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Abstract. In this paper, we investigate the uniqueness of difference op-
erators concerning an entire function by using the method of complex difference
equations. The results include the difference analogues of the Briick conjecture.
We also present some results on difference operators concerning an entire func-
tion with positive deficiency, which generalize the results of Heittokangas, Chen,
Yi, et al.

1. Introduction

We assume that the reader is familiar with the fundamental results and
standard notations of Nevanlinna value distribution theory of meromorphic
functions, see, e.g., [17]. In particular, we use o(f) and o2(f) to denote the
order and hyper-order of a meromorphic function respectively.

We use S(r, f) to denote any quantity satisfying S(r, f) = o(T'(r, f)) as
r — 00, possibly outside an exceptional set F with finite logarithmic mea-
sure

lim dt/t < oo.
o0 JEN[1,r)
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We specify the notion of small functions as follows: Given a meromorphic
function f(z), the family of all functions a(z) such that T'(r,a) = S(r, f),
possibly outside an exceptional set of finite logarithmic measure, is denoted
by S(f). For convenience, we also include all constant functions in S(f),

-~

and denote S(f) = S(f) U {oo}. The deficiency of a € S(f) is defined by

1 N 1
St 1) =it "y ) 1

As for the standard notations in the uniqueness theory of mergmorphic
functions, suppose that f(z) and g(z) are meromorphic and a € S(f). De-
noting by E(a, f) the set of those points z € C where f(z) = a, we say that
f(2) and g(z) share a IM (ignoring multiplicities), if E(a, f) = E(a,g). Pro-
vided that E(a, f) = E(a,g) and the multiplicities of the zeros of f(z) —a
and g(z) — a are the same at each z € C, then f(z) and g(z) share a CM
(counting multiplicities), see, e.g., [28].

2. A difference analogue of the Briick conjecture

The classical results in the uniqueness theory of meromorphic functions
are the five-point, resp. the four-point, theorems due to Nevanlinna [25]: If
two meromorphic functions f(z) and g(z) share five distinct values in C IM,
then f(z) = g(z). Similarly, if two meromorphic functions f(z) and g(z)
share four distinct values in C CM, then f(z) = g(z) or f(z) is a Mobius
transformation of g(z). The condition “f(z) and g(z) share four values CM”
has been weakened to “f(z) and g(z) share two values CM and two values
IM” by Gundersen [10], as well as by Mues [24] and Wang [27] independently.
But 1 CM + 31IM is still an open problem.

What is the relation between f(z) and f’(z) if an entire function f(z)
shares one finite value CM with its derivative f’(z)? R. Briick [1] raised the
following conjecture.

CONJECTURE. Let f(z) be a nonconstant entire function such that

oo f) = limsup log log T'(r, f)

< 00,
r—00 10g r

and o9(f) is not a positive integer. If f(z) and f'(z) share one finite value
a CM, then

for some constant T # 0.
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The case that a = 0 has been proved by Briick himself in [1], the case
that f(z) is of finite order has been proved by Gundersen and Yang in [11],
while the case that f(z) is of hyper-order oso(f) < % has been proved by
Chen and Shon in [5,6].

Meromorphic solutions of complex difference equations, and the value
distribution and uniqueness of complex differences have become an area of
current interest and the study is based on the Nevanlinna value distribution
of difference operators established by Halburd and Korhonen [12,13] and by
Chiang and Feng [9], respectively. Many results on meromorphic solutions
of complex difference equations, see, e.g. [4,9,14,19,20,26], and on value dis-
tribution and uniqueness of complex differences were rapidly obtained, see
e.g., [3,7,15,16,18,22,23]. Now, we recall the following result, which can be
seen as the difference analogue of the Briick conjecture.

THEOREM 2.1 [15, Theorem 1]. Let f(z) be a meromorphic function of
order of growth

o(f) = limsup log T'(r, ) < 2,
00 log r
and let c € C. If f(z) and f(z+ c) share a € C and oo CM, then
flz4+c)—a
flz)—a

for some constant T.

REMARK 2.2. In order to illustrate that o(f) < 2 can not be replaced
by o(f) < 2, they supposed that f(z) = e** +1 and ¢ € C\{0}, and obtained
flz+e) -1
flz) =1
though f(z) and f(z + ¢) share 1 and oo CM.

However, if we assume that f(z) is a finite order transcendental entire
function with a Borel exceptional value, we obtain the following result.

2
= 2%+ oL constant

THEOREM 2.3. Let f(z) be a finite order transcendental entire function
with a Borel exceptional value oo € C, let ¢ € C and let a(z)(# o) € S(f). If
f(2) and f(z+ c) share a(z) CM, then f(z+c) = f(2).

EXAMPLE 2.4. Let f(z) =e*+ 1. Obviously, f(z) has a Borel excep-
tional value o = 1. For any a # 1 = «, f(z) and f(z + 2kmi)(k € Z) share
the value a CM, and f(2) = f(z + 2kmni).

Now let f(z) be a meromorphic function. We define the difference oper-
ators

Acf(z) = f(z+¢)— f(z) and ALf(z) = AFY(Af(2), kEN, k>2,

where ¢ is a nonzero constant. In particular, we write A.f(2) for ALf(2).
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Based on different assumptions, the uniqueness of A¥f(z) and f(z) has
been investigated. For more details, we can see Chen [3, Theorem 1.1], Chen
and Chen [7, Theorem 1.1], Chen and Yi [8, Theorem 1.1}, Li et al. [22, The-
orem 1.1], Zhang and Liao [29, Theorem 1.1]. Now, we recall the following
results, which show that f(z) and A.f(z), f(2) and f(z+ ¢) can not have
any finite CM sharing value if the growth of order satisfies o(f) < 1.

THEOREM 2.5 [3, Theorem 1.2]. Let f(2) be a transcendental entire func-
tion with o(f) < 1, and ¢ € C\{0} a constant such that f(z+c) # f(z). Then

(i) f(2) and A.f(2) can not have any finite CM sharing value;

(ii) f(2) and f(z +c¢) can not have any finite CM sharing value.

Thus, a result parallel to Theorem 2.1 for difference operators can be
obtained as follows.

THEOREM 2.6. Let f(z) be a transcendental entire function of order of
growth

logT
o(f) =limsup og T(r, f)
r—00 logr

If f(2) and A¥f(2) share 0 CM, where k € N and ¢ € C\{0} are such that
AFf(2) #0, then

< 2.

AL f(2)=T7f(2)

for some positive constant T.

ExaMPLE 2.7. Let

F(2) = dz)esp { OE T2

C

where Log denotes the principal branch of the logarithm, and d(z) is a pe-
riodic entire function with period ¢ such that o(d) € [0,2). We have A.f(z)

=7f(2).
In order to prove Theorems 2.3 and 2.6, we need the following lemmas.

LEMMA 2.8 [28, Theorem 1.51]. Suppose that f;(z) (j=1,2,...,n)
(n > 2) are meromorphic functions, gj(z) (j =1,2,...,n) are entire func-
tions satisfying the following conditions.

(1) Sy H2)en® =0
(2) 9j(2) — gx(2) are not constants for 1 < j < k < n.
(3) For 1<j<mn,1<h<k<n,

T(r, f;) = o{T(r,e )} (r — 400, r ¢ E),
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where E C (1,400) is of finite linear measure or finite logarithmic measure.
Then fi(2) =0 (j =1,2,...,n).

LEMMA 2.9 [9, Theorem 9.2]. Let Ao(z), Ai(z), ..., An(z) be entire
functions such that there exists an integer [, 0 < [ < n, such that

o(4;) > OSJ.H%%#{U(AJ)}-

If f(2) (#£0) is a meromorphic solution of
An(2)f(z+ 1) + -+ A(2) f(z + 1) + Ao (2) f(2) = 0,
then o(f) > o(A;) + 1.

PrOOF OF THEOREM 2.3. Since f(z) is entire of finite order, f(z) and
f(z+ ¢) share a(z) (# «a) CM, the Hadamard factorization theorem shows
that

flzt+e)=al2) _ e
f(z) = alz) ’
where Q(z) is a polynomial with deg Q(z) = o (e?®)) < o (f).

We note that f(z) has a Borel exceptional value «, and so f(z) can be
written as

(2.2) f(z) = A(2)e"®) + o,

(2.1)

where A(z) is a nonzero entire function, H(z) is a polynomial satisfying
MA)=0(A) =Af—a)<o(f)=degH(z) =n.
We now conclude from (2.1) and (2.2) that
(2.3) Az 4 ¢)eTEH — A(2)ef(D)eRF) 1 (a(2) — 2)e?®) — (a(z) — a) = 0.
First, we suppose that Q(z) is a nonconstant polynomial. We note that
H(z) and Q(z) are polynomials and 1 < degQ(z) < o(f) =degH(z) = n.
Thus, we consider the following two cases.
Case 1: 1 <degQ(z) < o(f) =degH(z) =n. (2.3) can be rewritten as
(24)  A(z +c)eTEFITHE _ 4(2)e9) = (a(z) — a) (1 — e9F)) e H ),

We deduce that the order of growth of the left-hand side of (2.4) is less than
o(f) and the order of growth of the right-hand side of (2.4) is equal to o(f).
This is impossible.
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Case 2: 1 <degQ(z) =o(f) =degH(z) =n. Set
H(2) = cp2" +cn12" L+ 412+ co,
Q(2) =bp2" + by 12" L4+ bz + by,

where ¢y, ¢p_1, ..., Co, bp, bp_1, ..., by are constants such that c,b, # 0.

For the coefficients ¢,, and b, there exist three cases: ¢, = b,; ¢, = —bp;

¢n # by and ¢, # —b,. Thus, we will discuss the following three subcases.
Subcase 2.1: ¢, = by,. (2.3) can be rewritten as

(2.5) A1 (2)e 7B 1 A15(2)e9B) 4 Ap3(2)e@) =0,
where Qo(z) = 0 and
A1(z) =a—a(z), Ap(z)=-A(2),
A13(2) = Az 4 ¢)efTETIHE) 1 (4(2) — a)eQE)~HE),
Since ¢, = by, 0(A) < n, we conclude that
deg {~H(2) — Q()} = deg{—H(2) — Qo(2)} = deg{Q(2) — Qo(2)} = n,
T(r,a(z)) = S(r, f) = S(r,e?).
Thus, for all j =1,2,3,
T(r, Aij) = o(T(r,e  HEH=QEY) - T(r, Ayj) = o(T(r, e =@ ())),
T(r, Aij) = o(T(r,eQ=QG))),
Therefore, it follows from Lemma 2.8 and (2.5) that
Ai(z)=0 (j=1,23),

a contradiction.
Subcase 2.2: ¢, = —by,. (2.3) can be rewritten as

(2.6) Ag1 (2)efCH) 4 Ay (2)eQF) 4 Ags(2)e@ ) = 0,
where Qp(z) = 0 and
Ao (z) = Az +¢), Axn(z) =a(z) —a,
Ags(2) = —A(2)eTEHRE) _ (4(2) — ).
Similarly to the proof of Subcase 2.1, we also have
Ayj(2) =0 (j=1,2,3),

a contradiction.
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Subcase 2.3: ¢, # b, and ¢, # —by,. (2.3) can be rewritten as
(2.7) Az (2)efTFTO) 4 Agy (2)eTIHRE) L Ag5(2)e@B) 4 Agy(2)e@®) = 0,
where Qy(z) =0 and
Asi(z) = A(z +¢), Asa(z) =—A(2),
Ass(z) = a(2) — o, Ass(z) = a—a(z).
Similarly to the proof of Subcase 2.1, we still obtain from (2.7) that
A3i(z) =0 (j=1,2,3,4),

a contradiction.
Second, we suppose that Q(z) is a constant, and say e?) = 7(%£0).
Then, (2.3) turns into

(2.8) Az + ¢)eTEFIHE) —74(2) = (a(2) = a)(1 —7)e 1.
If 7 # 1, we conclude that

o((a(z) —a)(1—=1)e ") =n =0(f),
and
o(A(z + )efTCHI=HE 1 A(2)) < n = a(f).

This is a contradiction.
Thus, we get 7 = 1, and (2.1) turns into

flz+c)—alz) _ gp)
@ -atz) T
that is f(z + ¢) = f(z). Theorem 2.3 is proved. [

PRrROOF OF THEOREM 2.6. It follows from the assumption that

Abf(z) Q)
(2.9) e =

z) ’

where Q(z) is a polynomial.

If Q(z) is a constant, Theorem 2.6 holds obviously. If (z) is a noncon-
stant polynomial, we will deduce a contradiction.

Since

Acf(z) = flz+¢)— f(2), ALf(z) =AY (Acf(2)), kEN,
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we deduce that

k
kr(z) = —1)kd i z+jc
(2.10) Alf(2) EO( 1) (J.)f( + jo),

j=

by k (€ N) times iteration of the above difference operators to f(z).
Substituting (2.10) into (2.9), we conclude that

k—1

(211)  flz+ke)+ Y (-1)F <§> flz+je) + [(—1)F — QB f(z) = 0.

1

<

Thus, by applying Lemma 2.9 to (2.11), we obtain that o(f) > o(e?Q®)) + 1
> 2, contradicting to the assumption that o(f) < 2. Theorem 2.6 is proved.
O

3. Uniqueness on difference operators concerned one function

Heittokangas et al. [15,16] considered the problem of value sharing for
shifts of meromorphic functions and related things, by considering the cases
of sharing three small functions CM and sharing three small functions 2 CM
and 1IM. The case 1 CM and 2IM, and the case 3IM were left open in [15].
But these cases have been recently settled partly by Charak et al. [2]. They
showed that partial value sharing of f(z) and f(z+ ¢) involving 3 or 4 values
combined with an appropriate deficiency assumption is enough to guarantee
that f(z) = f(z+c¢), provided that f(z) is a meromorphic function of hyper-
order strictly less than one and ¢ € C. Now, we recall the case that f(z) and
A.f(z) share three distinct values a, b, oo CM, obtained by Chen and Yi.

THEOREM 3.1 [8, Theorem 1.2]. Let f(z) be a transcendental meromor-
phic function such that its order of growth o(f) is not an integer or infinite,

and let ¢ € C be a constant such that f(z+c) # f(z). If Ac.f(2) and f(2)
share three distinct values a, b, co CM, then f(z+c) = 2f(z).

REMARK 3.2. The restriction in Theorem 3.1 to the growth of order is
not the best, as the following example shows.

EXAMPLE 3.3. Take f1(2) = e* and fa(z) = (), where s(2) is a pe-
riodic function with period log 2, such that o(f;) =1 and o(f2) = 0o, then
we get that f;(z +1log2) — fj(z) and f;(z) share values 1, 2, co CM, and
fi(z+1log2) = 2f;(2).

Thus, we establish some improvements of Theorem 3.1, which are stated
as follows.
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THEOREM 3.4. Let f(z) be a transcendental entire function of finite or-
der, let a(z)(# 0) €S(f), and let c€ C be a constant such that f(z + ¢) Z f(z).
Assume that f(z) and A.f(z) share a(z) CM and 6(0, f) > 0, then f(z+ c)

=2f(z2).

THEOREM 3.5. Let f(z) be a transcendental entire function of finite or-
der, let a(z)(#£ 0) € S(f), and let ¢ € C\{0} be a constant. Assume that f(z)
and f(z+ c) share a(z) CM and 6(0, f) > 0, then f(z+c) = f(2).

EXAMPLE 3.6. Let f(2) = e+ 3 and ¢ = mi, then §(0, f) =0, A.f(2) =
—2e*, f(z) —2=¢€*+1and A.f(z) —2 = —2(e* + 1). Obviously, f(z) and
A.f(z) share the value 2 CM. But f(z+ ¢) # 2f(z). This example shows
that the assumption 6(0, f) > 0 in Theorem 3.4 cannot be dropped.

EXAMPLE 3.7. Let f(z) =e*+1and c=1, then §(0, f) =0 and f(z+1)
= e*T1 1. Obviously, f(z) and f(z+1) share the value 1 CM. But f(z+c)
# f(z). This example shows that the assumption §(0, f) > 0 in Theorem 3.5
cannot be dropped.

We now give some lemmas which are required to prove Theorem 3.4 and
Theorem 3.5.

LEMMA 3.8 [12, Corollary 2.2]. Let f(z) be a nonconstant meromorphic
function of finite order, and let ny, ns be two arbitrary complex numbers.

Then we have
flz+m)y\
m(r, f(Z+772)) =S(r, f).

LEMMA 3.9 [21, Lemma 3]. Suppose that h is a nonconstant meromor-
phic function satisfying

N(r,h) 4+ N(r,1/h) = S(r,h).

Let f = aph? + a1h?~ ' + - + a,, and g = boh? + bih9™ + - + b, be poly-
nomials in h with coefficients ag, ai, ..., ap, by, b1, ..., by being small
functions of h and apboa, # 0. If ¢ < p, then m(r,g/f) = S(r,h).

PrROOF OF THEOREM 3.4. Since f(z) and A.f(z) share a(z) # 0 CM,
we obtain

Acf(z) —al2) _ e

(3.1) oo

where H(z) is a polynomial.
If ¢f(2) = 1, then we obtain at once from (3.1) that f(z +c¢) = 2f(2). If
ef(2) £ 1, we will deduce a contradiction.
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We may apply Nevanlinna’s main theorems to conclude that

1
T(7s 1)~ a(z)) =T F) +80:5)

<V ) (g ) #3500
and so

(3.2) m(r, f(z)ia(z)) §N<T, f(lz)> +S(r, f)-
(3

Thus, we conclude from Lemma 3.8, (3.1) and
(3.3) T(r, eH(Z)) = m(r, eH(Z)) = m(r,

_ m(r, (f(z+¢)—alz+0¢) = (f(2) —a(z)) +alz+¢) - 2a(2)>

e ) el ) o

<N (r 1 ) + (. f) < Tr. ) + S(r. ).

f(2)
Now, we rewrite (3.1) as
—f(z+ )+ ("E + 1) f(2) = a(z)("P) —1).
Dividing the above equality by f(z)a(z)(ef(*) — 1), we obtain
1 f(z+¢) el 41 1
(34) Ca(2)(ef1®) —1)  f(z) * a(z)(eHE) — 1) f(2)°

If H(z) is a constant such that ¢”(*) # 1, then we deduce from (3.4) and
Lemma 3.8 that

flate)
”%nﬂa>:m0”@w@;ﬂ—m ﬂ; *a@@miin>

< 2m<r, a(lz)) + m(?“, f(;(‘:)c)) +0(1) = S(r, f).

So
N (1 ) =T+ 50.),
which gives §(0, f) = 0, contradicting 6(0, f) > 0.
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If H(z) is a nonconstant polynomial, then we deduce from Lemma 3.9
and (3.3) that

(3.5) m(r, eH(;—l) = S(r, e’y = 5@, f).

By (3.4), (3.5) and Lemma 3.8, we obtain

LN_ o1 feg 04
m(r, f(z)) - ( Toa(2)(eHE) — 1) f(2) + a(z)(ef ) — 1))
f(z+¢) efz) 11

< m<7“, eH(; — 1) —|—m<7‘, f(z) ) —i—m(?“, ef(z) — 1> +S(T7f)
(o il ) 5= 5te)

We also obtain §(0, f) = 0, contradicting 6(0, f) > 0. Theorem 3.4 is proved.
O

PrROOF OF THEOREM 3.5. Since f(z) and f(z + ¢) share a(z) # 0 CM,
we obtain
(3.6) fz4c¢)—alz) _ (H).
f(z) —a(2)
where H(z) is a polynomial. If ¢/(*) = 1, then we obtain at once from (3.6)
that f(z +c) = f(z). If e(3) £ 1, then we obtain from (3.6) that

—f(z+0)+ e f(2) = a(z) ("D - 1),
which gives

1 flz+¢) eH(z) 1

Ta()(eHD —1) f(2) Ta)(eHE —1) T f(z)

Using a proof similar to that of Theorem 3.4, we can obtain §(0, f) =0,
contradicts 6(0, f) > 0. Theorem 3.5 is proved. [
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