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Abstract In this paper, using the theory of linear algebra, we investigate the non-linear
difference equation of the following form in the complex plane:

f@"+ p@)f(z+1n) = B1e%* + Bre®* + - - + Boe™ L,

where n, s are the positive integers, p(z) # 0 is a polynomial and 5, 81, ..., Bs, o1,
..., ag are the constants with By ... Bsa1 ... a5 # 0, and show that this equation just
has meromorphic solutions with hyper-order at least one when n > 2 4 s. Other cases
are also obtained.

Keywords Nevanlinna theory - Meromorphic solution - Entire solution - Difference
equation

Mathematics Subject Classification 30D35 - 39A10

1 Introduction and results

Considering a meromorphic function f in the complex plane C, we assume that the
reader is familiar with the basic Nevanlinna value distribution theory and its standard
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notation such as the proximity function m(r, f), the unintegrated counting function
n(r, f), the counting function N (r, f), the reduced counting function N(r, f),and the
characteristic function 7' (r, f), see, e.g., [5,7,12]. We use o (f) to denote the order
of growth of f and A(f) to denote the exponent of convergence of zeros of f. The
hyper-order of f is defined by

— loglog T
or(f) = Tim el TS)
r—00 logr

the hyper-exponent of convergence of poles of f is defined by

1 — loglog N(r, ) — loglogn(r, f)
Mml=)=lim =———= = [im —————,
p

—00 logr r—00 logr
and the deficiency in which zeros of f are counted only once is defined by

_ N(r, %)
00, fl=1- rli)ngo o)

We denote by S(r, f) any real function of growth o(T (r, f)) as r — o0 outside
of a possible exceptional set of finite logarithmic measure. A meromorphic function
« is said to be a small function of f, if T(r,) = S(r, f). An algebraic differen-
tial polynomial P(f) is a polynomial in f and its derivatives, with small functions
of f as its coefficients. An algebraic difference polynomial Q(f) is a polynomial
in f and its shifts, with small functions of f as its coefficients. And an algebraic
differential-difference polynomial R(f) is a polynomial in f, its derivatives, its shifts
and derivatives of its shifts, with small functions of f as its coefficients.

It is an interesting and difficult question to study the solvability and existence of
entire or meromorphic solution of non-linear differential, or difference, or differential—
difference equations in complex domains. Many authors have investigated this question
by utilizing the Nevanlinna value distribution theory and its difference counterparts,
see, e.g., [1,7,9-11,13,14].

The logarithmic derivative lemma and its difference analogue play a key role in
the study of non-linear equations. The logarithmic derivative lemma is valid for all
meromorphic functions. While the difference analogue of the logarithmic derivative
lemma is valid for meromorphic functions with finite order or hyper-order less than
one (see [2,4]). So for non-linear differential equations, there is no need to restrict the
order of growth of entire (or meromorphic) solutions, see, e.g., Theorems A and B
below. For non-linear difference or differential-difference equations, only the entire (or
meromorphic) solutions with finite order or hyper-order less than one were discussed,
see, e.g., Theorems C, D and E below.

Theorem A ([11]) Letn > 4 be an integer and P;( f) denote an algebraic differential

polynomial in f(z) of degree d < n —3. If p1(2), p2(z) are two non-zero polynomials
and a1, ap are two non-zero constants such that g—; is not rational, then the equation
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f@" 4 Pi(f) = p1(2)e”'* + pa(z)e** (1.1)
has no transcendental entire solution.

Theorem B ([14]) Letn > 3 be an integer and Py ( f) denote an algebraic differential
polynomial in f(z) of degree d < n — 2. If p1(z), p2(z) are two non-zero polynomials
and a1, oy are two non-zero constants such that Z—; *= (%)il, 1. Then any transcen-
dental entire solution f(z) of the Eq. (1.1) satisfies that ® (0, f) = 0.

Theorem C ([13]) Let p(2), q(z) be polynomials. Then a non-linear difference equa-
tion

f@?+q@)fz+1) =p@)

has no transcendental entire solution of finite order.

Theorem D ([13]) A non-linear difference equation
@+ 9@ f(z+1) = csinbz,

where q(z) is a non-constant polynomial and b, ¢ € C are the non-zero constants,
does not admit entire solutions of finite order. If q(z) = q is a non-zero constant, then
this equation possesses three distinct entire solutions of finite order, provided b = 3mn
and ¢® = (—1)"*! %cz for a non-zero integer n.

Theorem E ([14]) Let n > 4 be an integer and Py(f) denote an algebraic
differential—difference polynomial in f(z) of degree d < n — 3. If p1(2), p2(z) are
two non-zero polynomials and o1, ay are two non-zero constants with ZT; * (%)jEl 1,
then the Eq.(1.1) does not have any transcendental entire solution of finite order.

In Theorems A, B and E, the right-hand side of the Eq. (1.1) has only two terms.
Thus, a natural question is: What can be said if the right-hand side of (1.1) is replaced
by s(> 1) terms? For the Eq. (1.1), the basic idea is to eliminate ¢*!* and ¢*2* by
differentiating both sides of (1.1). When pj(z)e*'* and p;(z)e*?* are replaced by
B1e*1%, Bre*?*, ..., Bye®?, if we wish to use the same idea, we will be faced with
complicated calculations, which will make the investigations of this problem difficult.
In this paper, by combining the Nevanlinna value distribution theory and the theory of
linear algebra, we investigate a certain type of non-linear difference equations, where
the difference polynomials take the special form p(z) f(z 4+ 1) as in Theorems C and
D. We discuss meromorphic solutions instead of entire solutions.

Theorem 1.1 Let n > 2 + s be an integer, p(z) % 0 be a polynomial, n be a con-
stant, By, B2, ..., Bs be non-zero constants and a1, a, ..., oy be distinct non-zero
constants. Suppose that g—; “nforalli,je{1,2,...,s}. And when s > 5, sup-
pose further that noy # Iy + ooy + - + Lo for k = 5,6, ..., s, where
ts oy oo ks € {0, 1, ... n— 1} and Iy + Lo + - - - + Ik = n. Then any meromor-
phic solution f(z) of the equation
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F@"+p@[fz+n) = i1 + Pre™* + -+ + fre®* (1.2)
must satisfy oo (f) > 1.

Remark 1.1 (1) Similar to the proof of Theorem 1.1, using the Clunie lemma of dif-
ferential polynomials, we can easily show that (1.2) has no meromorphic solutions
if n =0.

(2) Example 1.1 below shows that the condition “n > 2 4+ s” is necessary.

Example 1.1 The difference equation
F(2)° = 10f(z + 107i) = 5¢37 4 5¢737 4 &* 4 o7

has an entire solution f(z) = BE + e 3%,
From Theorem 1.1, we can easily get the following corollary.

Corollary 1.1 Let 1 <t < 4 be an integer, n > 2 + t be an integer, p(z) # 0 be a
polynomial, n be a constant, By, B2, ..., B be non-zero constants and o1, an, . . ., o
be distinct non-zero constants. Suppose that g—’/ #nforalli,je{l,2,...,t}). Then

any meromorphic solution, namely f(z) of the equation
f@"+p@f(z+n) = Pre®* + fre™ + - + fre*

must satisfy oo (f) > 1.

In Theorem 1.1, we discuss the case n > 2+ s. Now, a natural question is: What can be
said if n < 1 4 s? We investigate this problem and get Theorem 1.2 and Remark 1.3.

Theorem 1.2 Let n = 1 + s be an integer, p(z) # 0 be a polynomial, n be a con-

stant, B1, B2, ..., Bs be non-zero constants and a1, ay, ..., ds be distinct non-zero

constants. Suppose that g—’ #“nforalli,je{l,2,...,s}. And when s > 5, sup-
J

pose further that noy # 1oy + lkpoy + -+ + lsos for k = 5,6, ..., s, where

bt oy oo ks € {0, 1, ...,n — 1} and Iy + lko + - - - + ks = n. Then any mero-
morphic solution f(z) with o2(f) < 1 of the Eq. (1.2) must be an entire function and
satisfy ©(0, f) =0and o (f) = 1.

From Theorem 1.2, we can easily get the following corollary.

Corollary 1.2 Let1 <t < 4 beaninteger, p(z) # 0be a polynomial, n be a constant,

Bi, B2, ..., Bt benon-zero constants and oy, aa, . . ., oy be distinct non-zero constants.

Suppose that Z—"_ #nforalli, j € {l,2,...,t}. Then any meromorphic solution f(z)
J

with o2 (f) < 1 of the equation

F@QT 4+ p@) fz+ 1) = re® + Bre™ + - + Bre™?

must be an entire function and satisfy ©(0, f) =0and o (f) = 1.
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Example 1.2 Consider the difference equation
f@ =3f@+omi)=e +e 7,

where n = 3,5 = 2, o1 = 1 and ap = —1. We see that this equatiog satisfies all
hypotheses of Theorem 1.2. A simple calculation shows that f(z) = e3 + e 3 isa
solution of this equation and ®(0, f) =0and o (f) = 1.

Remark 1.2 Example 1.2 shows that the case ®(0, f) = 0 and o (f) = 1 in Theo-
rem 1.2 does exist. Example 1.3 below is one more example, where s = 6.

Example 1.3 Consider the difference equation
F@)T +35f(z+mi) =213 +21e™F + 77 +Te ™ e/ + 77,

wheren =7,s =6, 01 =3, 00 = -3, 03 =5,a4 = 5,05 =7 and ag = —7. We
see that this equation satisfies all hypotheses of Theorem 1.2. A simple calculation
shows that f(z) = e® + e ¢ is a solution of this equation and ®(0, f) = 0 and

o(f)=1

Remark 1.3 The following example shows that the conclusions in Theorem 1.2 may
not hold, if n < s + 1.

Example 1.4 The difference equation
f@P = fa+mi)=e +267 + 6

has an entire solution f(z) = e>% + ¢*. We see that @ (0, f) = % # 0.
From Example 1.4, we see that f(z) = €% + €% has infinitely many zeros and A(f) =
o(f) =1, though ®(0, f) # 0. In this direction, we prove the following theorem.

Theorem 1.3 Let n > 2 be an integer, p(z) # 0 be a polynomial, n be a con-
stant, B1, B2, ..., Bs be non-zero constants and oy, oy, ..., o5 be distinct non-zero
constants. Suppose that g—’ #nforalli,je{l,2,...,s}. Then any meromorphic

solution f(z) with o2(f) < 1 of the Eq. (1.2) must be an entire function and satisfy
Mf)=o(f)=1

2 Proof of Theorem 1.1

To prove Theorem 1.1, we need the following lemmas. The first of these lemmas is a
version of the difference analogue of the logarithmic derivative lemma.

Lemma 2.1 ([4]) Let f(z) be a non-constant meromorphic function and ¢ € C. If
o2 (f) < land e > 0, then

f(Z + C) _ T(r7 f)
AT f(2) =0 rl—oa(f)—e

for all r outside a set of finite logarithmic measure.
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394 R.-R. Zhang, Z.-B. Huang

Laine-Yang [8] gave a difference analogue of Clunie lemma as follows.

Lemma 2.2 ([8]) Let f(2) be a transcendental meromorphic solution of finite order
p of a difference equation of the form

Uz, Pz, f) = Q. f),

where U (z, f), P(z, f), Q(z, f) are difference polynomials such that the total degree
of U(z, f) in f(z) and its shifts is n, and that the total degree of Q(z, f) is at most n.
Moreover, we assume that U(z, f) contains just one term of maximal total degree in
f(z) and its shifts. Then, for each ¢ > 0,

m(r, P(z, f)) = 00"~ "%) + o(T(r, f)),

possibly outside an exceptional set of finite logarithmic measure.

Remark 2.1 In the proof of Lemma 2.2, Laine-Yang used a version of difference
analogue of the logarithmic derivative lemma due to Chiang-Feng [2]: Let n;, n2 be
two complex numbers such that n; # 17, let f(z) be a finite order meromorphic
function, and let p be the order of f(z), then for each ¢ > 0,

f(Z+nl) _ p—1+e
m <r, —f(z n 772)) =0(r ).

d f(k)(z+5) _ f(k)(Z+5) f(k)(z)

Applying Lemma 2.1, logarithmic derivative lemma an O = W TR

(6§ € C/{0}) to the proof of Lemma 2.2, we can get

m(r, P(z, f)) = S(r, f)

when the hyper-order of f(z) is less than 1 and P(z, f) and Q(z, f) are the
differential—difference polynomials in f(z).

The following lemma is a generalization of Borel’s theorem on linear combinations
of entire functions.

Lemma 2.3 ([3, pp. 69-70] or [12, p. 82]) Suppose that f1(z), f2(2), ..., fn(z) are
meromorphic functions and that g1(z), g2(2), . . ., g.(2) are entire functions satisfying
the following conditions.

(1) i fj(z)eg_i(Z) =0;
j=1

(2) g;(z) — gk (2) are not constants for 1 < j <k < n;
(3) forl <j<n,1<h<k=<n,

T(r, fj) =0{T(r,e¥" %)} (r - oo, r ¢ E),

where E C (1, 00) is of finite linear measure or finite logarithmic measure.
Then fi(z) =0(j =1,2,...,n).
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To state the following lemma, we introduce some notation. The determinant

1 1 e 1

a az an
n—1 n—1 n—1

al” a, a

is called the principal Vandermondian and is denoted by V. For every k =
1,2,...,n — 1, the determinant

1 1 1

aq [75) ay

all1—k—1 n—k—1 n—k—1
n—k+1 n—k+1 n—k+1

a n

aj aj ay

is called the secondary Vandermondian and is denoted by V,x. For Vo, we have

Vo = H (a; —aj).

1<j<i<n

For the relationship of V,,o and V,x, we have the following lemma.

Lemma 2.4 ([6]) The elementary symmetric function E; = Y ajay...a; of the n
variables ay, ay, . . ., a, is equal to the quotient of the secondary Vandermondian V,;
by the principal Vandermondian V.

In the next lemma, the elementary row transformations consist of the following: (i)
switch two rows; (ii) multiply a row by a non-zero number; (iii) replace a row by a
multiple of another row added to it.

Lemma 2.5 Letn > 2, s > 1 be integers, a1, oz, ..., o5 be non-zero constants, dj,
dy, ..., ds be constants and cy, ca, c3, ¢4 be rational functions. Foralli = 1,2,3,4,
suppose that «; are distinct non-zero constants and that no; # oy (p=1,2,...,5).
If

(C1Y1% + 2”2 + c36™3% + c4e™)! = dj e + dre®F + - + dge™, (2.1)

thenci=cy=c3=c4 =0.
Proof of Lemma 2.5. We deduce from (2.1) that
d1e®'* 4+ dre®®* 4 . .. 4 dge™s*t
:CYenmz 4 C;lenotzz 4 C;Lemmz + Cgemuz

mia+moyo+m3oa3+m4o4)z
+ § le,mz,m3,m4€( 1 +moay+m3a3+macs) , (2.2)

(m1,ma,m3,ma4)
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396 R.-R. Zhang, Z.-B. Huang

where iy, ms.m, are rational functions and the sum ., .. . is carried out
suchthatm; € {0,1,...,n—1}(j =1, 2, 3,4) andm; +my+m3+m4 = n. Suppose
that there exists b;; € {0, 1,...,n—1}(, j = 1,2, 3,4) with b;| + b2 + b3+ bis =
n(i =1,2,3,4), such that

noy = by + bpon + bizas + braoy,
nop = baroy + booo + bazorz + bosoy,
noz = b3 + b3on + b3zas + bisoy,
nog = bgiay + bypar + bgzaz + bagay.

(2.3)

(2.3) can be seen as a system of linear equations of a1, a2, o3, @a. We will deduce a
contradiction. O

Obviously, b;; > 0@, j = 1,2,3,4). Fori = 1,2,3,4, if only one of b;;(j =
1,2,3,4 and j # i) is greater than zero, we deduce a contradiction immediately. In
fact, without loss of generality, we may assume that b>; > 0 and by3 = by = O.
Then by the second equation of the system (2.3), we get (n — b))z = brjag. Since
by1 + by = n and by # 0, we get o = o, a contradiction.

Now we assume that, for all i = 1,2, 3, 4, at least two of b;; (j = 1,2, 3,4 and
J # i) are greater than zero. Then forall i = 1,2, 3,4, wehave b;; < n—b;;(j # i).
The system (2.3) can be written as

(b11 — m)ay + brooy + bizas + bisas =0,
boray + (byp — n)ay + byzaz + by =0,
b31ay + byran + (b33 — n)az + bagay =0,
bgray + bapas + bazoz + (bgg — n)ag = 0.

(2.4)

Denote the coefficient matrix of the system (2.4) by

bii—n b2 b13 b1a

A by  bn—n by boy
b3 by  byiz—n by
by ba bz by —n

Next we discuss the rank of the matrix A. Adding columns 2, 3 and 4 to column 1,
and noting that b;1 + bja + bj3 + bja = n(i = 1,2, 3,4), we see that det(A) = 0.
Now we discuss the determinants of 3 x 3 submatrices of the matrix A. To this end,
we divide our discussion into two cases.

Case 1. b13 = byz = bsz = 0. Noting that for all i = 1, 2, 3, 4, at least two of
bij(j = 1,2,3,4 and j # i) are greater than zero, we see that by > 0, bi4 > 0,
br1 > 0, by > 0, by1 > 0, by > 0. For the 3 x 3 submatrix

by —n by by
A= by by b3

byt bay bss —n
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of the matrix A, we have

det(A1) = (b11 — n)b32(bag — n) + b1ab3abay + b1ab31byr
— b1ab3obay — b12b31(bag — n) — (b11 — n)b3abys.

Since for all i = 1,2,3,4, b;; < n — b;;(j # i), we have by < n — by and
b41 <n-— b44. If b32 > 0, then b14b32b41 < (n - bll)(” — b44)b32. So

det(Ay1) > b12b3sabay + b14b31baz — b12b31(bag — n) — (b11 — n)bzabsy > 0.
If b3, = 0, then b3; > 0, b34 > 0 and so
det(A1) = b12b3aba1 + b1ab31bay — b12b31(bag — n) — (b1 — n)bzabyy > 0.

Thus, we proved det(A1) > 0 in this case.
Case 2. At least one of b3, by3, bs3 is greater than zero. For the 3 x 3 submatrix

biy—n by bi3
Ay = by by —n by
by by by

of the matrix A, we have

det(Az) = (b11 — n)(baa — n)baz + b12br3ba1 + b13b21ban
— b13(byo — n)bs1 — b12b21b43z — (b11 — n)b3bay.

If by > O, then by b1 < n — by and by; < n — by, we have bjaby1byz <
(n — b11)(n — bx2)b43. So

det(Az) > b12bazbay + b13ba1bar — b13(b2 — n)bay — (b11 — n)bazbsr > 0.

If b4z = 0, then by > 0, by > 0 and at least one of b3, by3 is greater than zero.
So

det(A2) = b12b23ba1 + b13b21bay — b13(bo — n)bsy — (b11 — n)bazbgy > 0.

Thus, we proved det(A;) > 0 in this case.

Since det(A) = 0 and there exists a 3 x 3 submatrix of matrix A with non-zero
determinant, we see that the rank of the matrix A is 3. So by elementary row transfor-
mations, we deduce that the matrix A becomes

100 —1
010 —1

B=1001 -1 (2.5)
000 0
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398 R.-R. Zhang, Z.-B. Huang

(2.4) and (2.5) give a1 = ap = 3 = 4, a contradiction. So (2.3) does not hold.
Without loss of generality, we may assume that

noy # miay + moay + m3as + maoy
for all my, mo, m3,myq € {0, 1, ..., n— 1} such that m| + mo + m3 + m4 = n. Since

nog #ap(p=1,2,...,5) and nag # nay(qg = 1,2, 3), by (2.2) and Lemma 2.3,
we get ¢4 = 0. So the Eq. (2.1) becomes

(c1€%"% + 2% + 3™ = d1e“? + dre®® + - - - + dye™t.
Using a similar proof as in (2.2)—(2.5), we get c3 = 0 and the equation (2.1) becomes
(c1€*% + )" = d1e*'* + dpe®?* + - - - + dge™s*. (2.6)
By (2.6), we get

die®'* 4 dre®?* + - - + dge™ T = "M 4 el

n—1
n L .
+ Z (])C{C; Je(JOtl-l-(ﬂ—])Dlz)Z’ 2.7)
Jj=1

where <n> are the binomial coefficients. Since o] # oy, we see that for j =
J
1,2,...,n—1,
nay # jay + (n— jlaa, nay # joy + (n— jas.
So by (2.7) and Lemma 2.3, we get c; = ¢ = 0.
Proof of Theorem 1.1. Suppose that the Eq. (1.2) has a meromorphic solution f(z)
with o2 (f) < 1. We will deduce a contradiction for the case f(z) has at least one pole

and the case f(z) is an entire function, respectively. O

Case 1. f(z) has at least one pole. In this case, if = 0, then comparing the orders
of poles of both sides of (1.2), we immediately get a contradiction. If n # 0, then
suppose that zq is a pole of f(z) with order g. We deduce from (1.2) that zo + nis a
pole of f(z) with order at least nq. Substituting zo + n for z in (1.2), we obtain

F@o+m)" + po+n)f (o +2n) = pre®t CFD o preeaot
o Bt (2.8)

Since zg + n is a pole of f(z)" with order at least nzq, we see from (2.8) that zg 4 27
is a pole of f(z) with order at least n?q. Following the steps above, we will find a
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sequence {zo + jn};?‘;o of poles of f(z) with order at least n/ g, respectively. So for
m=1,2,...,wehave

n(mln| +lzol + 1, f(2)) = g +ng +---+n"q.
Furthermore, n > 2 + s > 3. Thus,

1 — loglogn(r, f(2))
M|l—=—)=lmn ——=
f(@) r—00 logr
— loglogn(m|n| + |zol + 1, f(2))
> lim
1m—>00 log(m|n| + |zol + 1)
— loglogn™
lim ——————

=1.

m— 00 l()g m

This contradicts o2 (f) < 1. So the Eq. (1.2) does not have any meromorphic solution
of hyper-order less than one with at least one pole.

Case 2. f(z) is an entire function. If f(z) is a polynomial, then comparing both sides
of equation (1.2), we obtain that the order of growth of the left side is 0, while the
order of growth of the right side is 1. This is impossible. So f(z) is transcendental.
Since s > 1, we divide our discussion into two subcases: s = 1 and s > 1.

Subcase 2.1. s = 1. The Eq. (1.2) becomes

F@"+p@[fz+n) =B 2.9

Differentiating both sides of (2.9), we get

nf@" @)+ (PR f 2+ n) =i pre'*.

Combining this equation with (2.9), we get

F@Q" Y nf'(2) —a1f@) =aip@fG@+m — (p@fE+m). (2.10)

If nf'(z) — a1 f(z) #Z 0, then we deduce from (2.10), n > 2 + s = 3, Lemma 2.2
and Remark 2.1 that

T(r,nf'(2) — a1 f(2)) = m(r,nf'(z) — a1 f(2)) = S(r, f), (2.11)
T(r, f()(nf'(z) — a1 f(2) = m(r, f()(nf'(z) — a1 f(2) = S, f).
(2.12)

Combining (2.11) with (2.12), we get

1

T(r, f(2) < T(r, fQ0f @) —ar f@)+T (“ nf'@) — a1 f2)

>=S(r, 0,

a contradiction.
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If nf'(z) — a1 f(z) = 0, then f(z) = cen?, where c is a constant. Substituting
f(2) = ce into the Eq. (1.2), we get

et + [7(2)680271'760:le = Bre®1c. (2.13)

By (2.13) and Lemma 2.3, we get p(z)ceaTl” =0.Soc =0and f(z) =0, a
contradiction. Therefore, we proved that the Eq. (1.2) does not have any entire solution
of hyper-order less than one when s = 1.

Subcase 2.2. s > 1. Set F = f(2)" + p(z)f(z + n). Then the equation (1.2)
becomes

F = B1e%"% + Bre®* + - - - + Bye™Z. (2.14)
Differentiating both sides of the Eq. (2.14) s — 1 times, we get

F' = a1 fre®® + aafae® + - + o e,
F'  =alfie®? +a3fre® + - + a7,

)

F6-D — af_lﬁlealz + (xé_lﬂze‘”zz 4. 4 ot‘;_lﬂxeasz.

Combining these equations with (2.14) and using Cramer’s Rule, we get

D
o117
1€ — T
p D
where
F 1 1
F' o o
2 2
Dy =|F" o ,
F&=D ai_l ol
1 1 1
[CA %) Ay
D=|a} o - a? : (2.15)
R A
Obviously, D is a principal Vandermondian with order s. Since o1, a2, ..., oy are

distinct constants, we get

D= [] (-a)##o0.

I<j<i<s
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By expanding determinant (2.15) along column 1, we get

1
pre®? = (=D My FO7D

o (DM FSTITD o M P, (216)

where M;_;1(j = 0,1,...,s — 1) is the determinant formed by throwing away
column 1 and row s — j from the determinant (2.15), i.e.,

(2.17)

Mji= |57 o o T (=1 s =)L 28)

From (2.17) and (2.18), we see that My is the principal Vandermondian with variables
a,a3,...,ag,and M ;1(j =1,2,...,5—1)is the secondary Vandermondian with
variables oy, a3, ..., 5. For j =1,2,...,5 — 1, let

0j EZO{ZO[g"'(Xj+1 (2.19)

be the elementary symmetric function of s — 1 variables a2, o3, ..., o5. By (2.17),
(2.18) and Lemma 2.4, we get

M?—j,l

L (G=1,2,...,5s—1). (2.20)
Msl /

oj =
Differentiating both sides of (2.16), we get
) Bre’c = %((—DS“M“F“)
o (DM FOTD o M F. (221)
By eliminating e¢*'* from (2.16) and (2.21), we get
(D™ Mg FO 4+ (=) My—1,1 = (D" oy M) FE7D

o (DM — (D e M ) FS T o —a M F = 0.
(2.22)
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Let
L(w) =w" + (DM = (Do My wb™D 4.
(=1)s+1My,
(DS M — (D) My— 411 =)
(— DTy v
e oy Miy

D) My

(2.23)

be a linear differential operator. Since F = f(2)" 4+ p(z) f(z + 1), we deduce from

(2.22) and (2.23) that
L(f(") =—-L(p@) f(z+n). (2.24)
Forj=1,2,...,s,let
Tj = Zalaz...otj (2.25)
be the elementary symmetric function of s variables o1, a2, . . ., &y. We deduce from

(2.19), (2.20) and (2.25) that

(=1 M_11 — (=)o My,
(—1)s+1 My

= —0] — (]

=—(1ta+ - +oa) =—1,

(=DM — (D) ey My— 411
(—Ds+1 My,

= (=1oj + (=1 ar0j

=D/t (j=23...,5—

and

ar My

—m = (—D'ajos_1 = (=D (@102 ... a5) = (=1)'z5.

So L(w) becomes

Lw) =w® — w4 (=) jwt ) o (=) rw.

Since

(f@"y =nf@)" " f(2),
(f@Q =nn—1Df@Q" 2 @) +nf@" " (2,
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we deduce inductively that, form = 1,2, ..., s,

(F@QMH™ =nn—1)...(n — (m — D) fF@Q"™(f ()"

m—1
+ 2D Vi F @ @M @) R (fD @)
j=2 A
+uf@" (), 2.27)
where y, are the positive integers, A1, Aj2, ..., Aj -1 are the non-negative integers

and the sum Y _ is carried out such that Aji +Ajo+---+Aj 1 = jand Aji +24 2+
A
<o+ (m—DAj -1 =m.By (2.26) and (2.27), we get

L(f(") = f@" ¢, (2.28)

where ¢ is a differential polynomial in f(z) of degree s with constant coefficients. By
(2.24), (2.26) and (2.28), we get

F@" ¢ =—L(p) fz+n), (2.29)
where L(p(z) f(z + n)) is a differential-difference polynomial in f(z) of degree 1

with polynomial coefficients.
If ¢ £ 0, then by (2.29), n > s + 2, Lemma 2.2 and Remark 2.1, we get

T(r,¢) =m(r,¢) =S, f).
I'(r, f(2)p) = m(r, f(2)p) = S(r, f). (2.30)

The above two equalities give

1
T(r, f@) =T f()¢)+T (V, 5) =S8 f).

a contradiction. So we must have ¢ = 0, which yields L(f(z)") = 0and L(p(z) f (z+
7)) =0.By L(p(z) f(z+n)) =0 and (2.26), we get

P@QfC+mMY =@ fE+mC ™+ (=Dt (p@) f @+ )
+ -+ ED'p@ f(z+n) =0.

The characteristic equation of this equation is
Ml e D AT e (=D = 0. (2.31)
Since (2.31) has s distinct roots a1, az, . . . , &, we see that p(z) f (z+n) has the form

P f(z+n) =c1e”* + ™ + - + Ge™,
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where ¢j(j =1,2...,s) are the constants. So
f(2) =1 4 e + - + cge™7, (2.32)
where ¢; = p(z ( j =1,2---,5) are the rational functions.

Similarly, we deduce from L(f(z)") = 0 that
f@" =d1e*"* + dpe™** + - - - + dye™?, (2.33)
where d;j(j =1,2---,s) are the constants. By (2.32) and (2.33), we get

dlealz +d26azz 4. _+_dsea_;z — C?enalz 4 Cgenazz 4. +cn nogz

(myay+maar+-+mgag)z
+ E Cmy,...,mg€ SRS

,,,,,

(2.34)

where ¢y, ..., are the rational functions and the sum Z(m Loy is carried out such
thatm; € {0,1,...,n—=1}(j = 1,2, ..., s)andm+mp+- - -+my = n.Sinceg—; #n
foralli, j € {1,2,...,s}and noy # lx1o1 + ooy + - - - + ks fork = 5,6, ..., s,
where lx1, lko, ... lks € {0, 1, ..., n—1}and Iy + ko + - - - + lks = 1, by (2.34) and
Lemma 2.3, we get

So f(z) becomes

f(2) = c1e™% + 26" + 36" + g™, (2.35)
By (2.33), (2.35) and Lemma 2.5, we obtain that c; = ¢y = ¢3 = ¢4 = 0, which gives
f(z) =0, a contradiction. Therefore, we proved that the Eq. (1.2) does not have any
entire solution of hyper-order less than one when s > 1.

From the above discussion, we see that any meromorphic solution f(z) of the
equation (1.2) must satisfy oo (f) > 1.

3 Proof of Theorem 1.2

To prove Theorems 1.2 and 1.3, we also need the following lemma.

Lemma 3.1 ([15]) Let ¢ be a non-zero constant, let H(z) be a meromorphic function
and let h(z) be a polynomial with degh(z) > 1. If o (H(2)) < o (e"®), then

T(r, H) = S(r, ¢"@), T, Hz+ ) = S, "?).
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Proof of Theorem 1.2. Suppose that (1.2) has a meromorphic solution f(z) with
02(f) < 1. From the proof of Theorem 1.1, we see that f(z) is a transcendental
entire function. O

By Lemma 2.1, we get

T, fQ"+p@fGz+n) =m, "+ p@)fz+n)
> m(r, ") —m (r, p(z)wﬂz)) ~log2
f@
>nm(r, f(2)) —m(r, f(2) + S, f)
= — Dm(r, f(2) + S, f)

=n—-DT, f(2)+ S ). 3.1
On the other hand,

T(r, ,3160!|z +[32€Ot22 + .. +,BS€O‘SZ)

< T(r, B1e™?) + T (r, P2e®®%) + - + T (r, Bse™?) + O(1)

_ (ai] + lea| + - + |asDr
T

(I+o(1)). (3.2

By (1.2), (3.1) and (3.2), we get

(n— DTG, f@) + S, f) < Jealtloald o Flebr )

T

Soo(f) <1.Ifo(f) < 1, then by Lemma 3.1, we see thatfor | <h < k <,

T(r, f(2)" + p@) f(z+m) = S(r, e @ ™3),

By (1.2) and Lemma 2.3, we get 81 = B = --- = By = 0, which contradicts the
hypotheses. So o (f) = 1.

To prove ® (0, f) = 0, we divide our discussion into two cases.

Case 1. s = 1. As in the proof of Theorem 1.1, we get (2.10) and (2.11). Further-
more, we have

nf'(2) — 1 f(2) = f(2) (n’;,((j)) —ou)- (33)

If nf’(z) — a1 f(z) = 0, as in the proof of Theorem 1.1, we get a contradiction. So
nf’(z) — a1 f(z) # 0. By logarithmic derivative lemma, we get

m <r,nj;((zz)) —m) =8, f).
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Combining this equality with

N (r, nf/(Z) — ozl> = N(r, ;> ,
f@) f(@)

we get

T <r, nf/(Z) - a1> =N <r, !
f@) f (@)

(2.11), (3.3) and (3.4) yield

) + S, f). (34)

Nhﬂsz(nﬁ%%;ﬂﬁg

Mrey — Y
f'(@)
f(@

<T@rnf'x) —arf@)+T (V, n

-—ﬁ<r :
U f@

which gives ®(0, ) = 0.

Case 2.5 > 1. As in the proof of Theorem 1.1, we get (2.14)—(2.29). If ¢ = 0, then
as in the proof of Theorem 1.1, we get a contradiction. So ¢ 0 and (2.30) holds. By
(2.28), we have

—m>+0m

)+S(r,f),

L " '
(f@" _ L(f(Z)n) — f(z)n7A¢ = f(Z)n 4

S TET F@

which gives

L@ _ ¢
f@" f@)s

(3.5)

By logarithmic derivative lemma, we get form =1,2,...,s,

(f ™M™
m\r, ————
f@"

):smfwﬁzsmfy (3.6)

Combining (3.6) with (2.26) and (3.5), we get

¢ \_ [ LU
m (r, f(z)s) =m (r, —f(z)" ) =S, f). (3.7
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Form =1,2,...,s, we have
ny(m)
N|r, M <mN (r, ;) =mN (r, L) . 3.8)
f@r f@r f @)
Combining (3.8) with (2.26) and (3.5), we get
N<r, ¢ ):N(nL@n))sW(r, ! ) (3.9)
f@)* f@r f(2)
(3.7) and (3.9) yield
T (r, L) <sN (r, L) £ S ). (3.10)
f@*) = f @

By (2.30) and (3.10), we get

sT(r, f(2)) =T(r, f(2)°)

f(@)* >
=T s
(V o 7

<T (r, fi)s> +T(r,¢)+ O(1)

— 1
<sN (r, f(z)) + 8@, 1),

which gives ®(0, ) = 0.

4 Proof of Theorem 1.3
Suppose that (1.2) has a meromorphic solution f(z) with o2(f) < 1. From the proof
of Theorem 1.1, we see that f(z) is a transcendental entire function. From the proof

of Theorem 1.2, we see that o (f) = 1. If A(f) < 1, then by Hadamard factorization
theorem, f(z) can be written as

f(2) = H(z)e™, 4.1)

where a is a non-zero constant and H(z) is an entire function with o (H) < 1. We
deduce from Lemma 3.1 thatfor 1 <h <k <,

T(r, H(@) = S, e =%, T(r, Hz+m) = S0 e ™™, 42)
Substituting (4.1) into the Eq. (1.2), we get

H(2)"e" + p(2)H (z + mee™ = B1e”'° + pre™* + - + B (4.3)
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Since ap, oy, ..., ay are distinct, we deduce from (4.2), (4.3) and Lemma 2.3 that
s = 2 and

or

o] =na, o) =4a,

o) =na, o] =d.

These contradict our hypotheses. So L(f) = o (f) = 1.
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