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where P;(z), P,(z), Q{(2), Q2(2), Ri(z) and R,(z) are polynomials in z such that
PACs: P1(z), P2(z), Qi(z) and Q,(z) are not all constants, degP; < degP,. We resolve

02.30 Hq the question raised by Gundersen and Steinbart in 1994.
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1. Introduction

We use the standard notation from Nevanlinna theory in this paper (see [4,8,11]).

The study of the properties of solutions of a linear differential equation with periodic coefficients is one of the difficult
aspects in the complex oscillation theory of differential equations. However, it is also one of the important aspects since
it relates to many special functions. Some important results were done by different authors, see, for instance, [1-3,5-7,9,10].

Now, we consider second order nonhomogeneous linear differential equation

f"+Pi(e*) + Que?)f" + [P2(€®) + Qa(e?)f = Ri(€) + Ry (e7™), (1.1)
where P;(z), P2(z), Q(2), Q2(2), Ri(z) and R,(z) are polynomials in z such that P;(z), P»(z), Q;(z) and Q,(z) are not all con-
stants. It is well known that every solution f(z) of (1.1) is an entire function.

Let f(z) be an entire function. We define
log T(r

pe(f) = lim === g ( D (1.2)
to be the e-type order of f(2).

If f(z) #£0 is a solution of (1.1) and if f(z) satisfies p,(f) = 0, then we say that f(z) is a subnormal solution of (1.1). For con-
venience, we also say that f(z) = 0 is a subnormal solution of (1.1).

* Corresponding author.
E-mail addresses: hzbo20019@sina.com (H. Zhibo), xia.email@yahoo.com.cn (X. Xiaohua), ligian@scau.edu.cn (L. Qian), pkczm@pku.edu.cn (C.
Zhanming).

1007-5704/$ - see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.cnsns.2009.05.038



882 H. Zhibo et al./ Commun Nonlinear Sci Numer Simulat 15 (2010) 881-885

In [5], Gundersen and Steinbat have raised the following open problem, i.e., what about the forms of the subnormal solu-
tions of Eq. (1.1)?
In [6], we have obtained the all forms of subnormal solutions of homogeneous equation

f"+[Pr(€) + Qu(e ) + [P2(€*) + Qa(e)If =0,

where P;(z), P2(z), Q;(z) and Q,(z) are polynomials in z such that P;(z), P»(z), Q,(z) and Q,(z) are not all constants (see
Theorems 1.2-1.4 in [6]).
In [7], we have obtained the forms of subnormal solutions of nonhomogeneous equation (1.1) when deg P; > degP,, i.e.,

Theorem 1.A [7]. Suppose that f(z) is a subnormal solution of (1.1), where P1(z), P»(z), Q(z) and Q,(z) are polynomials in z
such that P,(z), P2(z), Qq(z) and Q,(z) are not all constants.

(i) If degP; > degP, and degP; > degR;, then f(z) must have the form

f(2) = (g, (€°) + g, (€77,

where p is a constant, g,(z) and g,(z) are polynomials in z.
(ii) If degP; > degP, and degP; < degR;, then f(z) must have the form

f(2) = €[g,(€°) + 8y(e7)] + C1285(€7") + C284(€7") + 8o (€7),

where 8 is a constant, ¢, and c, are constants that may or may not be equal to zero, g,(z) may be equal to zero or may be a
polynomial in z, g,(2), 8,(2), g5(z) and g4(z) are polynomials in z with deg{g,;} > 1.

In this paper, we will obtain the forms of subnormal solutions of nonhomogeneous equation (1.1) when deg P, < degP»,
and resolve completely the open problem raised by Gundersen and Steinbat in 1994, i.e.,

Theorem 1.1. Suppose that f(z) is a subnormal solution of (1.1), where P;(z), P2(z), Q1(2), Q2(2), R1(z) and Ry(z) are
polynomials in z such that P,(z), P2(z), Q1(z) and Q,(z) are not all constants. If deg P, < deg P,, then f(z) must have the form

f(2) = ”[g, (€°) + gy(e77), (1.3)
where f is a constant, g,(z) and g,(z) are polynomials in z.
Theorem 1.2. Suppose that f(z) is a subnormal solution of (1.1), where P1(z), P2(z), Q,(z), Q2(2), Ri(z) and R,(z) are polyno-

mials in z such that P1(z), P2(z), Q(z) and Q,(z) are not all constants. If degP; = degP, > 1, then f(z) must have one of the
following two forms:

f(2) = ce*[g, (€°) + gy (e7*)] + e*[g5(e7) + g4 (e )], (1.4)
where B, and j, are constants such that p; is not an integer, c is a constant that may or may not be equal to zero, and
g1(2), 8,(2), g;(z) and g4(z) are polynomials in z, or

f(2) = e™{eP[g, (€°) + gy (€7%)] + C12g5(€7%) + Ca84(€ ™) + &o(€7)}, (1.5)

where n is an integer and f3 is a constant, c; and c, are constants that may or may not be equal to zero, g,(z) may be equal to zero or
may be a polynomial in z, and g,(z), g,(z), g;(z) and g4(z) are polynomials in z with deg{g;} > 1.

2. Proof of Theorem 1.1

We begin with some lemmas.
Lemma 2.1 [6, Theorem 1.3]. Suppose that f(z) is a subnormal solution of homogeneous equation
f"+[P1(e*) + Qe )If + [P2(€*) + Qa(e*)]f =0, (2.1)
where Py(z), P2(z), Q(z) and Qz(z) are polynomials in z such that P;1(z), P2(z), Q;(z) and Q,(z) are not all constants. If
deg P; < degP,, then the only subnormal solution f(z) of (2.1)is f(z) =0
Lemma 2.2 [6, Lemma 2.3]. Suppose that f(z) is an entire and subnormal solution of
Po(€?, e A)f™ + Py(e%, e ?)f "V ... + Py(e?, e ?)f = Pyyq(6%,€7%), (2.2)

where Pj(e?,e7?)(j =0,1,2,...,n+ 1) are polynomials in e* and e~ with Py(e?,e?)#0, and that f(z) and f(z + 2mi) are linearly
dependent. Then f(z) has the form

f(2) = e[g, (€°) + g,(e7)]

where f is a constant, g,(z) and g,(z) are polynomials in z.
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Proof of Theorem 1.1. Suppose that f(z) is a subnormal solution of (1.1), so is f(z + 2mi). Thus,
f(2) - f(z +2mi)
is a subnormal solution of (2.1). Since degP; < deg P, it follows from Lemma 2.1 that
f(2) —f(z+2mi) = 0.
Hence, we have f(z) has the form of (1.3) by Lemma 2.2. This completes the proof of Theorem 1.1.
Example 2.1. If n and q are any two integers, then f(z) = e™ + e~% is a solution of
"+ (€ +q+e?—n)f +(e* +qe* —nq+qe)f =e™?? 1 (n+q)e™V? ¢ (n 4 q)e 17 4 e-02,

This is an example of Theorem 1.1 when degP; < degP;.

3. Proof of Theorem 1.2

We need the following lemmas.
Lemma 3.1 [6, Theorem 1.2]. Suppose that f(z) is a subnormal solution of (2.1), where P1(z), P2(z), Q(z) and Q,(z) are
polynomials in z and are not all constants.
(i) If degP; > degP, and P, + Q, = 0, then any subnormal solution f(z) of (2.1) must be a constant.
(ii) If degP; > degP, and P, + Q, #0, then f(z) #£0 must have the form
f(2) = g,(e7),

where g,(z) is a polynomial in z with deg{g,} > 1.

Lemma 3.2 [9]. Suppose that f(z) is a subnormal solution of (2.1), where P (z), P2(z), Q(z) and Q;(z) are polynomials in z and
are not all constants. Then f(z) must have the form

f(2) = e[g(€%) + gy (e7),

where B is a constant, g,(z) and g,(z) are polynomials in z.

Proof of Theorem 1.2. Suppose that f(z) is a subnormal solution of (1.1), so is f(z + 2mi). Thus f(z) — f(z + 2mi) is a subnormal
solution of (2.1).
If f(z) — f(z + 2mi) = 0, it follows from Lemma 2.2 that f(z) must have the form

f(2) = e¥[g,(€%) + g, (e 7)), (3.1)

where  is a constant, g, (z) and g, (z) are polynomials in z. This is the form of (1.4). In this case the constant c is equal to zero.
If f(z) — f(z + 2mi) #£0. Since f(z) — f(z + 2mi) is a subnormal solution of (2.1), we have by Lemma 3.2,

f@) — f(z + 2mi) = e"?[g, (€*) + g, (e77)), 32)

where 8, is a constant, g,(z) and g,(z) are polynomials in z.
Now, we will discuss the following two cases.

Case 3.1. Suppose that the constant ; in (3.2) is not an integer. Set

£02) = (@) + 1" 81(€) + &l (3.3)

where the constant $, is not an integer, g,(z) and g,(z) are polynomials in z. Then from (3.2) and (3.3), g(z) is a subnormal
solution of (1.1). However, by (3.3),

2(z+2mi) = f(z + 2mi) + eh? . (g, (%) + g, (e7?)] - e, (3.4)

e2mipi — 1
Thus, by (3.2)-(3.4), we have

g(2) —g(z+2mi)=0.
Thus g(z) is a subnormal solution of (1.1) and g(z) = g(z + 2mi). By Lemma 2.2, we obtain that g(z) has the form

8(2) = e"?[g(€) + g4(e 7)), (3.5)
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where $, is a constant, g;(z) and g,(z) are polynomials in z. It follows from (3.3) and (3.5) that

f@) = ]fwem - [81(6%) + g2(e7%)] + e7[g5(€F) + ga(e77)),

where , and $, are constants such that , is not an integer, g, (z), g,(z), g5(z) and g,(z) are polynomials in z. This is the form
of (1.4). In this case the constant ¢ =

1
1_e2mih "

Case 3.2. Suppose that the constant ; in (3.2) is an integer. Let o be a constant such that

deg{P, — aP1} < degP; = degP,, (3.6)
and set

hi(z) = e¥f(2). (3.7)
Since f(z) is a subnormal solution of (1.1), we obtain that h;(z) is a subnormal solution of

W'+ [Ps(€°) + Qs(e ™)' + [Pa(€") + Qa(e?)]h = e[Ri (€°) + Ra(e )], (3.8)
where

P3(e*) = Py(€) — 20, Qs(e™) = Qq(e7),

P4(e%) = Py (€%) — oP1(e%) + o,  Qu(e?) = Qu(e7?) — aQ,(e7?).

Thus, P3(z), P4(z), Q3(z) and Q4(z) are polynomials in z with degP; > deg P4 by (3.6).
Since f(z) is a subnormal solution of (1.1), so is f(z + 2i). Similar to the proof that h;(z) is a subnormal solution of (3.8),
we obtain

hy(z) = e*f(z + 2mi), (3.9)
is also a subnormal solution of (3.8). Thus

h(z) = hy(z) — h2(2) (3.10)
is a subnormal solution of

h" + [P5(e%) + Qs(e ?)h + [Pa(€”) + Q4(e#)]h =0, (3.11)

where P3(z), P4(z), Q3(z) and Q4(z) are polynomials in z with deg P; > degP,.
It follows from (3.2), (3.7), (3.9) and (3.10) that

h(z) = e*P%(g, (&%) + g5 (e 7)), (3.12)

where g, is an integer, g,(z) and g,(z) are polynomials in z.
Now, we will discuss the following two subcases.
Subcase 3.1. If P4 + Q4 = 0, we obtain from Lemma 3.1 (i) that h(z) = C, where C is a constant. Thus, by (3.12),

e g, () + gy(e%)] = C, (313)

where Cis a constant. From (3.13), « + ; must be an integer. Since we have supposed f; is an integer, we also obtain « is an
integer. Hence (3.8) turns into

h' + [P3(€%) + Qs(e7?)]N + [Pa(€?) + Qq(e7?)]h = S5(€7) + Ss(e7), (3.14)

where P3(z), P4(z), Q3(2), Q4(2), Ss(z) and Sg(z) are polynomials in z and deg P; > deg P,. Since h; (z) is a subnormal solution
of (3.14), it follows from Theorem 1.A that

hi(2) = e[g (€°) + 8, (e7)] + C1283(e7%) + Ca84(e™") + 8o (€7), (3.15)

where f is a constant and ¢; and ¢, are constants that may and may not be equal to zero, g,(z) may be equal to zero or may be
a polynomial in z, and g,(z), g,(2), g5(z) and g,(z) are polynomials in z with deg{g;} > 1. By (3.7) and (3.15), we obtain

f(z) = e7*{e"[g(€") + 8y(e7")] + C1283(e7%) + 284 (€7) + 8o (€°)}, (3.16)
where o is an integer. This is the form of (1.5).
Subcase 3.2. If P, + Q, #0, we obtain from Lemma 3.1(ii) that

h(z) = g3 (e™), (3.17)
where g;(z) is a polynomial in z with deg{g;} > 1. It follows from (3.12) and (3.17) that

e 2(g, (&%) + gy(e77)] = gs(e7%), (3.18)
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where $; is an integer, g,(z), g,(z) and g5(z) are polynomials in z with deg{g;} > 1. From (3.18), « + 8; must be an integer.
Since we have supposed f; is an integer, we also obtain « is an integer. Hence (3.8) turns into (3.14). Similar to the proof of
Subcase 3.1 of Theorem 1.2, we can obtain that (3.15) and (3.16) hold. This is a form of (1.5). Subcase 3.2 of Theorem 1.2 is
completed. Theorem 1.2 is completed completely.

Example 3.1. f(z) = & + e % = e ?(e* + e?) is a solution of
[ (@ +e?+a+3)f +(2e+e?+2a—4)f =3e* +3ae” —6e % —e 212

This is an example of Theorem 1.2 when degP; = degP, > 1. In this case f(z) = f(z + 2mi).

Example 3.2. f(z) = e(-*)7 + ¢? is a solution of
fre@+eZ+1-0f + (1 -0 +e?f=2—i)e*+e +e .

This is an example of Theorem 1.2 when degP; = degP, > 1. In this case f(z)f(z + 2mi) and g =i is not an integer.

Example 3.3. f(z) = e?[e?* + €* +z(1 + e7?)] is a solution of
fr4+ (@ +eZ41)f — (e +1)f =2e% +12e% + 9e¥ + 6e* + e + 2.

This is an example of Theorem 1.2 when degP; = degP, > 1. In this case f(z)f(z + 27i) and f is an integer.
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