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!"$#$ E ⊂ [0,∞), %&"'#$ E �%
(&) limr→∞
∫
[1,r]∩E

dt/t

log r .

1925 *, Nevanlinna [12] '(� Poisson–Jensen )+, ��
���*,��-.+/. 0

,, 	��
� Nevanlinna �
���-1�23.4.�/4.5
01	�2�3.4

6564�
� [11] �7$. [13] 70�, 8%
9
8��:��W$��X���. ;*<,

Halburt � Korhonen (=� [5, "� 2.1] > [6, 9� 2.2]), ?:;�@<A (=� [3, 9� 2.5])


B'(=>6%
9
8��C
?Æ, Halburt, Korhonen � Tohge (=� [7, "� 5.1]) !

DE6@A 1 �	��
�%
9
8�, Korhonen (=� [10, 8� 2.2]) BCFE6@A 1 �

	��
DGE+�	$�
�%
9
8�. H8�(C
�C
01�3.'(FG*,.

��3.I6	��
DGE+�	$�
�%
9
8�>HJ� Nevanlinna ���


�KL�"�W�I�.

2 YZ[\]^_`abcde]^cf^g^Nh
%
9
8�JMNOP1�Q	K5
01	�2��
�3. [4, 9, 11]. L��"� 2.1

�I6	��
DGE+�	$�
�%
9
8�, M�%
9
8�� q- C
?Æ (=�

[1, "� 1.2]) �9N.

ij 2.1 RN f(z) �/S
I6	��
OPk f(0) �= 0,∞, n ∈ N. �� ω(z) =

azn + pn−1z
n−1 + · · · + p0 � ν(z) = zn �T�/S
GE+, HW |a| �= 1, QR

m

(
r,

f ◦ ω

f ◦ ν

)
= o (T (rn, f))

%
(&) 1 �#$�UV.

)BC"� 2.1, STL��8�.

lj 2.2 (=� [10,8� 2.3]) RN P (z) = czdeg(P ) + · · · �$�/S
GE+, 0 < γ < 1.

QR, %�=� r > 0, ∫ 2π

0

dζ

|P (reiζ)|γ/ deg(P )
≤ 2π

(1 − γ)|c|γ/ deg(P )
· 1
rγ

.

lj 2.3 RN f(z) �/S
	��
OPk f(0) �= 0, ∞, n ∈ N, α > 1 � 0 < δ < 1. �

� ω(z) = azn + pn−1z
n−1 + · · · + p0 � ν(z) = zn �T�/S
GE+, HW |a| �= 1. QR, 3

 r0 > 0, �(%�=� r = |z| ≥ r0,

m

(
r,

f ◦ ω

f ◦ ν

)
≤ 16αCδ/n

1 − δ
· α + 1
α − 1

(
1

α − 1

)1−δ/n (
T (ρ, f) + log+ 1

|f(0)|
)

+
2nα(C + 1)δ/n

δ(1 − δ)
· 1 + |a|δ/n

|a|δ/n

(
n(ρ, f) + n

(
ρ,

1
f

))
,

HW C = max{|a|, 1} � ρ := α(α+1)
2 Crn.

mn WX Poisson–Jensen )+ (=� [8, "� 1.1]), (Q

log
∣∣∣∣f◦ω(z)
f◦ν(z)

∣∣∣∣ =
∫ 2π

0

log
∣∣f (

seiθ
)∣∣Re

(
seiθ + ω(z)
seiθ − ω(z)

− seiθ + ν(z)
seiθ − ν(z)

)
dθ

2π

+
∑

|ai|<s

log
∣∣∣∣s(ω(z)−ai)
s2−aiω(z)

· s2−aiν(z)
s(ν(z)−ai)

∣∣∣∣−
∑

|bj |<s

log
∣∣∣∣s(ω(z)−bj)
s2−bjω(z)

· s2−bjν(z)
s(ν(z)−bj)

∣∣∣∣ , (2.1)
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HW |z| = r, s = α+1
2 (Crn + |pn−1|rn−1 + · · ·+ |p0|), {ai} � {bj} 
B��
 f(z) �If�g

f. ] {ck} := {ai} ∪ {bj}. #${
ζ ∈ [0.2π) :

∣∣∣∣f ◦ ω(reiζ)
f ◦ ν(reiζ)

∣∣∣∣ ≥ 1
}

�, %01 (2.1) Thi
, (Q

m

(
r,

f ◦ ω

f ◦ ν

)
≤ S1(r) + S2(r), (2.2)

HW
S1(r) =

∫ 2π

0

∫ 2π

0

∣∣∣∣log
∣∣f (

seiθ
)∣∣Re

(
seiθ + ω(reiζ)
seiθ − ω(reiζ)

− seiθ + ν(reiζ)
seiθ − ν(reiζ)

)∣∣∣∣ dθ

2π
dζ

2π

=
∫ 2π

0

∫ 2π

0

∣∣∣∣log
∣∣f (

seiθ
)∣∣Re

(
2(ω(reiζ) − ν(reiζ))seiθ

(seiθ − ω(reiζ))(seiθ − ν(reiζ))

)∣∣∣∣ dθ

2π
dζ

2π

�

S2(r) =
∑

|ck|<s

∫ 2π

0

log+

∣∣∣∣1 − ω(reiζ)−ν(reiζ)
ω(reiζ) − ck

∣∣∣∣ dζ

2π
+

∑
|ck|<s

∫ 2π

0

log+

∣∣∣∣1 +
ω(reiζ)−ν(reiζ)

s2

ck
− ω(reiζ)

∣∣∣∣ dζ

2π

+
∑

|ck|<s

∫ 2π

0

log+

∣∣∣∣1+ω(reiζ)−ν(reiζ)
ν(reiζ) − ck

∣∣∣∣ dζ

2π
+

∑
|ck|<s

∫ 2π

0

log+

∣∣∣∣1−ω(reiζ)−ν(reiζ)
s2

ck
− ν(reiζ)

∣∣∣∣ dζ

2π
.

^_jk7+, =

s − |ω(reiζ)| ≥ α − 1
α + 1

s, s − |ν(reiζ)| ≥ α − 1
2

Crn.

`l, abm
n� r (≥ r0 > 0), �(
∣∣ω(reiζ) − ν(reiζ)

∣∣ ≤ α(C + 1)rn, % S1(r) 1�

Fubini "�, ^8� 2.2 (Q

S1(r) =
∫ 2π

0

∣∣ log
∣∣f (

seiθ
)∣∣ ∣∣ ∫ 2π

0

∣∣∣∣Re
(

2(ω(reiζ) − ν(reiζ))seiθ

(seiθ − ω(reiζ))(seiθ − ν(reiζ))

)∣∣∣∣ dζ

2π
dθ

2π

≤ 8αCδ/nrδ · α + 1
α − 1

(
1

α−1

)1−δ/n∫ 2π

0

∣∣ log
∣∣f (

seiθ
)∣∣ ∣∣∫ 2π

0

1

|seiθ−ν(reiζ)|δ/n

dζ

2π
dθ

2π

≤ 8αCδ/n

1 − δ
· α + 1
α − 1

(
1

α − 1

)1−δ/n (
m(s, f) + m

(
s,

1
f

))

≤ 16αCδ/n

1 − δ
· α + 1
α − 1

(
1

α − 1

)1−δ/n (
T (s, f) + log+ 1

|f(0)|
)

. (2.3)

N p(z) �$�cEd
) d � n oGE+. peQ log(1 + |x|) ≤ |x| � r ≥ r0, ^8� 2.2

�fD ∫ 2π

0

log+

∣∣∣∣1 +
ω(reiζ) − ν(reiζ)

p(reiζ)

∣∣∣∣ dζ

2π
=

n

δ

∫ 2π

0

log+

∣∣∣∣1 +
ω(reiζ) − ν(reiζ)

p(reiζ)

∣∣∣∣
δ/n

dζ

2π

≤ n

δ
(α(C + 1)rn)δ/n

∫ 2π

0

1
|p(reiζ)|δ/n

dζ

2π

≤ n(α(C + 1))δ/n

δ(1 − δ)|d|δ/n
.
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`l

S2(r) ≤
(

2n(α(C + 1))δ/n

δ(1 − δ)|a|δ/n
+

2n(α(C + 1))δ/n

δ(1 − δ)

) (
n(s, f) + n

(
s,

1
f

))

≤ 2nα(C + 1)δ/n

δ(1 − δ)
· 1 + |a|δ/n

|a|δ/n

(
n(s, f) + n

(
s,

1
f

))
. (2.4)

H8, ^ (2.2)–(2.4), 99D

m

(
r,

f ◦ ω

f ◦ ν

)
≤ 16αCδ/n

1 − δ
· α + 1
α − 1

(
1

α − 1

)1−δ/n (
T (s, f) + log+ 1

|f(0)|
)

+
2nα(C + 1)δ/n

δ(1 − δ)
· 1 + |a|δ/n

|a|δ/n

(
n(s, f) + n

(
s,

1
f

))
. (2.5)

abm
n� r0, �(%�=� r > r0,

s =
α + 1

2
(Crn + |pn−1|rn−1 + · · · + |p0|) ≤ α(α + 1)

2
Crn =: ρ.

�g, H (2.5) (Q

m

(
r,

f ◦ ω

f ◦ ν

)
≤ 16αCδ/n

1 − δ
· α + 1
α − 1

(
1

α − 1

)1−δ/n (
T (ρ, f) + log+ 1

|f(0)|
)

+
2nα(C + 1)δ/n

δ(1 − δ)
· 1 + |a|δ/n

|a|δ/n

(
n(ρ, f) + n

(
ρ,

1
f

))
.

Bp.

lj 2.4 (=� [1, 8� 5.2]) RN T : R
+ → R

+ �$qh6�
, Pk
lim

γ→∞
log T (γ)

log γ
= 0,

QR#$

E := {γ : T (C1γ) ≥ C2T (γ)}
�%
(&) 0, HW C1 > 1 � C2 > 1.

lj 2.5 (=� [1, 8� 5.3]) �� f(z) �$/S
�I6	��
, QR%�= k ∈ N,

#$

Ek :=
{

γ ≥ 1 : n(γ, f) <
T (γ, f)

2k

}

�%
(&) 1.

lj 2.6 (=� [1, 8� 5.4]) RN T : R
+ → R

+ �$qh6�
, U : R
+ → R

+. ��3

$rsit {ck}k∈N, �( cn → 0, n → ∞, O%�= k ∈ N, #$

Fk := {γ ≥ 1 : U(γ) < ckT (γ)}
�%
(&) 1, QR%
(&) 1 �#$�

U(γ) = o(T (γ)).

L�!D"� 2.1 �BC.
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mn ] K ≥ K0 = α(α+1)C
2 ≥ α > 1. ^8� 2.3 � 2.4, %m
n� r, (Q

m

(
r,

f ◦ ω

f ◦ ν

)
≤ D1

(
n(Krn, f) + n

(
Krn,

1
f

))
+

D2

K
T (Krn, f)

≤ 2D1

(
n(rn, f) + n

(
rn,

1
f

))
+

2D2

K
T (rn, f)

%
(&) 1 �#$�UV, HW D1,D2 �D r ju�kS
.

l, amm
n� k > k0, �( K = 2k ≥ K0, ^8� 2.5 (Q

m

(
r,

f ◦ ω

f ◦ ν

)
≤ 4D1 + 2D2

2k
T (rn, f)

%
(&) 1 �#$�UV. m

U(rn) = m

(
r,

f ◦ ω

f ◦ ν

)
.

H8, ^8� 2.6, (Q

m

(
r,

f ◦ ω

f ◦ ν

)
= o(T (rn, f))

%
(&) 1 �#$�UV. Bp.

3 YZ[\]^_`abcde]^cqr]^
n� Korhonen BC�L�I6	��
 f(z) ����
�ud.

ij 3.1 (=� [14, "� 1.1]) N f(z) �/S
�I6	��
, q ∈ C\{0}. QR
T (r, f(qz)) = T (r, f(z)) + S(r, f)

L%
(&

lim inf
r→∞

∫
[1,r]∩E2

dt

t
/ log r = 1

�#$�UV.

9N"� 3.1, (QI6	��
DGE+�	$�
����
�.X.

ij 3.2 N ω(z) = azn + pn−1z
n−1 + · · ·+ p0 �/S
GE+, HW |a| �= 1. ��/S


	��
 f(z) Pk f(0) �= 0,∞ �

lim sup
r→∞

log T (r, f)
log r

= 0,

QR

T (r, f ◦ ω) = (1 + o(1))T (rn, f) (3.1)

%
(&) 1 �#$�UV.

mn RN ν(z) = zn. `) |a| �= 1, 
Tsopq�.

r |a| > 1. ^8� 2.4 �fD

N(rn, f) ≤ βN(|a|rn + · · · + |p0|, f) = βT ((1 + o(1))|a|rn, f)
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%
(&) 0 �#$�UV, HW β ∈ (0, 1). H8

N(|a|rn + · · · + |p0|, f) = (1 + o(1))N(rn, f) (3.2)

%
(&) 1 �#$�UV.

^"� 2.1, (Q

T (r, f ◦ ω) = N(r, f ◦ ω) + m(r, f ◦ ω)

≤ N(r, f ◦ ω) + m(r, f ◦ ν) + m

(
r,

f ◦ ω

f ◦ ν

)

≤ N(|a|rn + · · · + |p0|, f) + m(rn, f) + o(T (rn, f)) (3.3)

%
(&) 1 �#$�UV.

`l, ^ (3.2) � (3.3), =

T (r, f ◦ ω) ≤ (1 + o(1))T (rn, f) (3.4)

%
(&) 1 �#$�UV.

s$0�, %�=� r > 0,

T (rn, f) ≤ T (|a|rn + · · · + |p0|, f) = (1 + o(1))T (r, f ◦ ω). (3.5)

�g, v |a| > 1, ^ (3.4) � (3.5) wt (3.1) UV.

r |a| < 1. `)%ue	��
 f(z) �ueS
 q ∈ C\{0} (=� [2, K 2 v]),

N(r, f(qz)) = N(|q|r, f) + O(1),

�g=

N(r, f ◦ ν) = N(rn, f) = N

(
|a|rn · 1

|a| , f
)

= N

(
|a|rn, f

(
z

|a|
))

= (1 + o(1))N(|a|rn, f) = (1 + o(1))N(r, f(azn)) ≤ (1 + o(1))N(r, f ◦ ω). (3.6)

`l, ^"� 2.1 � (3.6), (Q

T (rn, f) = T (r, f ◦ ν) = N(r, f ◦ ν) + m(r, f ◦ ν)

≤ N(r, f ◦ ν) + m(r, f ◦ ω) + m

(
r,

f ◦ ν

f ◦ ω

)

≤ (1 + o(1))N(r, f ◦ ω) + m(r, f ◦ ω) + o(T (rn, f))

= T (r, f ◦ ω) + o(T (rn, f)) (3.7)

%
(&) 1 �#$�UV.

s$0�, %�=� r > 0,

T (r, f ◦ ω) ≤ T (|a|rn + · · · + |p0|, f) ≤ T (rn, f). (3.8)

�g, v |a| < 1, ^ (3.7) � (3.8) wt (3.1) UV.

t$�wTsopwt, (3.1) UV. Bp.

u 3.3 ^"� 3.2 wt, %Aux/S
�I6	��
 f(z) �cEd
k�� n oG

E+ ω(z) � ϕ(z), %
(&) 1 �#$�, = T (r, f ◦ ω) ∼ T (r, f ◦ ϕ) (r → ∞).
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4 YZ[\]^_`abcde]^cvwxyzh
Nevanlinna KL�"� [12] � Picard "��9N. Halburt 7x (=� [5, "� 2.4]) 3

.F=>6	��
�KL�"��C
?Æ, Korhonen (=� [10, "� 4.1]) BCFE6@

A 1 �	��
DGE+	$�
�KL�"�, Barnett 7x (=� [1, "� 3.1]) y�FI

6	��
�KL�"�� q- C
?Æ.

L�3.AI6	��
DGE+�	$�
�KL�"�.

ij 4.1 N ω(z) = azn + pn−1z
n−1 + · · · + p0 �/S
GE+, HW |a| �= 1. zN

a1, a2, . . . , aq � q �k��S
. ��/S
	��
 f(z) Pk f(0) �= 0, ∞ �

lim sup
r→∞

log T (r, f)
log r

= 0,

QR
m(r, f ◦ ω) +

q∑
k=1

m

(
r,

1
f ◦ ω − ak

)
≤ 2T (r, f ◦ ω) − Nω(r, f ◦ ω) + o(T (r, f ◦ ω))

%
(&) 1 �#$�UV, HW
Nω(r, f ◦ ω) = 2N(r, f ◦ ω) − N(r, f ◦ ω − f ◦ ν) + N

(
r,

1
f ◦ ω − f ◦ ν

)
.

mn ]
P (z) =

q∏
k=1

(z − ak).

WX Nevanlinna K$�"�� Valiron–Mohon’ko "� (=� [11, "� 2.2.5]), (Q
q∑

k=1

m

(
r,

1
f ◦ ω − ak

)
=

q∑
k=1

T

(
r,

1
f ◦ ω − ak

)
−

q∑
k=1

N

(
r,

1
f ◦ ω − ak

)

= qT (r, f ◦ ω) − N

(
r,

1
P ◦ f ◦ ω

)
+ O(1)

= m

(
r,

1
P ◦ f ◦ ω

)
+ O(1). (4.1)

{yÆ

+�f, 3 q �D a1, a2, . . . , aq =u�S
 α1, α2, . . . , αq, �(

1
P (z)

=
q∑

k=1

αk

z − ak
.

`l, WX"� 2.1 � Nevanlinna K$�"�, =

m

(
r,

1
P◦f◦ω

)
≤ m

(
r,

f ◦ ω − f ◦ ν

P ◦ f ◦ ω

)
+ m

(
r,

1
f ◦ ω − f ◦ ν

)

≤ m

(
r,

1
f ◦ ω − f ◦ ν

)
+ o(T (rn, f))

= T (r, f ◦ ω − f ◦ ν) − N

(
r,

1
f ◦ ω − f ◦ ν

)
+ o(T (rn, f))

≤ m(r, f ◦ ω−f ◦ ν)+N(r, f ◦ ω−f ◦ ν)−N

(
r,

1
f◦ω−f◦ν

)
+o(T (rn, f))

≤ m(r, f ◦ ω)+N(r, f ◦ ω−f ◦ ν)−N

(
r,

1
f ◦ ω−f ◦ ν

)
+o(T (rnf)) (4.2)
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%
(&) 1 �#$�UV.

H8, ^ (4.1) � (4.2), wg(Q

m(r, f ◦ ω) +
q∑

k=1

m

(
r,

1
f ◦ ω − ak

)
≤ 2m(r, f ◦ ω) + N(r, f ◦ ω − f ◦ ν)

− N

(
r,

1
f ◦ ω − f ◦ ν

)
+ o(T (rn, f))

= 2T (r, f ◦ ω)−2N(r, f ◦ ω)+N(r, f ◦ ω−f ◦ ν)

− N

(
r,

1
f ◦ ω − f ◦ ν

)
+ o(T (rn, f)) (4.3)

%
(&) 1 �#$�UV.

"� 3.2 �D T (rn, f) = (1 + o(1))T (r, f ◦ ω) %
(&) 1 �#$�UV. �g (4.3) w

gz)

m(r, f ◦ ω) +
q∑

k=1

m

(
r,

1
f ◦ ω − ak

)
≤ 2T (r, f ◦ ω) − 2N(r, f ◦ ω) + N(r, f ◦ ω − f ◦ ν)

− N

(
r,

1
f ◦ ω − f ◦ ν

)
+ o(T (r, f ◦ ω))

%
(&) 1 �#$�UV. Bp.
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