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GROWTH OF SOLUTIONS TO HIGHER ORDER
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COEFFICIENTS
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ABSTRACT. The classical problem of finding conditions on the entire coeffi-
cients A; (j =0,1,--- ,k—1) ensuring that all nontrivial solutions to higher
order differential equations f(®) + A, _1 fF—1 4 ... 4 Ay (z)f/ +Ao(z)f=0
are of infinite lower order is being discussed in this paper. In particular, we
assume that the coefficients (or most of them) are Mittag-Leffler functions.

1. INTRODUCTION AND MAIN RESULTS

This paper is devoted to considering the growth of solutions to higher order
linear differential equations

(1.1) F® 4 Ap 1 (2)fF Y 4o Ag(2)f =0,

where Ag(z) # 0 and A;(z) (j = 1,2,--- ,k — 1) are entire functions. As is well
known, all solutions to (1.1) are entire functions. Due to the classical result by
Wittich [14], all solutions to (1.1) are of finite order if and only if all coefficients
are polynomials. As for number of linearly independent solutions of infinite order
(in which case at least one of the coefficients is transcendental), see Frei [3] for
the classical result and [8] for more detailed recent investigations. Trivially, if
max{p(A4,),j =1,2,--- ,k — 1} < p(Ap), then every nontrivial solution to (1.1)
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is of infinite order. In this paper, we are concentrating to looking at the situation
when the coefficients (or most of them) of (1.1) are Mittag-Leffler functions.
Throughout this paper, we use the key results and notations of the Nevanlinna
theory of meromorphic functions, see e.g. [5, 16, 17]. In particular, we need
to apply the notions of order p, lower order u and hyper-order p, frequently.
Moreover, we need to apply various notions of densities and measures. As a
suitable reference for them, the reader may look at [7]. Also, we need to make
use of the Wiman-Valiron theory, see e.g. [9, 12].
We next recall Mittag-Leffler function, see [5], p. 83-86:
o0 k
(1.2) Ep(z)22277 0<p<oo.
)
Using Stirling’s formula, it is easy to verify that this power series has an infinite
radius of convergence. For several specific values of p, Mittag—Leffler function re-
duces back to well-known elementary functions such as to the exponential function
e® for p =1 and to cos+/z for p = 1/2. Furthermore, by use of the Hankel inte-
gral representation for I'—function, Mittag-Leffler function E,(z) has the uniform
asymptotic behavior

(2) = pexp(z¥) + O(l2| ™), |argz| < 57
’ O(|z|™Y), I <|argz| <

Recalling the characteristic function
7#7“”—&—0(7*)7 % <p<oo

si 1
=P to(rf), 0<p<g,

T(T‘, EP) = {

we immediately conclude that Mittag-LefHler function E,(z) is a transcendental
entire function of regular growth of order p(E,) = u(E,).
Considering infinite order solutions to

(1.3) F® 4 Ap 1 (2)fF Y 4ok Ag(2)f =0

with entire coeflicients, a natural topic might be looking the oscillation and growth
of such solutions. In particular, analysis of the hyper-order of these solutions
would shed some light on the situation. As a simple example, we may recall [2],
Theorem 4, due to Chen and Yan

Theorem 1.1. [2, Theorem 4] Let Ag(2), A1(2), -+ , Ap—1(2) be entire functions
such that
ma‘X{p(A]))j = 1727 e 7k - 1} < p(AO) < o0.
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Then every nontrivial entire solution f to (1.8) is of infinite order and satisfies

p2(f) = p(Ao).

In this paper, we consider the hyper-order of transcendental entire solutions to
(1.3) with Mittag-Leffler coefficients. We may list our main results as follows.

Theorem 1.2. Suppose that A;(z) = E,,(z) with p; > 3 (j = 0,1,--+ ,k —1).
Ifmax{p; (j =1,---,k—1)} = p < po, then every nontrivial entire solution f
to (1.3) satisfies () = p(f) = 00 and pa(f) = po.

Definition 1. An exponential polynomial of order n is an entire function of the
form

g(z) = Pl(z)te(z) R Pl(z)te(z)7

where P; and @); are polynomials in z with 1H<1a§l{deg(Qj)} =n.
<i<

The Phragmén-Lindel6f indicator function of an entire g of finite order p =
p(g) >0 is

1 i0
hg(8) = limsup %:eﬂ

r—00 T

, 0€[—m,m).

For example, if g(z) = exp(wz™), where w € C\{0} and n is a positive integer,
then h,(0) = R(we™?). If g is of finite type, then hy, is continuous.

If As(z) (s€{0,1,--- ,k—1}) is a dominant coefficient, we further obtain

Theorem 1.3. Let As(z) be an exponential polynomial satisfying ha (6) > 0
for all § € [—m,m). Suppose that Aj(z) = E,, (2) with p; > % (j # s,j =
0,1,---,k—1). If ps > p = max{p;, j # 5,5 =0,1,--- ,k —1}. Then every
nontrivial entire solutions to (1.3) satisfies p(f) = p(f) = 0o and p2(f) = ps.

Theorem 1.4. Suppose that the coefficients Aj(z) = E, (2) are of order p; >
1 =123 ,k—1) with p < min{p;, (j = 2,3,k — 1} and Ay(2)
is an entire function with 0 < p(Ag) < 1, and that Ai(z) has a finite deficient
value a. Then every nontrivial solution f to (1.3) satisfies u(f) = p(f) = oo and
p2(f) = pu(Ao).

Theorem 1.5. Suppose that A;(z) = E, (z) are of orderp; > 1 (j=1,-++ ,k—1)
and that 3 < p(Ag) < p1 < min{p;, (j =2,---,k—1)}. Then every nontrivial
solution f to (1.8) satisfies p(f) = oo and p2(f) > pu(Aop).



852 Z. HUANG, I. LAINE, AND M. LUO

2. AUXILIARY RESULTS

We first recall the familiar growth property of complex exponential function
e where Q(2) = an2™ + --- + a1z + ag is a polynomial of degree n, see e.g.
[13]. The complex plane divides into 2n equal open angles by the rays

arg a, .
S0 4 (2 1)

™

2n

In each of these sectors, e?(*) either (1) blows up exponentially; or (2) decays to

argz = —

, (j=0,1,---,2n—1).

zero exponentially.
To consider entire functions that have a somewhat similar behavior as e9(*),
we define entire functions of exponential growth type, see [11], as follows.

Definition 2. [11, Definition 2] A transcendental entire function A(z) is of ex-
ponential growth type, denoted as A(z) € A, provided that p(A) = p(A) < oo,
and for two positive constants ¢, d and for a real-valued function d4(¢) defined on
[0,27), continuous outside an exceptional set F' of finitely many points, it holds
that for any given 6 € [0,27)\F, there are a constant 7, and positive constants
R = R(#) and M = M () such that when |z| =7 > R,

(A1) |A(re®)| > exp{cda(0)r?} if 64(0) >0,

(A2)  |A(re)| < Mr™ if 04(0) <0,
where 7 < 2(p(4) — 1).

Remark. Since Mittag-Leffler function E,(z) is of regular growth, we have A(z) :=
E,(z) € Afor p > 1. Moreover, () = —1 for 0 € (£,2m — £, and 64(0) =

2p? 2p
cos(pf) for 6 € [—57, 3), see [11].

We next recall four results that all are from the seminal paper [6].

Lemma 2.1. [6, Corollary 1] Let f be a meromorphic function of finite order
p(f) and let € > 0 be a given constant. Then there exists a set E C [0,2m) that
has linear measure zero, such that if 1o € [0,2m)\E, then there exists a constant
Ry = Ro(¢) > 1 such that for all z satisfying arg z = g and |z| > Ry, and for
all integers j > 1 > 0, we have

()
fO(z)
Lemma 2.2. [6, Corollary 2] Let f be a transcendental meromorphic function
with p(f) < oo. Let H = {(k1, j1), (k2,J2),-- -, (kq,Jq)} be a finite set of distinct
pairs of integers that satisfy k; > j; > 0 for i =1,2,--- ,q, and let € > 0 be a
given constant. Then there exists a set E C (1,00) that has finite logarithmic

< |z|U=Dp(H)=14e),
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measure, such that for all z satisfying |z| € E U[0,1] and for all (k,j) € H, we

have

F® ()

'f U)(2)
Lemma 2.3. [6, Theorem 3| Let f be a nontrivial entire function, and let o > 1
be a given real constant. Let j and i be two integers such that j > i > 0. Then
there exists a set F C [0,00) having finite logarithmic measure and a constant
B > 0 depending on «, j,i only, such that for all z satisfying |z| =r & FUI0,1],
we have

< |z| k=) p()—14e),

j—i

f(j)( 2)

fO(2)
Lemma 2.4. [6, Theorem 4] Let f be a nontrivial entire function, and let o > 1
and € > 0 be given constants. Then there exist a constant ¢ > 0 and a set
F C [0,00) having finite linear measure such that for all z satisfying |z| =r & F,
we have

<B {T(a:’f) log® rlog T(ar, f)

‘f g C[T(an f)rg logT(ar, f)}ja (] = 172a"' 7k)

(j)( 2)
f(z)
For the convenience of the reader, we recall the next three lemmata.

Lemma 2.5. [1, Theorem] Let f be a transcendental meromorphic function with
0 < u(f) < 1. Then, for every a € (u(f),1), the set E := {r € [0,00) : m(r) >
M(r) cosma} satisfies logdensE > 1 — @, where m(r) := Ii?*f log|f(2)|, and
M(r) = Sup log | f(z)]-

Lemma 2.6. [4, Lemma 1] Let f be a meromorphic function of finite order p(f).
For any given € > 0 and 0 < o < 3, there is a constant K(p(f),¢) and a set
E(e) C [0,00) of lower logarithmic density of logdensE(e) > 1 — e, such that, for
r € E(e) and each interval J of length o, we have

- [ [Lee
| Jre?)

Lemma 2.7. [15, p. 180] Let f be an entire function of lower order yu(f) € [%,00).
Then there exists a sector S(a,8) = {z:a < argz < S} with f —a > oy such

that

do < K(p,e) (a log i) T(r, f).

. loglog | f(re')]
=2 =2 >
e T gy 200

holds for all the rays argz = 0 € (o, 8), where 0 < a < § < 27.
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It remains to complete this section of auxiliary results by two simple lemmata,
whose proofs we shortly add here.

Lemma 2.8. Suppose that Aj(z) = E, (z) with p; > 1 (j =0,1,- )
If there exists s € {0,1,--- ,k — 1} such that ps > p = max{p;,Jj ;é s, j =
0,1,--- ,k—1}. Then every nontrzmal solution to (1.3) satisfies p(f) > u(f) > ps.

PROOF. We obtain from (1.3) that

(k) (s+1) (s=1) '
(2.1) —A,= % + +As+1ff(s) JrAs—lff(S) Jr"'JrAlf:f('S) JrAOf{S).
By elementary Nevanlinna theory, we have
k—1 k—1 @
T(rA) =m(nA) < 5 mnd)+ > m(n i)
(2.2) J#s,5=0 Jj=s+1

(J)

+ Si +Oo(1)
= ( i ))
as r — 0o. Since

m(r, f9/ ) < T(r, )+ T(r, f*)) + O(1) < BI(r, f)

as r — 00, it follows from (2.2) that

k—1
(2.3) T(r,A)— > T(r,4;) — O(logrT(r, f)) < BT(r, f)
J#s,j=0
asr — oo. The claim now follows from (2.3) since A;(z) = E,, (j = 1,2, - -1)
are of regular growth and p, > p = max{p;, j#s,7=0,1,--- ,k — 1}. O
Lemma 2.9. Suppose that Aj(z) = E,, (2) with p; > 3 (j = 0,1,--+ ,k —1).

If there exists s € {0,1,--- ,k — 1} such that ps > p = max{p;,J ;é 5,7
0,1,--- ,k —1}. Then every infinite order solution to (1.3) satisfies p2(f) < ps.

PROOF. We obtain from (1.3) that

(k) (k—1) (s+1)
‘f |A1€—1‘ f f -+ |As+1| f f
fleb f
(2.4) + |A\ +|Aq 1] 7 4o | Ay T + |Ap)-

By the Wiman-Valiron theory, we obtain for the central index v(r) of f that

f(j)(z)_ @ J . a
f(z) —< >(1+ (1), j=1,2,---,k,

z

(2.5)
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where z satisfies | f(2)| = M (r, f) and |z| = r & FyU[0, 1], where Fy C (1, 00) has
finite logarithmic measure.
As stated above, p(A;) = p(E;(2)) = pj. Thus, for any 0 < e < ps — p,

| As(2)| < exp(rr=*e),
|A](Z)| < exp(errE) (] = 05 17 e 7k - 1a] % S)

Thus, it easily follows from (2.4)-(2.6) that, for all z satisfying | f(z)| = M(r, f),
|z| =r ¢ Fy U[0,1],

v(r)* |1+ o(1)] < krk exp(rPstE)w(r) 1 4 o(1)].

(2.6)

This immediately results in p2(f) < ps. O

3. PROOF OF THEOREM 1.2

Suppose that f is a solution to (1.3) and max{p; (j =1,--- ,k—1)} = p < po,
then it follows that

fk=1) i
f f

By Lemma 2.4, it is immediate to find a set F; C [0, 00) of finite linear measure
such that for all z satisfying |z| = r € Fy, we have
f9(z)
‘ f(z)
Since Ag(z) = E,,(2), we deduce from Definition 2 that for all § € Ey =
[—5%, 5], d4,(8) > 0. Furthermore, there exist constants 0 < «a < 1 and

" 2p07 2po
Ry = Ry(#) > 0 such that when |z| =r > Ry,

(3.3) |Ag(rei?)| > exp{ad 4, (0)r7°}.

(k)
(3.1) ] < ‘ff

+ |Ak—1|

+ -+ Ay

(32) < T[T(2T7 f)}ka (] = 1323 e 7k)

Since max{p; (j = 1,--- ,k — 1)} = p < po and every A;(z) is of regular
growth, we have
1 A 60
lim M :0’ (.7: 1a27"' ak_l)a

77— 00 rPo

and so
(3.4) |Aj(re’®)] < exp{o(1)r°} (j =1,2,--- ,k —1).

Thus, it follows from (3.1)-(3.4) that there exists a set F' = [0, 00)\(F1U[0, Ro])
of positive upper density densF > 0 such that

exp{(1 + o(1))ada, (0)r™} < [T'(2r, f))F
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as |z| =r — oo in F. Therefore, u(f) = p(f) = oo and
log™ log™ T'(r,
gilog" T(rf) o

pa(f) = limsup 5
r—00 ogr

By Lemma 2.9, pa(f) = po.

Remark. Observe that proving pa(f) > po may also immediately be seen as fol-
lows. Indeed, suppose that po(f) =7 < po. By [10, Lemma 1.3],

mrf(j)> rTte
(77 ) =007

for j = 1,...,k. Since T(r,A;) = m(r,A;) = O(rP*=) for j = 1,....,k — 1, we
observe by (3.1) that

T(r, Ag) = m(r, Ag) = O(r" %) + O(r"*).

Hence p(Ap) < max{r, p} < po, a contradiction.

4. PROOF OF THEOREM 1.3

By Lemma 2.8, all solutions to (1.3) are transcendental. Write now (1.3) in
the form

7 f(k) f(s+1)
—Ag = WJF.“JFAS-HW
(s—1) !
(4.1) + f{S) <Aslf R A1f7 +A0> :

By Lemma 2.3, there exists a set F» C [0, 00) of finite logarithmic measure and a
constant B > 0, such that for all z satisfying |z| = r & F» U [0, 1], we have

f9(z) / o
(4.2) ’ T02) < BT(2r, f)*,0<i<j<k
By the Wiman-Valiron theory,

where |f(z)| = M(r, f) and |z| = r ¢ F3 U [0, 1], where F3 C (1,00) is of finite
logarithmic measure. Since f is transcendental, v(r) — co as r — co. Hence, for
all z such that |z| =r ¢ F5U[0,1] and |f(2)| = M (r, f), (4.3) implies that

f(z)
f(j)(z)

(4.4) <29 j=1,2,-- k.
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Note Fy={0 € [0,27) : |f(re??)| = M(r, f) when r & F3 U [0,1]}. Since A4(z) is
an exponential polynomials, it follows from the proof of [19, Satz 4], [20, p. 462],
and [18, Theorem 1.3.4] that

_log|A(re?)|
Jm = = ha(0)
for all € [—m, 7). Since ha_(6) is continuous in [—m,7), there exists ¢; such
that ha_(0) > ha_(601) for all € [—m, 7). Hence, for all sufficiently small €, there

exists Rg = Ro(#) > 0 such that when |z| =r > Ry and 0 € F}
(4.5) |As(re'?)| > exp{(1 — e)ha,(01)r*}.

Since max{p; (j=1,---,k—1),j # s} = p < ps and A;(z) is of regular growth,
we have »
log |A;(re

L log|A4,(re)

T—r00 rPs

207 (.]:172a 7k_17j3£8)'
Therefore,
(4.6) [A;(re”)] < explo(L)r”} (j =12, k—1,j #5).
Note the set F :=[1,00)\(F2 U F3 U [0, Ryg]) is of infinite logarithmic measure.
It follows from (4.1), (4.2), (4.4)-(4.6) that, for all z satisfying |2| = r € F and
all arg z € Fy,
exp{(1 + o(1))ha, (B1)r" < [T(2r, f)]*
as |z| =r — oo in F. Therefore, u(f) = p(f) = oo and
. log™ log™ T'(r,
pa(f) = limsup 125108 L)
r—o00 ogr

> p

By Lemma 2.9, we have pa(f) = ps.

5. PROOF OF THEOREM 1.4

Since Ay is an entire function with 0 < p(Ag) < 1, we deduce from Lemma 2.5
that, for every o € (u(Ap),1), E := {r € [0,00) : m(r) > M(r)cosma} satisfies
logdenskE > 1 — @. Thus, there exists a positive constant ry such that for all
sufficiently small e > 0 and all » € E\[0,r¢],

(5.1) | Ao ()] > exp{r(4o)=<}.

Since A;(z) has a finite deficient value a, say §(A1,a) = 20 > 0, there exists a
constant r1 such that m(r, ﬁ) > 0T(r, Ay) for all » > ry > rg. Therefore, for
all 7 > rq, there exists z, = ret®r such that

(5.2) log | A1 (2,) — a| < —6T(r, Ay).
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Set 0 < egg < 1— @. Applying Lemma 2.6 to A1(z) — a, we now choose
oo such that oy < min{3,2r — 2} and K(p(A1),e0)o0 log a% < 2. Then, for an
interval J C (2%1, 2 — 2%1) of length of og, and for all » > ry in a set E(gg) of
lower logarithmic density logdensE(gg) > 1 — g, we have

(5.3) . /J

If 0, ¢ J, then we get log|Ai(z,) — a] = oo, which contradicts (5.2), hence
0, € J. Let |z.| =1 € E(g0)\[0,71]. We conclude from (5.2) and (5.3) that, for
allf e Jo=1[0, — 2,0, + | NJ,

A,1 (ret?)

)
- . A~ 7T A .
Al(reze) s df < (T, 1)

2

. ) o ipy _
log|A1(reZQ) —al = IOg\Al(rew’) —q +/ d(log |Ay(re™?) a|)d@
0, de
9 ’ .
A (re*¥)
< =6T(r,A i SV )
S (r, 1)+7'/0T A1 (re?) —a ¥
1
S —§T(T7A1) < O7
and so
(5.4) |Ay(re?) —a| <1

for r € E(eo)\[0,71] and 6 € Jp.
Since for A;(z) = E,,(2), pj > 3 (j =2,3,-++ ,k — 1), we have §,,(¢) < 0 for

J

ey C (ﬁ, 2m — ﬁ) Hence, there exists M > 0 and ro > 0 such that, for all

z satisfying |z| =r > ry and all § = argz € Jy,
(5.5) |Aj(re®®)| < Mr=Y, (j=2,3,--- k—1).
Set F := E(go)() E. Then
log densF + log dens(E(e0)\E) > log densE(=),

and so
logdensF > 1 —¢g — logdensE*.

Since 0 < g9 < 1— @, log densE +logdensE€ =1 and logdensE > 1 — @,
we have

A
«

logdensF >1—¢g —

Assume now, contrary to the claim, that there exists a solution f of finite order
to (1.3). Then by Lemma 2.2, there is a set Fz C (1,00) of finite logarithmic
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measure such that for all z satisfying |z| € Fs U [0, 1],

(5.6) ‘f;:) < [pple=1re) =12
By (1.3),

O] N b 6} I
61 o)l < [T st L 4 ) - al 1o ()

)
Thus, for r € F\(Fs U [0,1] U [0,71] U [0,72]) and 6 € Jy, we obtain from (5.1)
and (5.4)-(5.7) that

exp{r”(AO)_a} <[(k=1D)Mr ' +1+ |a|]rk(p(f)_1+5)
as r — 0o, which is impossible. Therefore p(f) = co.

On the other hand, for r € F\(F; U[0,71]U[0,r2]) and 6 € Jy, we obtain from
(3.2), (5.1), (5.4), (5.5) and (5.7) that

exp{r4) =} < k(1 +[a])T(2r, f)
as r — 0o. This obviously results in u(f) = oo and pa(f) > u(Ao).

6. PROOF OF THEOREM 1.5

Since Aj(z) = E,,(2) € A, p; > % (j=1,---,k—1) and p; < min{p; (j =
2,---,k — 1)}, we obtain, see Definition 2, that d4,(0) <0, j =1,2,--- k-1
when 0 € J; = (ﬁ, 2m — 2%1) Hence, there exists M > 0 and r; > 0 such that,

for all z satisfying |z| =7 > ry and all § = argz € Jy,
(6.1) |A;(re')| < Mr7t, (j=1,2,--- ,k—1).

Denote now by m(E) the linear measure of a set £ C R. We easily see that

(A1) = %m <{9 € [0,2m) : limsupM < oo})

i r— 00 logr

1 T m 1
(6.2) = 3m <2p1,27r—2p1)) _1—2—p1.
Assume now, on the contrary, that there exists a solution f with p(f) < oo, we
obtain from Lemma 2.1 that there exists a set E C [0, 27) that has linear measure
zero, such that if ¢y € [0,27)\E, then there exists a constant ro = ra(p) > 1
such that for all z satisfying arg z = g and |z| > 72, and for all integers j > i > 0,
we have

< |Z|j(p(f)—1+s), j=1,2,--- k.

) (2
(6.3) ‘f()

f(2)
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Lemma 2.7 tells that there exists a sector S(a, 8) = {z: a < argz < 8} with

T T
such that

i0
(6.4) lim sup log log | Ao (re”)| > u(Ao)

r—300 logr

holds for all the rays argz = 0 € («, ). Thus for any given 0 € («, 3), there
exists one sequence {r, }(r, — 0o as n — o) such that

|[Ao(rne”)| = exp{r};(40) =<}
for sufficiently large n. We obtain from (3.1),(6.1), (6.3) and (6.4) that
exp{r (40 < pfr-Lpk(o()-14¢)

as n — oo, which is impossible. Then p(f) = oco.
We also have, when 0 € Ey, from (3.1), (3.2), (6.1), (6.3) and (6.4) that
(

3.2
exp{ri(A0)=e} < kT(2r,,, f)

as r — 00. This results in p2(f) > u(Aop).
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