ëê(µ∗µ∗µ∗,Σ∗Σ∗Σ∗)dXe/ª�Ñµ

(i) �`Ý]üÑ�1��©þπ∗1 = θ1/σ1§Ù¦�©þπ
∗
i = 0 (i = 2, · · · , d)¶�`��¤üÑ

�c∗t = λ/g1(t)§Ù¥g1(t)dª (6)�Ñ¶

(ii) ���/e�Ï"£�Ç�þµ∗µ∗µ∗ÚÅÄÇÝ
Σ∗Σ∗Σ∗÷vµ∗i = µ iI{µ i>r}+µ iI{µ i<r}+rI{µ i≤r≤µ i}

(i = 1, · · · , d)¶Σ∗Σ∗Σ∗(Σ∗Σ∗Σ∗)T = x∗Σx
∗
Σx
∗
Σ := (σ̃∗ij)i,j=1,··· ,d§Ù¥

σ̃∗ij :=

 σ 2
i , i = j = 1, · · · , d;

σiσjθiθj
θ21

, Ù¦.

y² Äk�yx∗Σx
∗
Σx
∗
Σ ∈ BΣ"̄ ¢þ§�â^�|θ1| ≥ |θi|��éu?¿�xπxπxπ ∈ Rd§þk

xπxπxπ
Tx∗Σx
∗
Σx
∗
Σxπxπxπ =

d∑
i,j=1

σ̃∗ijxπ,ixπ,j =

(
d∑
i=1

σiθixπ,i
θ1

)2

+
d∑
i=1

(
1− θ2

i

θ2
1

)
σ2
ix

2
π,i ≥ 0. (7)

Ïdx∗Σx
∗
Σx
∗
Σ´��½�¢é¡Ý
§=x

∗
Σx
∗
Σx
∗
Σ ∈ S+

d ",��¡§w,(x∗Σx
∗
Σx
∗
Σ)ii = σ2

i ∈ [σ2
i , σ

2
i ]§Ïdx∗Σx

∗
Σx
∗
Σ ∈ BΣ"

Ùg�yéu?¿�xq > 0§þk(µ∗µ∗µ∗,Σ∗Σ∗Σ∗) ∈ BÚ(π∗π∗π∗, x∗c(xq)) ∈ A§Ù¥x∗c(xq) = λ/xq"̄ ¢þ§

�âµ∗µ∗µ∗ �L�ªN´wÑµ∗µ∗µ∗ ∈ Bµ§(Üx∗Σx
∗
Σx
∗
Σ ∈ BΣ§=k(µ∗µ∗µ∗,Σ∗Σ∗Σ∗) ∈ B",��¡§Ï�λ > 0§¤±

éu?¿xq > 0 þkx∗c(xq) = λ/xq > 0"�âθ1�L�ª��π
∗
1 = θ1/σ1 ∈ [ π1, π1 ]"�éu?

¿i = 2, · · · , d§þkπ∗i = 0 ∈ [ πi, πi ]"Ïdπ
∗π∗π∗ ∈ Aπ§�éu?¿�xq > 0§þk(π∗π∗π∗, x∗c(xq)) ∈ A"

e¡§y²ª (5)¥�11�Ø�ª§=éu?¿xµxµxµ ∈ Bµ,xΣxΣxΣ ∈ BΣ§þk

F (xq;π
∗π∗π∗, x∗c(xq);xµxµxµ,xΣxΣxΣ) ≥ F (xq;π

∗π∗π∗, x∗c(xq);µ
∗µ∗µ∗,x∗Σx
∗
Σx
∗
Σ).
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¯¢þ§�âF�½Âª (4)k

F (xq;π
∗π∗π∗, x∗c(xq);xµxµxµ,xΣxΣxΣ) = −1

2
(xΣxΣxΣ)11(π∗1)2 + xµ,1π

∗
1 + r(1− π∗1) +

[
λ lnx∗c(xq)

xq
− x∗c(xq)

]
≥ −1

2
σ 2

1(π∗1)2 + µ∗1π
∗
1 + r(1− π∗1) +

[
λ lnx∗c(xq)

xq
− x∗c(xq)

]
= F (xq;π

∗π∗π∗, x∗c(xq);µ
∗µ∗µ∗,x∗Σx
∗
Σx
∗
Σ).

�Xy²ª (5)¥�12�Ø�ª§=éu?¿xπxπxπ ∈ Aπ, xc ∈ [ 0,+∞)§þk

F (xq;xπxπxπ, xc;µ
∗µ∗µ∗,x∗Σx
∗
Σx
∗
Σ) ≤ F (xq;π

∗π∗π∗, x∗c(xq);µ
∗µ∗µ∗,x∗Σx
∗
Σx
∗
Σ).

¯¢þ§�âF�½Âª (4)§N´k

F (xq;xπxπxπ, xc;µ
∗µ∗µ∗,x∗Σx
∗
Σx
∗
Σ) = f(xπxπxπ) +

(
λ lnxc
xq

− xc
)
≤ f(xπxπxπ) +

(
λ lnx∗c(xq)

xq
− x∗c(xq)

)
,

Ù¥

f(xπxπxπ) := −1

2
xπxπxπ

Tx∗Σx
∗
Σx
∗
Σxπxπxπ +

(
(µ∗µ∗µ∗)T − r1d1d1d

T
)
xπxπxπ + r.

e¡�Iy²éu?¿xπxπxπ ∈ Aπ§þkf(xπxπxπ) ≤ f(π∗π∗π∗)"�dØ�b�µ
1
> r§XeØ,§7kµ1 < r§

y²��aq"�â (7)��§éu?¿xπxπxπ ∈ Aπ§þk

f(xπxπxπ)

= −1

2

(
d∑
i=1

σiθixπ,i
θ1

)2

− 1

2

d∑
i=1

(
1− θ2

i

θ2
1

)
σ2
ix

2
π,i +

d∑
i=1

σiθixπ,i + (µ∗1 − r − σ1θ1)xπ,1 + r

= − 1

2θ2
1

[
d∑
i=1

σiθixπ,i − θ2
1

]2

− 1

2

d∑
i=1

(
1− θ2

i

θ2
1

)
σ2
ix

2
π,i + (µ∗1 − r − σ1θ1)xπ,1 +

θ2
1

2
+ r. (8)

XJ5¿�|θ1| = max(|θi|, i = 1, · · · , d) > 0§�π∗1 = θ1/σ1§éu?¿i = 2, · · · , d§þkπ∗i = 0§K

N´wÑéu?¿xπxπxπ ∈ Aπ§þk[
d∑
i=1

σiθiπ
∗
i − θ2

1

]2

=
[
σ1θ1π

∗
1 − θ2

1

]2
= 0 ≤

[
d∑
i=1

σiθixπ,i − θ2
1

]2

, (9)

d∑
i=1

(
1− θ2

i

θ2
1

)
σ2
i (π
∗
i )

2 = 0 ≤
d∑
i=1

(
1− θ2

i

θ2
1

)
σ2
ix

2
π,i. (10)

éuª (8)¥(µ∗1 − r − σ1θ1)xπ,1��O§I�©2«�¹?Ø"

£1¤�π1 ≥ (µ
1
− r)/σ2

1�§éu?¿xπxπxπ ∈ Aπ§þk

θ1 = (µ
1
− r)/σ1 = (µ∗1 − r)/σ1, (µ∗1 − r − σ1θ1)π∗1 = 0 = (µ∗1 − r − σ1θ1)xπ,1.

£2¤�π1 < (µ
1
− r)/σ2

1�§θ1 = σ1π1§�µ
∗
1 − r − σ1θ1 = µ

1
− r − σ1θ1 > 0§léu?

¿xπxπxπ ∈ Aπ§þk

(µ∗1 − r − σ1θ1)π∗1 = (µ∗1 − r − σ1θ1)
θ1

σ1

= (µ∗1 − r − σ1θ1)π1 ≥ (µ∗1 − r − σ1θ1)xπ,1.
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Ïd,ÃØ=«�¹e§éu?¿xπxπxπ ∈ Aπ§þk

(µ∗1 − r − σ1θ1)π∗1 ≥ (µ∗1 − r − σ1θ1)xπ,1.

(Üª (8), (9)Ú (10)§N´wÑéu?¿xπxπxπ ∈ Aπ§(¢þkf(xπxπxπ) ≤ f(π∗π∗π∗)§l·�y²
 (5)¥�

12�Ø�ª"

w,π∗π∗π∗,µ∗µ∗µ∗,x∗Σx
∗
Σx
∗
Σ´~�þ½~Ý
§x

∗
c(xq), F (xq;π

∗π∗π∗, x∗c(xq);µ
∗µ∗µ∗,x∗Σx
∗
Σx
∗
Σ)´ÛÜk.�"Ïd·�®²�

y
Ún1¥�¤k^�§l·�kÚn1¥�A�(Ø§=½n1�(J(¢¤á" 2
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