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a b s t r a c t

We obtain the representations of the subnormal solutions of nonhomogeneous equations

f 00 þ ½P1ðezÞ þ Q1ðe�zÞ�f 0 þ ½P2ðezÞ þ Q2ðe�zÞ�f ¼ R1ðezÞ þ R1ðe�zÞ;

where P1ðzÞ; P2ðzÞ; Q 1ðzÞ; Q 2ðzÞ; R1ðzÞ and R2ðzÞ are polynomials in z such that
P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q2ðzÞ are not all constants, deg P1 6 deg P2. We resolve
the question raised by Gundersen and Steinbart in 1994.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

We use the standard notation from Nevanlinna theory in this paper (see [4,8,11]).
The study of the properties of solutions of a linear differential equation with periodic coefficients is one of the difficult

aspects in the complex oscillation theory of differential equations. However, it is also one of the important aspects since
it relates to many special functions. Some important results were done by different authors, see, for instance, [1–3,5–7,9,10].

Now, we consider second order nonhomogeneous linear differential equation

f 00 þ ½P1ðezÞ þ Q 1ðe�zÞ�f 0 þ ½P2ðezÞ þ Q 2ðe�zÞ�f ¼ R1ðezÞ þ R1ðe�zÞ; ð1:1Þ
where P1ðzÞ; P2ðzÞ; Q1ðzÞ; Q2ðzÞ; R1ðzÞ and R2ðzÞ are polynomials in z such that P1ðzÞ; P2ðzÞ; Q 1ðzÞ and Q2ðzÞ are not all con-
stants. It is well known that every solution f ðzÞ of (1.1) is an entire function.

Let f ðzÞ be an entire function. We define

qeðf Þ ¼ lim
r!þ1

log Tðr; f Þ
r

ð1:2Þ

to be the e-type order of f ðzÞ.
If f ðzÞX0 is a solution of (1.1) and if f ðzÞ satisfies qeðf Þ ¼ 0, then we say that f ðzÞ is a subnormal solution of (1.1). For con-

venience, we also say that f ðzÞ � 0 is a subnormal solution of (1.1).
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In [5], Gundersen and Steinbat have raised the following open problem, i.e., what about the forms of the subnormal solu-
tions of Eq. (1.1)?

In [6], we have obtained the all forms of subnormal solutions of homogeneous equation

f 00 þ ½P1ðezÞ þ Q 1ðe�zÞ�f 0 þ ½P2ðezÞ þ Q2ðe�zÞ�f ¼ 0;

where P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q2ðzÞ are polynomials in z such that P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q2ðzÞ are not all constants (see
Theorems 1.2–1.4 in [6]).

In [7], we have obtained the forms of subnormal solutions of nonhomogeneous equation (1.1) when deg P1 > deg P2, i.e.,

Theorem 1.A [7]. Suppose that f ðzÞ is a subnormal solution of (1.1), where P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q2ðzÞ are polynomials in z
such that P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q2ðzÞ are not all constants.

(i) If deg P1 > deg P2 and deg P1 > deg R1, then f ðzÞ must have the form

f ðzÞ ¼ ebz½g1ðezÞ þ g2ðe�zÞ�;

where b is a constant, g1ðzÞ and g2ðzÞ are polynomials in z.
(ii) If deg P1 > deg P2 and deg P1 6 deg R1, then f ðzÞ must have the form

f ðzÞ ¼ ebz½g1ðezÞ þ g2ðe�zÞ� þ c1zg3ðe�zÞ þ c2g4ðe�zÞ þ g0ðezÞ;

where b is a constant, c1 and c2 are constants that may or may not be equal to zero, g0ðzÞ may be equal to zero or may be a
polynomial in z; g1ðzÞ; g2ðzÞ; g3ðzÞ and g4ðzÞ are polynomials in z with degfg3gP 1.

In this paper, we will obtain the forms of subnormal solutions of nonhomogeneous equation (1.1) when deg P1 6 deg P2,
and resolve completely the open problem raised by Gundersen and Steinbat in 1994, i.e.,

Theorem 1.1. Suppose that f ðzÞ is a subnormal solution of (1.1), where P1ðzÞ; P2ðzÞ; Q1ðzÞ; Q2ðzÞ; R1ðzÞ and R2ðzÞ are
polynomials in z such that P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q2ðzÞ are not all constants. If deg P1 < deg P2, then f ðzÞ must have the form

f ðzÞ ¼ ebz½g1ðezÞ þ g2ðe�zÞ�; ð1:3Þ

where b is a constant, g1ðzÞ and g2ðzÞ are polynomials in z.

Theorem 1.2. Suppose that f ðzÞ is a subnormal solution of (1.1), where P1ðzÞ; P2ðzÞ; Q1ðzÞ; Q2ðzÞ; R1ðzÞ and R2ðzÞ are polyno-
mials in z such that P1ðzÞ; P2ðzÞ; Q 1ðzÞ and Q 2ðzÞ are not all constants. If deg P1 ¼ deg P2 P 1, then f ðzÞ must have one of the
following two forms:

f ðzÞ ¼ ceb1z½g1ðezÞ þ g2ðe�zÞ� þ eb2z½g3ðezÞ þ g4ðe�zÞ�; ð1:4Þ

where b1 and b2 are constants such that b1 is not an integer, c is a constant that may or may not be equal to zero, and
g1ðzÞ; g2ðzÞ; g3ðzÞ and g4ðzÞ are polynomials in z, or

f ðzÞ ¼ enzfebz½g1ðezÞ þ g2ðe�zÞ� þ c1zg3ðe�zÞ þ c2g4ðe�zÞ þ g0ðezÞg; ð1:5Þ

where n is an integer and b is a constant, c1 and c2 are constants that may or may not be equal to zero, g0ðzÞmay be equal to zero or
may be a polynomial in z, and g1ðzÞ; g2ðzÞ; g3ðzÞ and g4ðzÞ are polynomials in z with degfg3gP 1.

2. Proof of Theorem 1.1

We begin with some lemmas.

Lemma 2.1 [6, Theorem 1.3]. Suppose that f ðzÞ is a subnormal solution of homogeneous equation

f 00 þ ½P1ðezÞ þ Q 1ðe�zÞ�f 0 þ ½P2ðezÞ þ Q2ðe�zÞ�f ¼ 0; ð2:1Þ

where P1ðzÞ; P2ðzÞ; Q 1ðzÞ and Q 2ðzÞ are polynomials in z such that P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q2ðzÞ are not all constants. If
deg P1 < deg P2, then the only subnormal solution f ðzÞ of (2.1) is f ðzÞ � 0.

Lemma 2.2 [6, Lemma 2.3]. Suppose that f ðzÞ is an entire and subnormal solution of

P0ðez; e�zÞf ðnÞ þ P1ðez; e�zÞf ðn�1Þ þ � � � þ Pnðez; e�zÞf ¼ Pnþ1ðez; e�zÞ; ð2:2Þ

where Pjðez; e�zÞðj ¼ 0;1;2; . . . ;nþ 1Þ are polynomials in ez and e�z with P0ðez; e�zÞ–0, and that f ðzÞ and f ðzþ 2piÞ are linearly
dependent. Then f ðzÞ has the form

f ðzÞ ¼ ebz½g1ðezÞ þ g2ðe�zÞ�

where b is a constant, g1ðzÞ and g2ðzÞ are polynomials in z.
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Proof of Theorem 1.1. Suppose that f ðzÞ is a subnormal solution of (1.1), so is f ðzþ 2piÞ. Thus,

f ðzÞ � f ðzþ 2piÞ

is a subnormal solution of (2.1). Since deg P1 < deg P2, it follows from Lemma 2.1 that

f ðzÞ � f ðzþ 2piÞ � 0:

Hence, we have f ðzÞ has the form of (1.3) by Lemma 2.2. This completes the proof of Theorem 1.1.

Example 2.1. If n and q are any two integers, then f ðzÞ ¼ enz þ e�qz is a solution of

f 00 þ ðez þ qþ e�z � nÞf 0 þ ðe2z þ qez � nqþ qe�zÞf ¼ eðnþ2Þz þ ðnþ qÞeðnþ1Þz þ ðnþ qÞeðn�1Þz þ eð2�qÞz:

This is an example of Theorem 1.1 when deg P1 < deg P2.

3. Proof of Theorem 1.2

We need the following lemmas.

Lemma 3.1 [6, Theorem 1.2]. Suppose that f ðzÞ is a subnormal solution of (2.1), where P1ðzÞ; P2ðzÞ; Q1ðzÞ and Q 2ðzÞ are
polynomials in z and are not all constants.

(i) If deg P1 > deg P2 and P2 þ Q 2 � 0, then any subnormal solution f ðzÞ of (2.1) must be a constant.
(ii) If deg P1 > deg P2 and P2 þ Q 2X0, then f ðzÞX0 must have the form

f ðzÞ ¼ g2ðe�zÞ;

where g2ðzÞ is a polynomial in z with degfg2gP 1.

Lemma 3.2 [9]. Suppose that f ðzÞ is a subnormal solution of (2.1), where P1ðzÞ; P2ðzÞ; Q 1ðzÞ and Q 2ðzÞ are polynomials in z and
are not all constants. Then f ðzÞ must have the form

f ðzÞ ¼ ebz½g1ðezÞ þ g2ðe�zÞ�;

where b is a constant, g1ðzÞ and g2ðzÞ are polynomials in z.

Proof of Theorem 1.2. Suppose that f ðzÞ is a subnormal solution of (1.1), so is f ðzþ 2piÞ. Thus f ðzÞ � f ðzþ 2piÞ is a subnormal
solution of (2.1).

If f ðzÞ � f ðzþ 2piÞ � 0, it follows from Lemma 2.2 that f ðzÞ must have the form

f ðzÞ ¼ ebz½g1ðezÞ þ g2ðe�zÞ�; ð3:1Þ

where b is a constant, g1ðzÞ and g2ðzÞ are polynomials in z. This is the form of (1.4). In this case the constant c is equal to zero.
If f ðzÞ � f ðzþ 2piÞX0. Since f ðzÞ � f ðzþ 2piÞ is a subnormal solution of (2.1), we have by Lemma 3.2,

f ðzÞ � f ðzþ 2piÞ ¼ eb1z½g1ðezÞ þ g2ðe�zÞ�; ð3:2Þ

where b1 is a constant, g1ðzÞ and g2ðzÞ are polynomials in z.
Now, we will discuss the following two cases.

Case 3.1. Suppose that the constant b1 in (3.2) is not an integer. Set

gðzÞ ¼ f ðzÞ þ 1
e2pib1 � 1

eb1z½g1ðezÞ þ g2ðe�zÞ�; ð3:3Þ

where the constant b1 is not an integer, g1ðzÞ and g2ðzÞ are polynomials in z. Then from (3.2) and (3.3), gðzÞ is a subnormal
solution of (1.1). However, by (3.3),

gðzþ 2piÞ ¼ f ðzþ 2piÞ þ 1
e2pib1 � 1

eb1z � ½g1ðezÞ þ g2ðe�zÞ� � e2pib1 : ð3:4Þ

Thus, by (3.2)–(3.4), we have

gðzÞ � gðzþ 2piÞ � 0:

Thus gðzÞ is a subnormal solution of (1.1) and gðzÞ � gðzþ 2piÞ. By Lemma 2.2, we obtain that gðzÞ has the form

gðzÞ ¼ eb2z½g3ðezÞ þ g4ðe�zÞ�; ð3:5Þ
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where b2 is a constant, g3ðzÞ and g4ðzÞ are polynomials in z. It follows from (3.3) and (3.5) that

f ðzÞ ¼ 1
1� e2pib1

eb1z � ½g1ðezÞ þ g2ðe�zÞ� þ eb2z½g3ðezÞ þ g4ðe�zÞ�;

where b1 and b2 are constants such that b1 is not an integer, g1ðzÞ; g2ðzÞ; g3ðzÞ and g4ðzÞ are polynomials in z. This is the form
of (1.4). In this case the constant c ¼ 1

1�e2pib1
.

Case 3.2. Suppose that the constant b1 in (3.2) is an integer. Let a be a constant such that

degfP2 � aP1g < deg P1 ¼ deg P2; ð3:6Þ

and set

h1ðzÞ ¼ eazf ðzÞ: ð3:7Þ

Since f ðzÞ is a subnormal solution of (1.1), we obtain that h1ðzÞ is a subnormal solution of

h00 þ ½P3ðezÞ þ Q 3ðe�zÞ�h0 þ ½P4ðezÞ þ Q 4ðe�zÞ�h ¼ eaz½R1ðezÞ þ R2ðe�zÞ�; ð3:8Þ

where

P3ðezÞ ¼ P1ðezÞ � 2a; Q 3ðe�zÞ ¼ Q 1ðe�zÞ;
P4ðezÞ ¼ P2ðezÞ � aP1ðezÞ þ a2; Q 4ðe�zÞ ¼ Q 2ðe�zÞ � aQ 1ðe�zÞ:

Thus, P3ðzÞ; P4ðzÞ; Q3ðzÞ and Q 4ðzÞ are polynomials in z with deg P3 > deg P4 by (3.6).
Since f ðzÞ is a subnormal solution of (1.1), so is f ðzþ 2piÞ. Similar to the proof that h1ðzÞ is a subnormal solution of (3.8),

we obtain

h2ðzÞ ¼ eazf ðzþ 2piÞ; ð3:9Þ

is also a subnormal solution of (3.8). Thus

hðzÞ ¼ h1ðzÞ � h2ðzÞ ð3:10Þ

is a subnormal solution of

h00 þ ½P3ðezÞ þ Q 3ðe�zÞ�h0 þ ½P4ðezÞ þ Q 4ðe�zÞ�h ¼ 0; ð3:11Þ

where P3ðzÞ; P4ðzÞ; Q3ðzÞ and Q 4ðzÞ are polynomials in z with deg P3 > deg P4.
It follows from (3.2), (3.7), (3.9) and (3.10) that

hðzÞ ¼ eðaþb1Þz½g1ðezÞ þ g2ðe�zÞ�; ð3:12Þ

where b1 is an integer, g1ðzÞ and g2ðzÞ are polynomials in z.
Now, we will discuss the following two subcases.
Subcase 3.1. If P4 þ Q 4 � 0, we obtain from Lemma 3.1 (i) that hðzÞ ¼ C, where C is a constant. Thus, by (3.12),

eðaþb1Þz½g1ðezÞ þ g2ðe�zÞ� ¼ C; ð3:13Þ

where C is a constant. From (3.13), aþ b1 must be an integer. Since we have supposed b1 is an integer, we also obtain a is an
integer. Hence (3.8) turns into

h00 þ ½P3ðezÞ þ Q 3ðe�zÞ�h0 þ ½P4ðezÞ þ Q 4ðe�zÞ�h ¼ S5ðezÞ þ S6ðe�zÞ; ð3:14Þ

where P3ðzÞ; P4ðzÞ; Q 3ðzÞ; Q 4ðzÞ; S5ðzÞ and S6ðzÞ are polynomials in z and deg P3 > deg P4. Since h1ðzÞ is a subnormal solution
of (3.14), it follows from Theorem 1.A that

h1ðzÞ ¼ ebz½g1ðezÞ þ g2ðe�zÞ� þ c1zg3ðe�zÞ þ c2g4ðe�zÞ þ g0ðezÞ; ð3:15Þ

where b is a constant and c1 and c2 are constants that may and may not be equal to zero, g0ðzÞmay be equal to zero or may be
a polynomial in z, and g1ðzÞ; g2ðzÞ; g3ðzÞ and g4ðzÞ are polynomials in z with degfg3gP 1. By (3.7) and (3.15), we obtain

f ðzÞ ¼ e�azfebz½g1ðezÞ þ g2ðe�zÞ� þ c1zg3ðe�zÞ þ c2g4ðe�zÞ þ g0ðezÞg; ð3:16Þ

where a is an integer. This is the form of (1.5).

Subcase 3.2. If P4 þ Q 4X0, we obtain from Lemma 3.1(ii) that

hðzÞ ¼ g3ðe�zÞ; ð3:17Þ

where g3ðzÞ is a polynomial in z with degfg3gP 1. It follows from (3.12) and (3.17) that

eðaþb1Þz½g1ðezÞ þ g2ðe�zÞ� ¼ g3ðe�zÞ; ð3:18Þ
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where b1 is an integer, g1ðzÞ; g2ðzÞ and g3ðzÞ are polynomials in z with degfg3gP 1. From (3.18), aþ b1 must be an integer.
Since we have supposed b1 is an integer, we also obtain a is an integer. Hence (3.8) turns into (3.14). Similar to the proof of
Subcase 3.1 of Theorem 1.2, we can obtain that (3.15) and (3.16) hold. This is a form of (1.5). Subcase 3.2 of Theorem 1.2 is
completed. Theorem 1.2 is completed completely.

Example 3.1. f ðzÞ ¼ ez þ e�2z ¼ e�zðe2z þ e�zÞ is a solution of

f 00 þ ðez þ e�z þ aþ 3Þf 0 þ ð2ez þ e�z þ 2a� 4Þf ¼ 3e2z þ 3aez � 6e�2z � e�3z þ 2:

This is an example of Theorem 1.2 when deg P1 ¼ deg P2 P 1. In this case f ðzÞ � f ðzþ 2piÞ.

Example 3.2. f ðzÞ ¼ eð�1þiÞz þ ez is a solution of

f 00 þ ðez þ e�2z þ 1� iÞf 0 þ ð1� iÞ½ez þ e�2z�f ¼ ð2� iÞ½e2z þ ez þ e�2z�:

This is an example of Theorem 1.2 when deg P1 ¼ deg P2 P 1. In this case f ðzÞf ðzþ 2piÞ and b ¼ i is not an integer.

Example 3.3. f ðzÞ ¼ ez½e2z þ ez þ zð1þ e�zÞ� is a solution of

f 00 þ ðez þ e�2z þ 1Þf 0 � ðez þ 1Þf ¼ 2e4z þ 12e3z þ 9e2z þ 6ez þ e�z þ 2:

This is an example of Theorem 1.2 when deg P1 ¼ deg P2 P 1. In this case f ðzÞf ðzþ 2piÞ and b is an integer.
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