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Abstract

The (scalar) Ruelle operator theory is well-known both in fractal geometry and
dynamical systems. In this paper we consider vector-valued Ruelle operators
for weakly contractive iterative function systems associated with Dini matrix
potentials. We generalize the result in the paper (J. Math. Anal. Appl. 299 341—
56) to weakly contractive iterated function system. More exactly, our main
theorem gives a sufficient condition for the vector-valued Ruelle operator with
the Perron—Frobenius property.
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1. Introduction

Throughout the paper we always let X be a nonempty compact subset of Euclidean space
(R9]-]). Let 1 <m € Nand let w; : X — X (1 < i < m) be weakly contractive maps (see e.g.
[6] or [24]). We call (X,{w;}?_,) a weakly contractive iterated function system (IFS). We
known from [6] that there exists a unique non-empty compact subset E C X such that

E=|Jwi(E),
i=1
which is called the invariant set of the IFS (X, {w;}!"_,). In the following we always assume

that X = E for simplicity. If we associate the IFS (X, {w;}{"_,) with a family of Dini continu-
ous probability potentials {p;}" |, we discuss the Perron—-Frobenius property of the system
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X, {wi ' {p:}7,) [12]. Among the other results, we show that there exists a unique prob-
ability measure p on E such that

m
p=> pilx)mow; ",
i=1

provided that the system (X, {w;}""_,,{p:}/_,) satisfies the following condition:

sz <sup|wl(|y_z|> ZP, =

v,2€X

And we call p an invariant measure of the system (X, {w;}",,{p;}7",) [8, 12, 24]. It is one
of the important topics to study the multifractal structure of measure . The Ruelle operator
was introduced to study IFS’s by Fan and Lau in [3] where contractive IFS with Dini potentials
were considered. It is followed by many works in the literature (see e.g. [3-5, 9, 10, 14-17,22]
and the references there). Ruelle operator theory can be applied to the study of L7-spectrum and
multifractal structure of measure u (see e.g. [3, 9, 21-23]). There are some studies focusing
on vector-valued Ruelle operators. Leung [ 13] considered vector-valued subMarkov operators
and recurrent IFS. The second author set up Ruelle operator theory for contractive vector-
valued system [21]. The uniqueness and ergodicity of invariant measures for a Markov operator
are discussed [20].

The main motivation of this paper includes the following four aspects. The first is that we
have set up Ruelle operator theory for the weakly contractive IFS [12]. Can we extend the
results in [12] to weakly contractive vector-valued system? That is, if we associate weakly
contractive IFS (X, {w;}"_,) with a family of non-negative d x d matrix potentials {A()}""_|
instead of positive scalar potentials {p;}?* |, what will happen? The second is that Leung [13]
considered a d x d non-negative continuous matrix potential function D(-) = (d;;(-)) ,, , and

the operator £ : C(X,RY) — C(X,R?) defined by
d
x) = di(0)E(wi(x), 1<i<d.

He got an analogous result of Ruelle operator theorem. What will happen if we use a set
of d x d continuous matrix potentials {A() }m to replace a single matrix potential D? This
is to say that we want to consider the weakly contractive IFS (X, {w;}/,) associated with
d x d continuous matrix potentials {A)}”_, and study the operator 7 : C(X,R?) — C(X,R?)
defined by

T(x) = ZA(i)(x)f(wi(x)). (1.1)
i=1

Does the analogous result of Ruelle operator theorem hold for 7?2 It is known that the separa-
tion property plays an important role in studying the multifractal structure of an IFS (see e.g.
[3,4,9-11, 22] and the references there). It is difficult to study the multifractal structure for IFS
with overlaps. Luckily enough, we find that, in some interesting cases, the invariant measures
of a weakly contractive IFS with overlaps can be put into the vector forms, which are the vector-
valued invariant measures of some weakly contractive vector-valued system without overlaps
(see the following examples 3.11 and 3.12). From this, we see that there is a close relationship
between weakly contractive IFS with overlaps and weakly contractive vector-valued system
without overlaps. Hence, it is necessary to study vector-valued Ruelle operator. The fourth is
that, in paper [21], we set up Ruelle operator theory for the operator 7 defined by contractive
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vector-valued system (X, {w;}"_,, {A®}" ) as in (1.1). And then in paper [22], by making
use of the results in [21], we succeeded in studying multifractal structure of contractive IFS
with overlaps. Recently we considered the multifractal analysis for one-dimensional weakly
contractive IFS with non-overlapping [23]. However, there is few multifractal analysis works
done for weakly contractive IFS with overlaps. Can we study multifractal structure of weakly
contractive IFS with overlaps as we did in [21, 22]? To answer this question, we need first to
generalize the work of paper [21] to weakly contractive IFS.

In this paper we consider a weakly contractive IFS (X,{w;},) and a set of d x d non-
negative matrix potentials {A(i) .. We always assume that the following two hypotheses are
satisfied:

(H1) each coordinate function of A(") is either positive Dini continuous or zero;
(H2) Y AW is primitive.

The triple (X, {w;}"",, {A(i)}l’f’:l) is called weakly contractive vector-valued system.

For any x = (x1,X2,...,%4)" € RY define x| = max <;<q|x:|. Let C(X,R?) denote the set of
all continuous R%-valued functions on X. Forany f = (fi,f,....,fs)" € C(X,R?), define |f]| oo =
max,cx [f(x)|. It is easy to check that C(X,R?) is a Banach space with the norm || - || -

We can define a vector-valued Ruelle operator 7': C(X,R?) — C(X,R9) by

Tf(x) = Zm:A(i) (0)f(wi(x)), feC(X,RY). (1.2)
i=1

It is easy to know that the operator 7 is a bounded linear operator. We use o(7T) to denote the
spectral radius of the operate 7, and we often denote it by p for short if there is not confusion
caused. Then we have

. n %
o(T) = tim |77]]7. (1.3)

The essential spectral radius gess(T) of T is a well-known concept in functional analysis (see
e.g. [1,2]).

Let M(X,RY) be the set of all regular Borel R%valued measures on X. For any p =
(1, 12, - - pta)' € M(X,IRY), let p(f) = Zleffi dp;. We call o a probability measure if
pn(l)=1,ie. Z?:] 1;(X) = 1. And we use T* to denote the dual operator of T.

Forany 1 <i<m,let

wex x -yl

The following theorem is the main result of this paper, which is a special case of theorem 3.1.
Theorem Let (X, {w;}"_,) be a weakly contractive IFS, and let matrix potentials {A()}"_|
satisfy the hypotheses (H1) and (H2). Assume the system (X, {w;}"_,, {AD}"_) satisfies the
condition:

<o. (1.5)

o0

ZF[A(i) ()1
i=1

Then there exists a unique vector-valued function 04y ; < h € C(X, R4 ) and a unique vector-
valued probability measure u € M(X,R¢) such that

(1) Th=gh, T*pp = gp and p(h) = 1;
(2) for any f € C(X,RY), lim,_, . | 07" T"f — p(f)h||oc = 0.

3663



Nonlinearity 36 (2023) 3661 F-F Deng and Y-L Ye

The above theorem is a vector form generalization of the classical Ruelle operator the-
orem. It is known that the contractive IFS with Dini continuous potentials has the bounded
distortion property (BDP) (see e.g. [3, 21]). By using the BDP, we can prove vector-valued
Ruelle operator theorem [21]. However, the weakly contractive systems considered do not
have the BDP in general. It creates difficulties for us to set up vector-valued Ruelle operator
theorem. In paper [25] we consider weakly contractive IFS with Lipschitz continuous mat-
rix potentials. We can regard vector-valued Ruelle operator T acting on the space L(X,R%)
of Lipschitz continuous vector-valued functions. Then we prove, by making use of Tonescu—
Tulcea and Marinescu theorem, that the operator T is quasi-compact acting on L(X,R¢); and
in this case, we have ges(7) < o(T). However when matrix potentials are Dini continuous,
even if the assumption (1.5) is satisfied, the essential spectral radius ges(7) and the spectral
radius o(7T) may be equal, which introduces difficulties in establishing the Ruelle operator the-
orem. To prove our main result (theorem 3.1), we set up proposition 3.3, which states that the
sequence { o~ "T"1}5° , is both uniformly bounded and equicontinuous. We can apply Arzela—
Ascoli theorem to yield a vector-valued eigenfunction corresponding to the spectral radius
o(T). By making use of the eigenfunction, we can define a ‘normalized’ vector-valued Ruelle
operator, and show the main result of the paper.

We organize the paper as follow. In section 2 we present some notations and elementary
facts about the weakly contractive vector-valued system. In section 3 we study the Perron—
Frobenius property of the vector-valued Ruelle operator. Finally, we present two examples to
illustrate the necessity to study the vector-valued Ruelle operators.

2. Preliminaries
For any A = (aj)mxn: B = (bjj)mxn € R™*", we use A > B (or A > B) to mean that a;; > b;; (or
a; > byj) forany 1 <i <m,1 <j <n. Andlet0,x, = (O)mxn’ ie.

0,50 = (@jj)mxn With gy =O0forall 1 <i <m,1 <j <n.

A non-negative d x d matrix B is called primitive if there exists a positive integer n such that
B" > 0,4 [18].

Let (Y;,d[(~, )) i = 1,2, be two metric spaces, and let u : (Yl,dl (-, )) — (Yz,d2(~, )) be a
continuous map. The modulus of continuity of u is defined as

ay(t) = sup dy(u(x),u(y)) forall > 0.
x,yEY]|
d () <t
A map w : X — X is called contraction if there exists a constant 0 < ¢ < 1 such that
oy (f) < ctforallt > 0.
A map w : X — X is said to be weakly contractive if
oy (1) < tforall £ > 0.

A function p : X — R is said to be Dini continuous if there exists a r > 0 such that
r
ap(t
/ ﬁdt < oo.
0 t

We would like to point out that Dini continuity is weaker than Holder continuity.
Throughout the paper we always let (X, {w;}""_) be a weakly contractive IFS. Without loss
of generality, we may assume that

[X| = sup{jx—y: x,y € X} = 1.
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We always assume that the hypotheses (H1) and (H2) are satisfied. Let T be the vector-valued
Ruelle operator defined as (1.2); and let o be the spectral radius of T given by (1.3).
LetX ={1,2,...,m}Nand X, = {1,2,...,m}". Forany [ = i1is...i, € ¥,, we use |I|(= n)
to denote the length of 1. Let
wi(x) =w; ow;, 0...ow; (x).
Let
Ay, (x) = Alin) (x)A(i"*‘)(w,',l (x)).. .A("‘)(w,-2 owyo...ow; (x)).

Denote A, (x) :(a;,f)(x))dxd, and then we have, in particular, A¥)(x) = (a. (x))

From (1.2), we can conclude inductively that

T"f(x) = Y Ay, (x)f(wi(x)) forall n € N.
|I|l=n
Let

ap(t) =maxa, () forany t > 0, (2.1)

log @y

where the maximum is taken over all entries a},i)
follows that

which are strictly positive. From (H1), it

1
/ 9 4 < o0, 2.2)
0 t

Proposition 2.1. Let (X, {w;}/",) be a weakly contractive IFS. Then

lim max |w;(X)| = 0.
n—o0o \I|:n

Proof. Let
() 7, :=max|w;(X)| forall n € N;

Il
.. .: S
() () : max ay, (1) for all £ > 0.

im

2.3)

Note that X is a compact subset of R?. From the weak contractiveness of {w;}"_,, we deduce
that

) 0< Vg1 Ky foralln eN;
() 7(r) <t forall > 0; 2.4
(iii) 7 (¢)is right continuous on [0, 1].

From (2.4)(i), we may let
a:= lim v, > 0.
n—o00
We claim that a = 0. Otherwise, suppose that a > 0, then we have
Yo = a> 0.
From this, together with (2.3) and (2.4)(ii), we can deduce that
a < Y1 <7(m) <, foralln e N.
From this, together with (2.4)(iii), we conclude that

0<a< lim 7(y,) = (@) < lim 7, = a.
n— 00 n—r 00
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This implies that 7(a) = a > 0. This contradicts with (2.4)(ii). Hence the claim is proved. [
Lemma 2.2. Let {A(i) ", satisfy the hypotheses (HI) and (H2). Then
T"1(x) > 04%1 for alln € Nand x € X.

Proof. From (H2), it follows that there exists some n > 0 such that

D A () > 0y forall n > no. (2.5)

|I|=n
Let A (x) = (af ()

b;,? = rxnei?a;,?(x) forall 1 <i<mand1 < j,k<d.

. Define BY) = (bg,?) , where
dxd ) dxd

From (H1), together with the compactness of X, it follows that
b;,? =0 if and only if a},? (x) =0forall x € X.

From this, together with (2.5), we conclude that

(ZB(i)> > 0444 for all n > ny.
i=1

Thus no row of >/~ B is identically zero vector. From this, it follows that for any n > 0

T'(x) =Y Ay (01> (ZB@) 1> 045
i=1

[T]=n

The following proposition 2.3 is an analogous result of [12, proposition 2.2(i)].
Proposition 2.3. Let T be the operator defined as (1.2). Then we have
inp "|T"1(x)| <1< T i .
min ™" |7"1(x)] max ™" |T"1(x)| for alin € N

Proof. It can be proved similarly to the proof of [12, proposition 2.2(i)], and we omit it. []

3. Perron—-Frobenius property

In this section, we will study the Perron—Frobenius property of the vector-valued Ruelle
operator T defined as (1.2). For any 1<i<m, we let r; be as (1.4). And for any
I=1i1ir...0, € X, let

r1:r,-lr,-2...r,~n,
and define

Ry — sup 1) =m0
wer o=yl

It is the Lipschitz constant of w;. It is obvious that
Ry <riforalll € X,.

The following theorem 3.1 is the main result of the paper.

3666



Nonlinearity 36 (2023) 3661 F-F Deng and Y-L Ye

Theorem 3.1. Let (X, {w;}I,) be aweakly contractive IFS, and let matrix potentials {AD) }1_|
satisfy the hypotheses (HI) and (H2). If there exists k such that

> RA 1) < 3.1)

|1|=k
(oo}

then there exists a unique vector-valued function 0gx, < h € C(X,RY) and a unique vector-
valued probability measure p € M(X,RY) such that

(1) Th = oh, T*p = op and p(h) = 1;
(2) for any f € C(X,R%), lim, oo || 0" T"f — u(f)h|| 0o = O.

We say that the vector-valued Ruelle operator theorem for T holds if the assertion of the-
orem 3.1 holds. To prove theorem 3.1, we need some preparations.

Lemma 3.2. If the vector-valued Ruelle operator theorem for T holds for some q > 2, then
the vector-valued Ruelle operator theorem for T holds.

Proof. The spectral radius for 77 is ¢?. Since the vector-valued Ruelle operator theorem for
T7 holds, we have a unique vector-valued function 0, ; < h € C(X, R4 ) and a unique vector-
valued probability measure p € M(X,R?) such that

T%h=o'h, (T7)"p=o'p, <ph>=1.
Moreover, for any f € C(X,R%),

Tim [ (o) " (T%)"f ~ (Db =O0.
It follows that for f = Th, we have

lim o™™T"(Th) =< p,Th>h= lim T(¢™"T""h) =< p,h >Th=Th.
This implies that

Th=<p,Th>h.
From this, we deduce that

Th = ph.

Similarly, we have 7" = pp.
For the convergence, take any f € C(X,R¢), we have

lim |0~ T"f — o7/ < pu, Tf >h|| =0 forany0<j <gq.

n—o00
Note that
<, TE>=< (T*Yu,f>=0o < pu,f>.
We get that
Tim [[o™"7"f~ < po,f > h|| =0.
Hence, the vector-valued Ruelle operator theorem for 7 holds. O
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Proposition 3.3. Let (X,{w;}""_|) be a weakly contractive IFS, and let matrix potentials
{ADY™_ satisfy the hypotheses (HI) and (H2). If the system (X, {w;}"_, {AD}"_ ) satisfies
the condition:

< 0, (32)

o0

ZriA(i) ()1
i=1

then for any f € C(X,RY), {o™"T"f}2., is uniformly bounded and equicontinuous.

Proposition 3.3 plays an important role in studying the Perron—Frobenius property of the
vector-valued Ruelle operator. To prove proposition 3.3, we need to set up the following lemma
3.4, proposition 3.5 and lemma 3.6 first.

Forany n € Nand I =iji;...i, € 3,, we define

We let for convenience /| |',§ = () for all 0 < k < n. It is obvious that
Ay () = Ay ()4, (wip) forall 0 <k <
k 1 0

Let ap be the function defined by (2.1). Note that for any given 6 : 0 <6 < 1,

> 17 a() 1 M ao()
k1Y 0 _ 0
kzz(:)ao(a )\ l—akz_(:)/@Hl t dr 1—9/0 t dz.

From this, together with (2.2), it follows that

a:= Zao(Gk) < 00. (3.3)
k=0
For any 0 < 7 < 1 we define
B(1) = a(6%).
k=0

We know from (3.3) that ¢(¢) is continuous and 0 = ¢(0) < ¢(1) = a. Forany 0 < ¢t < 1 and
any I € X, we define

ai(t) = _ag (v (1)
k=0

By the definition of A, (), we have
Ay, (x) < e DAL (y) forall x,y € X. (3.4)

For any given 0 : 0 <0 < 1, let

P(n,k) = {I € $, : kis smallest with ryp > 0"*}, 0 <k <n, (3.5
P(n,n) ={I €%, :rpp < 0" *forall 0 <k <n}. '
It is easy to see that
S = P(n.k). (3.6)
k=0
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The system (X, {w;}"_,,{A®}"_,) is said to have the BDP, if there exists a constant C > 1
such that

Ay, (x) < CA,,(y) forallle U Y and x,y € X.
n=1

Although the system (X, {w;}"_,, {A®)}"_,) does not have BDP in general, we present a useful
basic property of the system in the following lemma 3.4.

Lemma 3.4. Let the system (X,{w;}", {A(i)};”zl) be as in proposition 3.3. Then for any
1€ P(n,k)

(i) 01() < ¢(1) + (n — K)o (1);
(ii) Ogxa < Ay, (x) < e?DA, () W”k(y)forallx,yex.

Proof. (i) Forany I =iyi,...i, € P(n,k) and for any 0 < j < k, we have
rI‘Z 2 9"_k and r,‘;’ = rI‘jz; . rI‘Z < 0"/

And then we have

}"Illl_c . r,m

< o+,

Rl|k < rlll_c =
J I"I‘;(z

From this, it follows that for any I = iyi,...i, € P(n,k) and 1 > 0

sup |W1‘k( x) —wpr(y)] < 0"t forany 0 < j < k. 3.7
le—y|<t !

From this, together with the weak contractiveness of {w;}"_,, we get (i).
(i1) From (3.7), together with (2.1), we deduce that forany 0 < j < kand any x, y € X

045q < A("f')(wiprI OWi,, 0 ... 0w (X))
< A(ij)(wij+1 OWj,,0...0W, (y))e(")(‘gkijl"_yl).
It follows that for any I € P(n,k) and any x, y € X,

k k—i|, —
s < Ay, () <A (y)e S (0 i) o DAy, ). (3.8)

W”é
Recall that Ay (x) = 04% 4. From this, we conclude that for any I € P(n,k) and any x, y € X,
k

0gxq < AW: (x) :AWIIZ (X)A ik (Wllnx)
< e¢'(‘xiy‘)Aw1\'kl (X)Aw”é ) (by (3.8)).

O

Proposition 3.5. Let the system (X,{w;}",, {A(i)}g"zl) be as in proposition 3.3. Then there
exist constants £ > ¢ > 0 such that

(1< "T"1(x) <&1 foralln>0and x € X. (3.9)

3669



Nonlinearity 36 (2023) 3661 F-F Deng and Y-L Ye

Proof. We prove the existence of the upper bound of (3.9) first. Note that X is compact.
From (3.2), we can find an 0 < n < 1 such that

ZriA(i) (x)1<nelforallx € X.
i=1

Note that

m

Z riAy, (x)1 = Z rjA(j) (x) Z rAy, (wj(x))l

[J|=n+1 j=1 [I|=n

From this, we can prove, by induction, that for any n >0

> rid, (x)1< (170)"1 for all x € X. (3.10)
[I|=n
Choose 6 : 0 <n <6 < landlet P(n,k) (0<k<mn)beasin(3.5).Let0 < d:= 7 < l and let
G =1-1" € R¥“ We claim that there exists a constant M > 0 such that for any n € N
0" Z Ay, (x) < MO"*G forall 0 < k < n. (3.11)

I€P(n,k)

Indeed, for any I € P(n,0) we have r; > 6" > 0. From this, together with (3.10), we conclude
that

> 0AL (1< D rA, (01 (n0)"1.

I1€eP(n,0) [I|=n
From this, we deduce that

Oxa <o Y Ay(x)<5"Gforalln>0andx€X. (3.12)
I1€P(n,0)

By proposition 2.3, there exists some x; € X such that
Ouxa < 0D Ay, (x) < G forall k> 0. (3.13)
1=k
Note that for any I € P(n,k), we have I|] € P(n—k,0). It follows that
0uxa <o Z Ay, (%)
I€P(n k)

<o Z eaAW(x)AW% (xz) (by lemma 3.4(ii))
I1€P(n,k)

<[ o™ > AL @ [t D] Au ()

I'eP(n—k,0) I |=k
<e""*G-G  (by(3.12) and (3.13))
= M5"*G for some M > 0.
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Hence the claim (3.11) is proved. It follows that

0" A=)l > Au) (by (3.6))
k=0

[I|=n IeP(n k)

<Y M&"*G (by (3.11))
k=0

< (MZ&") G :=~G.
k=0
Hence for any n > 0 and for any x € X, we have
0 "T"(x) < ydl:=¢£1. (3.14)

Now we try to prove the lower bound in (3.9). For this, we let
o= ag(|wy(X)|) for any I € 5,

From this, together with lemma 3.4(i), we conclude that
or=o0i(l) <a+ (n—k)ay(l) forall I € P(n,k). (3.15)

By applying proposition 2.3 and (3.14), we get that for any n > O there exists y, € X such that

wr (Vn) ’ <& (3.16)

\ ﬂ = Q
1=

Note that 0 < § < 1 and then >_;° k- 6% < co. It follows that

0" Z UIAWI(yﬂ) = Q_nz Z UIAWI(yn)

|I|=n k=0 I1€P(n,k)

(MZ a+ (n—k)ag(1))o"~ k) (by (3.11)and (3.15))
<+'G for some v’ > 0.

Thus

01 < 0" Z UIAvv1(y11)1 < ’Y/dl (3.17)
[I|=n

From this, it follows that

0" T"(x) = 07" ZAW, 207" e Ay ()1

|1| [|=n

“”AW, ya)1  (by(3.16)). (3.18)
"=
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Let €; be the d-dimensional row vector with that the ith coordinate is 1 and the rest are 0.
From (3.16), for any n > 0 there exists 1 < i,, < d such that

C,= Q_nan ZAw(yn)l'
|I|=n
Then
o
Fei/wal (yn)l = 1'

l=n "

Note that ¢* is convex. From this, we conclude that

—n

o | S auwt] = 3 (Graautnt)er by (a3)

|[I|=n [I|=n

> exp —%é’in > i (ya)1
" |I|=n

> exp(—~'d) (by (3.17)). (3.19)

Let ng and BY) = (b},?)dxd be as in the proof of lemma 2.2. For any I = iyi,...i, € 3, let
B = Bl glin1) | B(1) By lemma 2.2, there exists a constant b > 0 such that

0" > BV >bG.

[|=no

Note that A®) (x) > B > 0,,4. It follows that for any n > ng

oI Aw@1Z | o 3T B o 3T A () |1

[I|=n |I'|=ng |I""|=n—ng
> (bexp(—'d))1  (by (3.19)).

By applying lemma 2.2, for any n < ny, we get a constant b, > 0 such that

0" Ay(1=0"> BY1> b1 forallx € X. (3.20)

1|=n 1|=n
Let b’ :=min|gu<n, b, > 0. Then for any n < ny,
0 "T"1(x) = b'1 > 045 for any x € X.
Let ¢ = min{b’,bexp(—7’'d)} > 0. From the above arguments, we deduce that
o "T"1(x) > (1 foralln € Nand x € X.
This completes the proof. O
Now we consider the equicontinuity of the sequence {9~ "T"1}52 ,.

Lemma 3.6. Under the assumption of proposition 3.3, there exists a continuous function v
defined on [0,1] such that 1(0) = 0, and for any n > 0,

o "T"1(x) = T"1(y)| < ¢(lx —y|) for any x,y € X.
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Proof. The notations are adopted from proposition 3.5. Define

Y(t) =dMy " §F (DT 1) 0<r< 1
k=0

Note that ¢(0) = ap(0) =0 and 0 < § < 1. From this, together with the continuity of ¢ and
a, we can deduce that () is well-defined, and furthermore, %) is continuous, and 1(0) = 0.
For any x,y € X, let t = |x — y|. It follows that

o "|T"(x) = T"1(y |—Q_"|Z Y. (A -A,m)1  (by (3.6))

k=0 I1€P(n,k)

_"\Z S (O —1) A, 01 (by (34))

k=0 I€P(n,k)

< dMZ 5 (P20 1) (by (3.11)and lemma 3.4())

dMZcS"( koot —1>=¢(t).

This completes the proof. O
Proof of proposition 3.3. Let
CT(X,RY) ={fe C(X,RY): £> 041 }.

Note that X is compact. For any f € C* (X7 Rd) there exist constants dp > d; > 0 such that
di1 <f < d,1. From this, together with proposition 3.5, it follows that there exist constants
§ = ¢ > 0 such that

Cdi1< o7 "T(x) <&dp1 forallm>0andx € X.

Hence for any f € C*(X,RY), {o™"T"f}>2, is uniformly bounded.
For any f € C*(X,R?) and x,y € X, we have
\Q’”T" ) = *"T”f( )|
<o Z i (9) = A, () E(wi (7))

1=

+o7"| Z A, () (F(wr(y)) = £(wi(x))) |

[1=n

||f||oo£77n| Z wi (¥) — Ay, x))l}

7=

‘an ZAW,(x)l‘ (max ‘f wi(y)) —f(w,(x))|>

[7|=n
|I|=n
< Bl (ly =) +-€ - max |€(wi(y)) — £(wi(x))| (by lemma 3.6).
By lemma 3.6, v is continuous on [0, 1], and v (0) = 0. This, together with the continuity of
f and the weak contractivity of {w;}"_,, implies that for any f € C* (X,RY), {o™"T"f}32, is

equicontinuous.
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For any fe C(X,R?), we can choose a >0,y such that f+a>0,y;. Then both
{o7"T"(f+a)}>2, and {p "T"a};°, are uniformly bounded and equicontinuous sub-
sets of C* (X,R?). Hence for any fe C(X,R?), {o™"T"f}32, is uniformly bounded and
equicontinuous. O

Now we are able to prove the existence of the eigen-function of the vector-valued Ruelle
operator, which is important for us to study the Perron—Frobenius property of the vector-valued
Ruelle operator.

Proposition 3.7. Let the system (X,{w;}!" |, {A(i)},m:]) be as in proposition 3.3. Then there
exists a 0y1 <h e C (X, Rd) such that Th = oh.

Proof. Let
1 n—1
fn — 7iTi1 , N.
(9= 2 0 T10), ne

From proposition 3.3, we deduce that the sequence {f,, }5° , is uniformly bounded and equicon-
tinuous. From this, we conclude, by applying Arzela—Ascoli theorem, that there exists a
04x1 <h e C(X,R?) and a subsequence {f;, }72, such that lim;_, ||f,, —h||sc = 0. Then
|Th — oh[| = llggo |78, — of[| o
T O\ —nn
= lim =0 "T"1 — 1|
1 —00 N;
1
< lim M —

i—00 }’ll'

0.

This implies that ||Th — gh||, = 0, and then Th = gh. O

Let 0,5 <h € C(X,R9) be the eigen-function determined by proposition 3.7, i.e. Th =
oh. We denote h = (hy,hy,...,hy)". Forany 1 <i <m, let

0 gy = W) )y pn < k< d
U0 =gy g e 0 forall L < Jks d

and define
D () — (D
0" = (¢ ) . (321)
For any I = iyi;...i, € X,, we define
Oy, (x) = 0 (x) QU= (w; (x))...0") (wy, 0...ow; (x)).
Denote Q,,(x) = (q},? (x))axa- From Th = gh, together with the definition of Q()’s, we con-
clude that

Z 0,,(x)1=1 foralln e N. (3.22)
[I|=n

Define a ‘normalized” operator L : C (X,R?) — C (X,R?) by

Lf(x) = Emj 0D (x)f (w;(x)). (3.23)
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Let
h](x) 0 0
wo=| o
6 6 e hdtx)

Then H is invertible, i.e. H- H~! = H~' - H = [, where [ is identity matrix. It can be checked
that

o ' T(HE) (x) = H(x)L(f)(x).
And by induction, we have

o "T"(Hf)(x) = H(x)L"(f)(x) foralln e N. (3.24)
Proposition 3.8. Let the system (X, {w,-}?":],{A(")};"Zl) be as in proposition 3.3, and let
0 (1 <i < m) be defined as (3.21). Then {Q(i)};":] satisfy the following two conditions:

(i) each coordinate function of Q1 is either positive continuous or zero;
(ii) Y1, QW is primitive.

Proof. From (3.21), together with (H1) and 04 < h € C(X,R?), it follows that for any 1 <

i<mand1<jk<d, qj(,f) (+) is either positive continuous or zero on X.
We let

b= mi o (wi(x) _ e (wi(x))
= min min min——* and c¢= max max max ——‘-.
1<i<m1<jk<d xeX hy(x) 1<i<m1<jk<d x€X  hj(x)

From the compactness of X, together with 0,1 < h € C(X,R?), we deduce that 0 < b < ¢ <
0. And from (3.21), it follows that for any 1 < j,k<dand [ € Y,

07"b-af} (x) < qff (x) < 0 "c-aly) (v).
This implies that
07 "bAy, (x) < Oy, (x) < 07 "cAy, (x) forall I € Z,,.

From this, together with (H2), we conclude that there exists g such that

D 0w (x) = 07"b Y | A, (x) > 04yq for all n > no. (3.25)
[I|=n |I|=n
This implies that 37", 01 (x) is primitive. O

Proposition 3.9. Let the system (X, {w;}"_,,{AD}Y"_ ) be as in proposition 3.3, and let L be
the operator defined as (3.23). Then there exists a unique vector-valued invariant probability
measure v such that

lim [|L°f = v (f) -1 |oc = 0 forany f C(X,RY).

Proof. For any f € C(X,RY), we have Hf € C(X,R?). From proposition 3.3, we know that
{o7"T"(Hf)}2°, is uniformly bounded and equicontinuous. From this, together with 0,5, <
h € C(X,R%), we deduce that {o™"H~'T"(Hf)}°, is uniformly bounded and equicontinu-

ous. This, combined with (3.24), implies that for any f € C(X,RR¢), the sequence {L"f}>°, is
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uniformly bounded and equicontinuous. From this, we can get, by applying Arzela-Ascoli
theorem, a f € C(X,R?) and a subsequence {L"f}°, such that

lim [|Lf —f||oc = 0. (3.26)
1—00
We claim that for any f € C(X,RY) there exists a constant bs such that f = b¢- 1. Indeed, for
any f = (fi.f2,....fa)" € C(X,R9), let
Ao(fi) = max/i(x), and A(F) = max Ao(fi)

From (3.22), it follows that for any f € C(X,RY), {\(L"f)}°, is a decreasing sequence, i.e.
(L") < A(L™f) for all n > 0. (3.27)
From this, together with (3.26), we deduce that for any k € N,
{D (L) < AD);
(i)  A(E) < A(LH).

(3.28)
Note that the operator L is continuous. And from (3.26), we conclude that for any k € N
Tim ([Z54— L4F = tim |24 (L D) o = 0.
From this, together with (3.28)(ii), we deduce that
A(f) < ML) forall k € N.
This, combined with (3.28)(i), implies that
A(f) = M\(L*) for all k € N. (3.29)

We denote L'f = ((L”i')l,(L”f')z, ey (L"i')d)t. Note that X is compact, and f is continuous.
From this, it follows that for any n € N there exists a 1 < j, < d and a x,,j, € X such that

A) = ML) = X ((L'F);,) = (L'F);, (o) (3.30)
Note that Q,, (x) = (q;,? (x)) /s and
L'E(x) =) Qu (0)F(wi(x)). (3.31)
[T|=n
From this, together with (3.30), it follows that
A(f) = A\(L") = |Z ﬁqg]z (g Ve (Wi ) ) -
I|=nk=

From this, together with (3.22), we deduce that forany 1 <k <dandl€ 3,

AE) = i (wilx,)) if g1 (xnj,) > 0.

)

By proposition 3.8(ii), for any 1 < j, k < d and n > ng there exists an I](,': € Y, such that

“w
qj(k” ) (x) >0 forall x € X. (3.32)
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Hence for any 1 < k < d and n > ny there exists an IJ('Q € 3, such that

/\(f.) = )\o(f;) Zﬁ(wlj(nk) (xmj”)) .
Note that
L= LA(L).

From this, together with (3.29), we deduce similarly further that for any 1 < k < d and any
n>1

Xo(fi) = ME) = (L") = Xo ((L"E)x). (3.33)

This implies that we may choose any one 1 < k < d to replace j, in (3.30).
Forany f = (fi.f3,....fa)' € C(X,R?), let

To(fi) = {Cfggfk(x)yand 7(f) = lgngo(ﬂ)-

S

Similar to the proof of (3.33), we can prove that forany 1 <k < dandanyn > 1
(i) = 7(f) = 7(L"f) = 7o (L")

From this, together with (3.33), we deduce that, by applying (3.31) and (3.32), forany 1 <k <
d and n > ng there exist x,(,k) , y,(,k) € X and I,(lk) € 3, such that

AF) = Mo(f) = fi (W,/gw (xr(zk))) ;
() = 70(f) =i (g 03

Let xo be a fixed point in X. Then for any 1 < k < d,

(3.34)

W) (x0) € X foralln € N.

This implies that the sequence {W,w (x0)}52,, contains a convergent subsequence
{WI,S? (x0)}52,, and we let

Z = lim ww (xo).
l—o0 fng

Then z; € X. Let

ay = rr‘lax|w,(X)| foralln € N.

|I|=n
By proposition 2.1, we have

lim a, =0.
n— oo

From this, we conclude that
lim w0 (x,(llz)) m wa (y,(/;)) = lim ww (x) =z €X.
L—o00 g £—o00

=1l
ne £— 00 ne
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From this, together with (3.34), we deduce that for any 1 <k <d
A(E) = Xo(fi) = lim fi(wyo0 (x$)) = fi(ze)
£— 00 ng
. y k ~ e
= Jim i (w00 09)) = 7o(fi) = ().
This implies that

f = A\(f) = by - 1 for some constant by,

and the claim is proved. Furthermore, from the claim, together with (3.27) and (3.28), we can
deduce that

nli)n;OHL"f— bg-1]|e0 = 0.
Define v : C(X,RY) — R by

v(f)=b, fecCX,RY).
Then (1) = 1. And we can check that

v(af+ Bg) = av(f) + Br(g) foralla, B € Randf,g € C(X,RY).
Hence, v is a vector-valued probability measure on X. Note that

v(L(K)) = brs) = by = v(f).

We have L*v = v. Suppose that there exists another vector-valued probability measure v such
that L*v = v. Then for any f € C (K, R?)

v(f) = nli)rch*”v(f) = nli}rgov(L”f) =v(v(f)-1)=v(f).

Thus v = v.
O

Proof of theorem 3.1. From lemma 3.2, we know that if the vector-valued Ruelle operator
theorem for 77 holds for some g > 2, then the vector-valued Ruelle operator theorem for T’
holds. From this, we may assume k = 1 in the condition (3.1) so that it is reduced to (3.2).

By proposition 3.7, we let 0;x; <he C (X, Rd) satisfy the equation: Th = gh. Let L be
the ‘normalized’ operator defined as (3.23). For any f € C (X, Rd), we have H'f € C (X, Rd).
This, combined with proposition 3.9, implies that there exists a unique vector-valued invariant
probability measure v such that

lim |[L"(H™'f) —v(H'f) - 1||oo = 0.

n—00
Define u € M(X,R9) by

u(f) =v(H'f), fc C(X,RY).
From this, together with (3.24), it follows that

Tim [|o™"T"(£)  p(f) - h||o = 0. (3.35)
Let f, and £, be the vector-valued functions as in the proof of proposition 3.7. Then we have

lim ||f,, — h]]o = 0.
1 —00
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From this, together with (3.35), we conclude that
lim ||o™"T"1 —h||, = 0.
n—oo

From this, we can deduce that (1) = 1, i.e. p is a vector-valued probability measure.
From the definition of w, it follows that

ph)=vHTh)=v1)=1.
Note that L*v = v. From this, together with (3.24), we deduce that for any f € C (X, Rd)
W(TE) = op(H-LIH™'D)) = ov(L(H™'1)) = ov(H™'f) = opu(h).

From this, we conclude that T*p = pp. The uniqueness of h and p can be deduced easily
from (3.35).
O

Note that a lower bound of the spectral radius can be obtained as

N
IS

From this, together with theorem 3.1, we get the following corollary immediately.

Corollary 3.10. Let (X, {w;}!",) be a weakly contractive IFS, and let matrix potentials
{ADY™_ satisfy the hypotheses (HI) and (H2). Assume the system (X, {w;}7_,, {AD}" )
satisfies the condition:

Zm:r[A(i) (01 zm:A(i) (01
i=1 i=1

Then the vector-valued Ruelle theorem holds.

< min
xeX

, (3.36)

oo

We would like to point out that the condition (3.36) is checkable. At the end of the paper,
we present examples to show that, in some cases, invariant measure of a weakly contractive
IFS with overlaps can be put into vector form, which is the vector-valued invariant measure of
some newly defined weakly contractive non-overlapping IFS associated with matrix potentials.
The first example is almost copied from paper [25].

Example 3.11. Let X =1[0,2], and let 51(x) = =55, s2(x) = £, s3(x) = 12, si33(x) =
si(x) +1(1<i<3),xeX.

It is easy to see that both s; and s4 are weakly contractive maps; and s; (i # 1,4) are all
contractive maps. Hence (X, {s;}°_,) is a weakly contractive IFS. It is easy to see that

i.e. X is the invariant set of the IFS (X7 {Si}?:1)~
Let {p;}%_, be a set of Dini continuous positive potentials on X with

6
Zpi (si(x)) =1.
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We know from paper [24] that there exists a unique probability measure v on X such that

6
VZZp,-(x)yos[fl, (3.37)
We, however, find that
3 3
52056(x) = s3053(x) = % +tots

This implies that the IFS (X, {s;}°_,) has overlaps. It creates difficulty for us to study the meas-
ure v, such as the multi-fractal structure of the measure v. Luckily enough, we can transform
the measure v into a vector-valued measure p on R :

v(DN[0,1])
(D) = (V((Dﬂ [0,1]) + 1)) ’

for any Borel subset D C R. In fact, let K = [0, 1], and define for any x € K

wi(x) = s1(x) = 753

wa(x) =s1(x+1)= ;‘i;x;

w3 (x) = s2(x) = 12, (3.38)
wa(x) = sa(x 4+ 1) = s3(x) = 13,

ws(x) =s3(x+1) = <.

Then we have U _, wi(K) = K, and moreover

Ko)ﬂw,(Ko) = () forany i #j.

This implies that the IFS (K, {w; }>_,) has non-overlapping.
We can check directly that supp(u) C K. From (3.38), we can deduce that (3.37) is equi-
valent to the following:

n= ZB X)pow; . (3.39)

p1 0 0 p p 0
B, = , By= , B3= ,
' (P4 0) ’ (0 P4) ’ (Ps 0)
ps P2 0 p3
By = . Bs= .
N (P6 P5> : (0 P6>
Let A®) = Bl ow;. Then a non-overlapping system (K, {w;};_,,{A®}3_,) is set up. It is obvi-

ous that the hypotheses (H1) and (H2) are satisfied. Now we cons1der a vector-valued Ruelle
operator T: C (K, Rd) —-C (K, Rd) defined by

Where

ZA() wi(x)), feC(K,RY).

From (3.39), it follows that 7*p = p, i.e. p is a vector-valued invariant probability measure
of the system (K, {w;}7_,,{A®}3_)).

The following example 3.12 is more general.

3680



Nonlinearity 36 (2023) 3661 F-F Deng and Y-L Ye

Example 3.12. Let S be a C! function defined on an open interval containing [0, 1] and assume
that S satisfies the following condition:

= 1 :l'

$(0)=0, 5(1) =} 10
0<S'(x)<1=8(0)=S'(1) forall 0 < x < 1.

Let X :=[0,2]. For any 0 < i < 2, we define S; : X — X by

Si (x) :S(x—[x])Jr%Jré. (3.41)

(Recall that [x] is the integer part of x.) From (3.40), we conclude that the IFS (X, {S;}7_) is
weakly contractive. It is easy to see that

i.e. X is the invariant set of IFS (X, {S:}?_,). Moreover, we can deduce from (3.41) that
Sb o Sz = SH 9] Sb and ;S] e} Sé = Sz e} So.

This implies that the IFS (X, {S:}?_,) has overlaps.
Let p,-}iz: o be a family of Dini continuous positive potentials on X satisfying the condition:

> piSi(x) =1. (3.42)
i=0

Note that Sy o S (X) C (0, 1). This, combined with (3.40), implies that Sy 0 Sy o S; (x) is con-
tractive. From this, it follows that the weakly contractive system (X, {Si}2_, {pi}7_) satis-
fies the condition of [24, theorem 4.3] for k = 3. Hence from this, we know that there exists a
unique probability measure v on X such that

2
v=> pivoS " (3.43)
i=0

It is difficult to study the measure v, such as the L?-spectrum of the measure v, as the IFS
(X, {Si}?_,) has overlaps. Luckily enough again, we can split the measure v into a vector-
valued measure p on R defined by

_( »@n[o,1))
wD) = (V(Dm 0,1]+1))°
for any Borel subset D C RR. In fact, let K = [0, 1], and from (3.41), we define forany 0 <i < 1

wilx) = S(x) + % YEK. (3.44)

Then we have wo(K) | Jw; (K) = K, and moreover
wo(K*) (w1 (K°) = 0.

This implies that the IFS (K, {w; }!_,) has non-overlapping.
It follows directly that supp(u) C [0, 1]. From (3.44), we can deduce that (3.43) is equival-
ent to the following:

u:Bouowgl—kBluowfl, (3.45)
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po O D1 Do
° (Pz Pl)’ : (0 P2>

Let A®) = B! o w;. Then a non-overlapping system (K, {w;}|_,, {A®}!_,) is set up. It is obvi-
ous that the hypotheses (H1) and (H2) are satisfied. Now we consider vector-valued Ruelle
operator T: C(K,R?) — C(K,R?) defined by

where

1
Ti(x) =Y AD(0)f(wi(x)), fe C(KRY).
i=0

From (3.45), we see that p is a vector-valued invariant probability measure of the system
(K Awi}i o AV} ), ie. T* = pa.

We would like to point out that the vector-valued measures in the above examples are the
invariant measures of newly defined IFSs with non-overlapping. They have a close relation-
ship with invariant probability measures of the systems with overlaps. This hints us that it is
necessary to set up vector-valued Ruelle operator theory.
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