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1. Introduction

Throughout this paper, G is a simple graph with vertex set V(G) = {vy,--- ,v,} and
edge set E(G). If the vertices v; and v; are adjacent, we write v; ~ v;, then e = v;v; is
an edge belonging to E(G) and we say v; (v;) is incident to e. We say that two edges
of G are adjacent if they are incident to a common vertex. Let |V(G)| be the order of
G and |E(G)| be the number of edges in G. We say that G is empty if |[V(G)| =0, and
null if |[E(G)] = 0. Let Ng(u) (N(u) for short) be the neighbourhood set of w in G.
Two vertices u,v are called duplicate vertices if u = v and N(u) = N(v), co-duplicate
vertices if u ~ v and N(u)\{v} = N(v)\{u}. The distance between vertices u and v
in G, denoted by dg(u,v), is the length of the shortest u — v path in G. The diameter
diam(G) of a connected graph G is the maximum distance between two vertices of G.
The complement of a graph G is denoted by G. Suppose V! C V(G), the induced subgraph
of G with respect to V' is a graph with vertex set V' and edge set E’, where v;v; € E’
if v;v; € E(G) for any v;,v; € V', G — V' is the graph obtained from G after deleting
each vertex v € V' and all edges that are incident to v. Let K,,, K ,—1, Cp, P, be the
complete graph, star, cycle, path of order n, respectively.

Let A(G) = [ai;] be the n x n adjacency matriz of G where a;; = 1 if v; ~ v; and
a;; = 0 otherwise. The eigenvalues of G are the eigenvalues of its adjacency matrix A(G).
The spectrum of G is the multiset of all eigenvalues of G, and we denote by Spec(G).
An eigenvalue A of G of order n is said to be a main eigenvalue if its eigenspace is not
orthogonal to the all-ones vector j = [1,1,...,1]T of length n, and an eigenvector = of
G is a main eigenvector if jTx # 0. By [4], all main eigenvalues of G are distinct.

For a connected graph G, since its adjacency matrix A(G) is irreducible, the famous
Perron-Frobenius Theorem ensures that the largest eigenvalue of G is always main. In
1978, Cvetkovié¢ proved that G has exactly one main eigenvalue if and only if G is regular.
Besides, he posed the following long-standing problem: characterize the graphs of order
n with exactly k (2 < k < n) main eigenvalues [4].

There are a series of papers characterizing the graphs with exactly 2,n — 1,7 main
eigenvalues. All trees, unicyclic, bicyclic and tricyclic graphs with exactly two main
eigenvalues are characterized in [12-14], and for the other relevant results, one can refer
to Feng et al. [9], Hagos [15], Hayat et al. [16], Lepovié¢ [19], etc. For graphs with all
eigenvalues main, Cvetkovi¢ et al. defined them as controllable graphs through their
correlation with control theory [5], and for the relevant results, we refer the readers to
Cvetkovié et al. [5,6], Farrugia [8] and Stanié [22]. For graphs of order n with n — 1 main
eigenvalues, Wang, Liu and Wang defined them as almost controllable graphs [23], and
for the recent research on almost controllable graphs, one can refer to [7,18,20,23].

A graph G is called reconstructible if it can be determined from the knowledge only
of all one-vertex-deleted subgraphs. In [11], the authors proved that a graph G of order
n is reconstructible if all but at most one of the eigenvalues of A(G) are simple, with the
corresponding eigenvectors not orthogonal to j,. Thus characterizing the graphs with
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exactly k main eigenvalues (especially k = n—1,n) is of great importance as such graphs
are reconstructible.

In this paper, we focus on almost controllable graphs and the paper is organized as
follows. In Section 2, we study the properties of almost controllable graphs. In Sections 3
and 4, we show that the diameters of the complements of (almost) controllable trees,
unicyclic and bicyclic graphs are less than or equal to 3 and determine all complements
with diameter 3. In Section 5, we propose two conjectures about the (almost) controllable
graphs for further research. In Section 6, we determine the integral almost controllable
graphs.

2. Preliminaries

An automorphism of a graph G is a permutation o of the vertex set V(G) such that
the pair of vertices v; ~ v; if and only if o(v;) ~ o(v;). The set of automorphisms of
G under the composition operation, form a group, called the automorphism group of G
and denoted by Aut(G). Let |Aut(G)| be the order of Aut(G). It is well-known that a
graph and its complement share the same automorphism group.

Lemma 2.1 ([7]). Let G be a graph of order n with n — 1 main eigenvalues, then its
automorphism group Aut(G) is either trivial or generated by a transposition o = (v;,v;)
fizing all vertices w ¢ {v;,v;}. Furthermore, if v; ~ vj then 0 is an eigenvalue of G, and
if v ~ v; then —1 is an eigenvalue of G.

By Lemma 2.1, we may conclude that for an almost controllable graph G, |Aut(G)| €
{1,2}. Moreover, if Aut(G) =< (u,v) >, then u, v is the unique pair of vertices in G such
that Ng_,(u) = Ng_y(v) by the definition of the automorphism of G. In fact, such u,v
is a pair of duplicate vertices in G if u ~ v, and a pair of co-duplicate vertices in G if
U~ 0.

It is proved that controllable graphs have only the trivial automorphism group [5].
By Lemma 2.1, we know that the graph with a trivial automorphism group may not be
controllable. Similarly, we want to know whether a graph G with |Aut(G)| € {1,2} can
only be controllable or almost controllable. The answer is no. An extreme example is the
Frucht graph F' on 12 vertices with Aut(F') = 1 (see Fig. 1), which is neither controllable
nor almost controllable [10]. It is easy to check that F' is regular of degree 3, thus F' has
exactly 1 main eigenvalue 3. Moreover, there exist other regular asymmetric graphs with
trivial automorphism group [25], and Fig. 2 lists the graphs with the least number of
vertices.

Before considering the properties of almost controllable graphs, we give two lemmas
about controllable graphs first.

Let a pendant vertex be a vertex of degree 1, and a next-to-pendant vertex be a vertex
adjacent to a pendant vertex.
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Fig. 1. The Frucht graph F' of order 12.
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Fig. 2. The 4-regular asymmetric graphs of order 10.

Lemma 2.2 (/8]). Every controllable graph G on at least six vertices has Py as an induced
subgraph.

Lemma 2.3 (/6]). Let G be a controllable graph with Py as an induced subgraph. If v is
any vertex in G, then none of the following hold: (i) v is adjacent to all vertices of Py;
(ii) v is adjacent to both pendant vertices of Py; (iil) v is adjacent to both next-to-pendant
vertices of Py; (iv) v is non-adjacent to any vertex of Py.

By Lemmas 2.2 and 2.3, we know that controllable graphs have P, as an induced
subgraph but the graphs with P; as an induced subgraph may not be controllable.
Next we show a graph G with [Py (I > 1) as an induced subgraph may not be almost
controllable.

Proposition 2.4. Let G be a graph which contains an induced subgraph H (=2 IPy) for
Il > 1. Then G is not almost controllable if any vertex v € V(G)\V (H) satisfies one of
the following three cases:

(i) v is either adjacent to every vertex or no vertex of some Py;

(ii) v is adjacent to an even number of pendant vertices of H;

(iii) v is adjacent to an even number of next-to-pendant vertices of H.

Proof. For [ = 1, it is clear that G has an automorphism (u1,u4)(ug,us), where Py =
uiuguzty. Then the result holds by Lemma 2.1.
For [ > 2, by the structure of G, it is easy to find two non-main eigenvectors x; and
—1-V5 —1+5
2 T 2

o of G with corresponding eigenvalues , respectively, where

xr1 = (517"' 751307'” 7O)T5:L'2 = (527"' 762707"' 70)T7
~— ~—
l l
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Fig. 3. The graph G in Example 2.5.

& =(-1, 1+T\/g’ _1%\/5, DT, & = (-1, 1_7\/5, _1%‘/5, 1)T and the first 41 entries of 1, 2o
correspond to the vertices of H. O

Example 2.5. Let G be the graph of order 11 shown in Fig. 3. It is clear that G has
an induced subgraph H = 2P, with V(H) = {1,2,3,4,5,6,7,8}, and the connection
ways between {9,10,11} and V(H) satisfy the cases of Proposition 2.4. By computer
calculation, the automorphism group of G is trivial, and the eigenvalues of G are the roots
of irreducible polynomials 2 — 2% — 924+ 1222+ 22— 2, 23 —4x—2 and %\/g Moreover,
%‘/5 are the only two non-main eigenvalues and then G is not almost controllable.

Furthermore, we show a graph G with [P (I > 1) as an induced subgraph may not
be almost controllable by the following result.

Proposition 2.6. Let G be a graph which contains an induced subgraph H (= 1Ps) for
I > 1. Then G is not almost controllable if any vertex v € V(G)\V (H) satisfies one of
the following three cases:

(i) v is either adjacent to every vertex or no vertex of some Ps;

(ii) v is adjacent to an even number of pendant vertices of H;

(iii) v is adjacent to an even number of next-to-pendant vertices of H.

Proof. Similar to the proof of Proposition 2.4, it is easy to find two non-main eigenvectors
3 and z4 of G with corresponding eigenvalues —1, 1, respectively, where

x3 = (&3, ,£3,0, - 7Q)T)x4:<£47... 64,0, - - ’0)T7
N—— —
l l

& =(-1,1,0,—-1,1)T & = (—1,-1,0,1,1)T and the first 5 entries of x3, x4 correspond
to the vertices of H. O

Example 2.7. Let G be the graph of order 15 shown in Fig. 4. It is clear that G has
an induced subgraph H = 2P; with V(H) = {1,2,3,4,5,6,7,8,9,10}, and the con-
nection ways between {11,12,13,14, 15} and V (H) satisfy the cases of Proposition 2.6.
By computer calculation, |Aut(G)| = 2, the eigenvalues of G are the roots of irreducible
polynomial 210 — 1528 — 427 4+ 7126 4+ 282° — 1192* — 4423 + 542% + 42 — 4 and £/2,0, £1.
Moreover, —1,0,1 are the only three non-main eigenvalues of G, thus G is not almost
controllable.
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Fig. 4. The graph G in Example 2.7.

3. Almost controllable trees and unicyclic graphs

In this section, we study the diameters of the complements of almost controllable

trees and unicyclic graphs, show diam(G) € {2,3} if G is an almost controllable tree

or an almost controllable unicyclic graph, and determine the graphs with diam(G) = 3.
Furthermore, as a by-product, we show diam(G) = 2 if G is a controllable tree or a
controllable unicyclic graph.

The following results are useful and interesting.
Lemma 3.1 (/17]). If diam(G) > 3, then diam(G) < 3.

Lemma 3.2 ([21]). A graph G and its complement G have the same number of main
eigenvalues.

Proposition 3.3. Let G be a graph with the complement G. Then diam(G) = 2 if and
only if for any edge wv € E(QG), there is a vertex w € V(G) satisfies w = u and w = v
in G. In other words, diam(G) # 2 if and only if there is an edge wv € E(G) such that
Nu)UN(@) =V(G).

Proof. If for any edge uv € E(G), there is a vertex w satisfies w « u and w ~ v in
G, then there is a uwv path in G which implies dg(u,v) = 2. On the other hand, any
two non-adjacent vertices of G’ will be adjacent in G. Thus we have diam(G) = 2. The
necessity is obvious and we complete the proof. O

Lemma 3.4. Let T be a tree of order n. If |[Aut(T)| = 1, then diam(T) = 2.

Proof. We prove this by indicating that any two adjacent vertices of T" have at least one
common non-adjacent vertex in T" by Proposition 3.3.

Suppose to the contrary, there are two vertices u ~ v in T such that N(u) U N(v) =
V(T). Firstly, for any vertices w € V(T)\{u,v}, w ~ v and w ~ v can not be both
true, otherwise there will be a C3 and this contradicts with T being a tree. Secondly, the
subgraph 7" induced by the vertex set V(T')\{u, v} is null, otherwise each pair of adjacent
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Fig. 5. The graph T;.

vertices of T will form a C3 with u (v) or a Cy with w, v in 7', and this contradicts with T
being a tree. Therefore, T is a star K ,, if N(u) = {v} (or N(v) = {u}) or a double-star
otherwise.

For n = 4, T must be isomorphic to Py or K7 3. However, |Aut(Py)| > 1, |Aut(K; 3)| >
1 and this contradicts with |Aut(T")| = 1.

For n > 5, there will be at least one pair of duplicate vertices of degree 1 that are
both adjacent to w or v in T', which contradicts with |Aut(T)| = 1.

Combining the above arguments, we have diam(T) = 2. O

Since the automorphism group of controllable graphs is trivial [5], we have the follow-
ing corollary by Lemma 3.2 and Lemma 3.4.

Corollary 3.5 (/22]). Let T be a controllable tree distinct from K. Then T is a control-
lable graph whose diameter is equal to 2.

Theorem 3.6. Let T be an almost controllable tree of order n (> 4). Then diam(T) €
{2,3}. Moreover, diam(T) = 3 if and only if T = T} (see Figure 5).

Proof. By Lemma 2.1 and T is almost controllable, we have |Aut(T)| € {1,2}.

Case 1: |Aut(T)| = 1.

We can directly get diam(7T) = 2 by Lemma 3.4.

Case 2: |Aut(T)| = 2.

Since the star K4 ,_1 is the only tree with diameter 2, we have diam(7") > 3 since
|Aut(K1 ,—1)| = 2 if and only if n = 3. Then diam(7T) € {2,3} by Lemma 3.1.

From the above two cases, we have diam(7T) € {2,3}. Now we show the rest part of
the result. Clearly, it is easy to check that T} is almost controllable with diam(7}) = 3.

If T is almost controllable with diam(T') = 3, we will show that 7' = 7. By Lemma 2.1,
we can suppose Aut(T") =< (u,v) >. Then wu,v is the unique pair of duplicate vertices
in T, and d(u) = d(v) = 1 since there will be a cycle induced by u, v and their common
neighbours if d(u) = d(v) > 1. Let V' = V(T)\(N(w) U {w}) where u ~ w. Clearly,
N(w)\{u,v} # 0 by n > 4 and V' # () by diam(T) > 3. Moreover, the subgraph
induced by N(w) is null, otherwise, there is at least a cycle C5 induced by w and
N(w). By Proposition 3.3 and diam(T) # 2, T has an edge xy € E(T) such that
N(z) U N(y) = V(T). Since u,v are pendant vertices, we suppose zy = ww; such
that N(w) U N(wy) = V(T) where w; € N(w)\{u,v}. Then d(w;) > 1, otherwise
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(w1, u) € Aut(T) and (w1, v) € Aut(T), which contradicts with [Aut(T")| = 2. Let p ~ w;
where p € V.

Next we show that N(w) = {u,v,w;}. If there is a vertex wy € N(w)\{u, v, w;}, then
d(wy) > 1 otherwise (w2, u) € Aut(T'). We can suppose wa ~ t, then t ~ w or t ~ wy,
and thus there will be a cycle induced by w, w1, ws,t, a contradiction.

Finally, we show that V(T') = {u,v,w,w,p}. Suppose to the contrary, there is a
vertex r € V(T)\{u, v, w, w1, p}, then r ~ wy by N(w)UN(wy) = V(T) and |N(w)| = 3.
If d(r) > 1, then r ~ p or r ~ 1/ where r' € V(T)\{u, v, w, wy,p,r}. i r ~ p, then r, p, wy
will induce a cycle Cs, a contradiction. If » ~ 7/, then 7/ ~ wy and r, 7/, w; will induce a
cycle Cs, a contradiction. Hence d(r) = 1. Similarly, we can deduce that d(p) = 1. Thus
(p,r) € Aut(T), a contradiction. Thus V(T) = {u,v,w,wy,p} and T=Ty. O

Let D,, denote the Dynkin graph of order n > 4, a tree obtained from the path of
order n —1 by adding a pendant edge at the second vertex [24]. Then we show that there

exist almost controllable tree T such that diam(7) = 2 by Example 3.7.

Example 3.7 (/2/]). The tree D,, has n — 2 main eigenvalues if 4|n and n — 1 main
eigenvalues otherwise.

It is easy to check that diam(Ds) = 3 by D5 = Ty, and D,, is an almost controllable

tree with diam(D,,) =2 if 4{n and n # 5.
Next we consider the diameters of the complements of unicyclic graphs.

Lemma 3.8. Let G be a unicyclic graph with the unique cycle C. If G has an edge uv
such that N(u) U N(v) = V(G), then we have:

(i) G —{u,v} has no cycle;
(ii) C = C5 or C = Cy, furthermore, if C = Cy, then uv € E(C).

Proof. (i) Suppose to the contrary, G — {u, v} has a cycle C’. Since |V(C")| > 3, for any
two vertices w1 ~ wy of C’, u,v,wy,wy will induce a cycle C3 or Cy, which contradicts
with G being unicyclic.

(ii) Let C' = C; for i > 3. Next we prove ¢ € {3,4}. Clearly, v € V(C) or v € V(C) or
wv € E(C) by (i).

Firstly, we show that if u € V(C) and v ¢ V(C), then i = 3. Otherwise, if i > 4
then there exists a vertex w € V(C) satistying do(w, u) = 2. Since w is adjacent to u or
v, which implies G has another cycle C3 or C4, and this contradicts G being unicyclic.
Secondly, if uw ¢ V(C) and v € V(C), then i = 3 is similar. Finally, we show that
if wv € E(C;), then i < 4. Otherwise, if ¢ > 5, then there exists a vertex s € V(C)
satisfying do(s,u) = 2, and s is adjacent to u or v, which implies G has another cycle
Cs or Cy, a contradiction.

Thus C 2 C3 or C = (4, and if C = Cy, then wv € E(C). O
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Lemma 3.9. Let G be a unicyclic graph of order n (> 5). If |Aut(G)| = 1, then diam(G) =
2.

Proof. By Proposition 3.3, we just need to show that any two adjacent vertices of G
have at least one common non-adjacent vertex in G.

Suppose to the contrary, there are two vertices v ~ v in G such that N(u) U N(v) =
V(G). Since u,v and each pair of adjacent vertices of G — {u, v} will induce a cycle Cj
or Cy, we have |[E(G — {u,v})| <1 by G is unicyclic. Let C' be the unique cycle of G.
Then C = C3 or C = Cy by Lemma 3.8.

If wv ¢ E(C), then C = C3 by Lemma 3.8. Let wy,we € V(C). Then d(w,) =
d(wy) = 2 by |E(G — {u,v})| < 1. Now wy,ws is a pair of co-duplicate vertices in G,
which contradicts with |[Aut(G)| = 1.

If uv € E(Cs3), then |E(G —{u,v})| = 0. Therefore, for any vertex p; € V(G)\{u,v, w}
where w ~ u,w ~ v, we have d(p;) = 1 by G is unicyclic. For n = 5, let V(G) =
{u, v, w, p1,p2}. Then (u,v)(p1,p2) € Aut(G) if p1 ~ u, p2 ~ v, (u,v)(p1,p2) € Aut(G) if
p1 ~ v, pa ~ u, and (p1,p2) € Aut(G) if both p; and py are adjacent to u (or v), all cases
contradict with |Aut(G)| = 1. For n > 6, G has at least one pair of duplicate vertices
pi, p; where both p; and p; are adjacent to u (or v), which contradicts with |Aut(G)| = 1.

If wv € E(Cy), then |E(G —{u, v})| = 1. Similarly, for any vertex p; € V(G)\{u,v, w1,
wa } where w1 ~ u, wo ~ v, w; ~ wa, we have d(p;) = 1 by G is unicyclic. For n = 5, wy, v
(if p; ~ u) or wa, u (if p; ~ v) is a pair of duplicate vertices in G, a contradiction. For n =
6, let V(G) = {u,v, w1, wa,p1,p2}. Then G has an automorphism (u,v)(wy,ws2)(p1, p2)
if py ~ u, p2 ~ v (or p; ~ v, py ~ u), and has an automorphism (py,p,) if both p; and
pe are adjacent to u (or v), all cases contradict with |Aut(G)| = 1. For n > 7, G has at
least one pair of duplicate vertices p;, p; where both p; and p; are adjacent to u (or v),
a contradiction.

Hence G has no edge uv such that N(u) U N(v) = V(G), and we complete the
proof. O

Similar to Corollary 3.5, we have the following corollary by Lemmas 3.2 and 3.9.

Corollary 3.10. Let G be a controllable unicyclic graph of order n (> 5). Then G is a

controllable graph with diam(G) = 2.

Theorem 3.11. Let G be an almost controllable unicyclic graph of order n (> 5). Then

diam(G) € {2,3}. Moreover, diam(G) = 3 if and only if G = U; (i = 1,4,5,6)
(see Figure 6).

Proof. We consider the following two cases according to the automorphism groups by
Lemma 2.1. Let C be the unique cycle of G. It is easy to check that Uy,Us,Us,Ug are

almost controllable, and diam(U;) = 3 for i € {1,4,5,6}.
Case 1: [Aut(G)| = 1.
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Fig. 6. The graphs U; (i =1,2,3,4,5,6).

We have diam(G) = 2 by Lemma 3.9 directly.

Case 2: |[Aut(G)| = 2.

By Lemma 2.1, we can suppose Aut(G) =< (u,v)>. Then u, v is the unique pair of
(co-)duplicate vertices in G. Clearly, we have d(u) = d(v) < 2, otherwise there will be at
least three cycles induced by {u,v} and N(u), a contradiction.

Subcase 2.1: d(u) = d(v) = 1.

We will show that G can only be isomorphic to U;. First we state a fact: if H is a
unicyclic graph that is obtained by a unicyclic graph H’ after adding a new vertex z,
then d(z) = 1.

Let V! = V(G)\({w} U N(w)) where u ~ w,v ~ w. Note that N(w)\{u,v} # 0 since
[V(G)| > 5. We claim that V' # 0, otherwise G = Kffn_l where Kffn_l is obtained
by K1 -1 after adding an edge, but |Aut(Kf:n_1)| > 2 for n > 5, this contradicts with
|Aut(G)| = 2. Let wy ~ w,p ~ w; where p € V'.

For n =5, it is evident that there is no such unicyclic graph G of order 5.

For n = 6, G can only be obtained by T; after adding a vertex x and two edges.
Moreover, w, w1, p and x must induce the cycle C, which will result in G possibly being
isomorphic to Uy, Us, Us (see Fig. 6). It is easy to check that |Aut(Uy)| = 2, |Aut(Us)| > 2
and |Aut(Us)| > 2. By calculation, U; is almost controllable with diam(U;) = 3. Thus
in this subcase, G can only be isomorphic to Uy, and diam(G) = 3.

For n = 7, G can only be obtained by T} after adding 2 vertices s1, s3 and three edges.
We now show diam(G) = 2 by proving that G has no edge e = ry € FE(G) such that
N(z) UN(y) = V(QG).

Suppose to the contrary, G has an edge e = zy such that N(z) U N(y) = V(G),
then e must incident to w. Without loss of generality, we suppose e = xy = ww; since
d(u) =d(v) =1, N(u) = N(v) = {w} and p € V".

We claim that if s; ~ w for ¢ € {1,2}, then d(s;) > 1. Otherwise, (s;,u), (s;,v) €
Aut(G), a contradiction. Therefore if s; ~ w, then s; ~ wy or s ~ p or 51 ~ $a.

If s1 ~w and s; ~ wq, then w, w1, s1 induce a cycle C3. Now s, can only be adjacent
to wy since d(s2) = 1. Then (s2,p) € Aut(G), a contradiction.
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If s1 ~ w and s; ~ p, then w,wsi, s1,p induce a cycle C4. Then s; ~ wy, and G is
isomorphic to the graph that is obtained by U, after joining a pendant vertex to w;. By
calculation, G has 5 main eigenvalues in this case, a contradiction.

If 51 ~ w and s; ~ s9, then so ~ w or so ~ wy. It is easy to check that (s1,s2) €
Aut(QG) if s2 ~w, or G has 5 main eigenvalues if s2 ~ w1, a contradiction.

If s1 » w, then s; ~ w; and we consider the case so = w, sy ~ w; since all other
cases are as same as the above. Now s1 ~ s9 or s; ~ p or d(s1) = 1, which implies
(s1,52) € Aut(G) or (s1,p) € Aut(G) or (p, s2) € Aut(G), a contradiction.

Thus in this subcase, diam(G) = 2.

For n > 8, G can only be obtained by T3 after adding n—>5 vertices and n—4 edges. Let
V(G\V(T1) = {51, ,Sn—5} wheren—5 > 3,and H = G[sy,- - , Sp—5) be the subgraph
of G that is induced by the vertex set {si,---,s,_5}. We now show diam(G) = 2 by
proving that G has no edge e = zy € E(G) such that N(x) U N(y) = V(G).

Suppose to the contrary, G has an edge e = zy such that N(z) U N(y) = V(G).
Similarly, we can suppose e = xy = ww;. Then s; (1 < ¢ < n —5) is adjacent to
at least one of {w,w;}. Clearly, d(s;) > 2 if s; ~ w for 1 < i < n — 5, otherwise
(si,u), (si,v) € Aut(QG), a contradiction. Besides, we have |E(H)| < 1 since G is unicyclic
and each pair of adjacent vertices s; ~ s; and w,w; will induce a cycle in G.

If |E(H)| = 0, then s;, w,wy,p must induce a cycle for some i € {1,---,n — 5}, and
we suppose ¢ = 1. Then d(s;) = 1 and s; ~ w; for j € {2,--- ,n — 5} by the above
discussion. Now (s;, si) € Aut(G) for j,k € {2,--- ,n — 5}, a contradiction.

If E(H) =1, we can suppose E(H) = {s182}, then s155 € E(C3) or s1s2 € E(Cy) by
Lemma 3.8. In each case, we have d(s;) = 1 and s; ~ w; for j € {3,--- ,n — 5}, and
then (s;,p) € Aut(G), a contradiction.

Thus in this subcase, diam(G) = 2.

Subcase 2.2: d(u) = d(v) = 2.

Then u,v € V(C), C = C3 if u ~ v and C = Cy if u » v. We will show that
diam(G) = 3 if and only if G = U; (i = 4,5,6), and diam(G) = 2 otherwise. Clearly, U,
Us, Ug are almost controllable with diam(U,) = diam(Us) = diam(Us) = 3, and we only
need show diam(G) = 2 if G ¢ {U,,Us,Us} by proving that G has no edge e = 2y such
that N(z) U N(y) = V(G).

Subcase 2.2.1: u ~ v.

Let V! = V(G)\({w} U N(w)), where u ~ w,v ~ w. Then N(w)\{u,v} # 0 by n > 5,
and V' # () by a similar reason to Subcase 2.1. We can suppose w ~ wy,w; ~ p where
peV’.

Let G ¢ {Uy, Us, Us}. If there exists an edge e = vy € E(G) such that N(z)UN(y) =
V(G), without loss of generality, we can suppose e = zy = ww; since d(u) = d(v) = 2,
u~vu~wv~wand p € V. Let Vi = V(G)\{u,v,w,w,p}.

If Vi =0, then G = Uy, it is a contradiction by G ¢ {Uy, Us, Ug}.

If Vi # 0, then for any s € Vi, d(s) = 1 by G is unicyclic. We note that d(p) = 1,
otherwise w, w1, p,p’ will induce a cycle where p’ ~ p for p’ € V1, a contradiction. Thus
s = wy where s € Vq, otherwise (s,p) € Aut(G), a contradiction. Therefore d(wy) = 2
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X X X; Xy X;

Fig. 7. All bicyclic graphs of order 5.

and s ~ w for any s € Vi. For n = 6, we have G = Us, and this contradicts with
G ¢ {U4,Us,Us}. For n > 7, we have (s;, s;) € Aut(G) where s;, s; € Vi, a contradiction.

Thus in this subcase, diam(G) = 2 if G ¢ {Uy, Us, Us}, and then diam(G) = 3 if and
only if G 2 U; (i = 4,5).

Subcase 2.2.2: u »~ v.

Then C = C4 and let V(C) = {u,v,w,r} where N(u) = N(v) = {w,r}. Let V' =
V(G\({w,r} UN(w)UN(r)). Since n > 5, N(w)\{u,v} # 0 or N(r)\{u,v} # 0, we can
suppose w1 € N(w)\{u,v}.

Let G ¢ {Uy, Us, Ug}. If there exists an edge e = 2y € E(G) such that N(z) UN(y) =
V(G), without loss of generality, we can suppose e = xy = uw since d(u) = d(v) = 2
and u ~ w,u ~ r,v ~ w,w; ~ w. Furthermore, d(w;) = 1 and d(s) = 1 for any
s € V(G)\{u,v,w,r,w1} by G is unicyclic, and thus s ~ w by d(u) = 2.

If N(r)\{u,v} = 0, then G =2 Us if d(w) = 3, and (s,w;1) € Aut(G) if d(w) > 4 for
any s € V(G)\{u,v,w,r,w;}, a contradiction.

If N(r)\{u,v} # 0, then we have another cycle induced by u,w,r,s" where s’ €
N(r)\{u,v}, and this contradicts the fact that G is unicyclic.

Thus in this subcase, diam(G) = 2 if G ¢ {Uy, Us, Us}, and then diam(G) = 3 if and
only if G = Us.

Combining the above arguments, we have diam(G) € {2, 3}, and diam(G) = 3 if and
only if G2 U (i =1,4,5,6). O

4. Almost controllable bicyclic graphs

In this section, we show diam(G) € {2,3} if G is an almost controllable bicyclic graph
of order n (> 6), and determine the graphs with diam(G) = 3. By the way, the result
about the controllable bicyclic graphs is obtained.

All bicyclic graphs of order 5 are isomorphic to X; (i = 1,2,3,4,5) (see Fig. 7) and
only X7, Xs are almost controllable. Moreover, diam(rg) = 3 but X; is disconnected.
Thus we consider bicyclic graphs of order greater than 5.

Lemma 4.1. Let G be a bicyclic graph with circumference k and order n (> 6). If G has
an edge uwv € E(G) such that N(u) UN(v) = V(QG), then we have:

(i) G — {u,v} has no cycle;
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Fig. 8. The graphs BJ'*, 1 < i < 11.

(ii) The circumference k € {3,4,5,6}, and there exist integers s (> 0), t (> 0), @
(1 <i<11) such that G = BJ"' (see Fig. 8).

Proof. (i) The proof is similar to (i) of Lemma 3.8 and we omit it.

(ii) Let Ck be the cycle of G with the longest length k. We complete the proof by the
following three cases.

Case 1: u € V(C%) and v ¢ V(CYy).

Let V1 = V(Ci)U{v}, G1 = G[V1] be the subgraph of G that is induced by V;. Without
loss of generality, we suppose wiu, wau € E(Cf). Then for any w € Vi\{u, v, wy,ws},
wu € E(Gy) or wv € E(G1) by N(u)UN (v) = V(Q), and thus |E(G1)| > |Vi|+(|V1]|—4)
since E(Cy) U {ww} C E(Gy) and Vi = V(C) U {v}. On the other hand, |E(G1)| <
|E(G)|— (|[V(G)|—|V1]) since for any vertex w’ € V(G)\V;, w'u € E(G) or w'v € E(G).
Then we have |V1| < 5 and thus |V(Cy)| < 4 by |E(G)| = |V(G)| + 1. In this case, there
exist s (> 0), t (>0) such that G = B for i € {1,2,3}.

Case 2: u ¢ V(C%) and v € V(CYy).

Similar to Case 1 by the symmetry of w, v, and we omit it.

Case 3: u € V(Cy) and v € V(Cy).

Now we show that the length of the longest path between w and v is less than or
equal to 4. Let P = uwjws - - - w;—1v be the longest path with length I (I > 2) between
u and v. Then C = P 4 wv is a cycle with length [ 4+ 1, and thus (I +1) 4+ (I — 4) <
B(GIP)| < [B(G)| — (V(G)| = [V(P)) = 1+ 1 by |E(G)] = [V(G)| + 1 and for any
vertex w € V(G)\{u, v, wi,w;—1}, wu € E(G) or wv € E(G), it implies I < 4.

Let {uy,- - ,us} = N(u)\{w1,v}, {v1, - ,v:} = Nw)\{w;—1,u}. By G is a bicyclic
graph of order n (> 6) and N(u)UN(v) = V(G), we complete the proof by the following
three subcases.

Subcase 3.1: [ = 2.

Then wv € E(C3), where V(C3) = {u,v,w}. If there are some i (1 < i < s) and
some j (1 < j <t) such that u; = vj, then G = BZ’t for s > 1,t > 1, s+t > 4; if there
are some 4,j (1 < 4,5 < s) such that uw; ~ u; (or some ¢,j such that v; ~ v;, where
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1<i4,5<t), thenG%Bg’t for s > 2,t > 0, s+t > 3; if there is some i (1 < i < s)
such that u; ~ w; (or some j such that v; ~ wy, where 1 < j < t), then G = Bg’t for
s>1,t >0, s+t > 3. In this subcase, k € {3,4}.

Subcase 3.2: [ = 3.

Then wv € E(Cy), where V(Cy) = {u, v, w1, wa}. If wy ~ v or wy ~ u, then G = Bg’t
for s > 1,t > 0, s+t > 3; if there are some i (1 < i < s) and some j (1 < j <) such
that u; = vj, then G = B?’t fors > 1,t > 1, s+t > 3; if there are some 4,5 (1 < ,j < s)
such that u; ~ u; (or some 4, j such that v; ~ v;, where 1 < 4,5 <t), then G = BY* for
s > 2,t > 05 if there are some ¢ (1 < ¢ < s) and some j (1 < j < t) such that u; ~ v,
then G = Bg’t for s > 1,t > 1; if there is some i (1 <4 < s) such that u; ~ wy (or some
j such that v; ~ wgy, where 1 < j <t), then G = Bf’ot for s > 1,t >0, s+t > 2. In this
subcase, k € {4,5,6}.

Subcase 3.3: | = 4.

Then uv € E(C5), where V(C5) = {u, v, w1, ws, ws}, and wau € E(G) or wav € E(G),
and thus G = Bf’lt for s > 0,t >0, s+t > 1. In this subcase, kK =5. O

Lemma 4.2. Let G be an almost controllable bicyclic graph of order n (> 6). If |Aut(G)| =
1, then diam(G) € {2,3}. Moreover, diam(G) = 3 if and only if G = By;'.

Proof. If diam(G) = 2, then the result follows.

Now we show diam(G G) 7 7é 2 if and only if G = Bj;'. By calculation, Bj;' is almost
controllable with diam(By;') = 3.

If diam(G) # 2, then G has an edge e = wv such that N(u) U N(v) = V(G) by
Proposition 3.3, thus we have G = B"" for some s (> 0), ¢t (> 0) and i (1 <i <
Lemma 4.1.

Since |Aut(G)| = 1, G has no (co-)duplicate vertices or other automorphisms except
for the identity transformation. However, it is easy to check that graphs B}, By, B,
BZ’t, B‘ , By t Bfo all have at least one pair of (co-)duplicate vertices of degree 2, and
Bg'* has an automorphism (wy, u;)(ws, v1), which contradicts with [Aut(G)| = 1. Then
we consider G = Bjs-’t for j € {6,7,11}, and some s > 0, t > 0.

Case 1: Gng’t fors>1,t>0,s+t>3.

For n = 6, G can only be isomorphic to Bg”o, Bg’l, Bé’z. However, both Bg’o and Bé’2
have one pair of duplicate vertices of degree 1, Bg’l is controllable by calculation. For
n > 7, G has at least one pair of duplicate vertices of degree 1 that are both adjacent to
u (or v). Then we have G % Bg’t fors>1,t>0,s+t>3.

Case 2: G§B$’t fors>1,t>1,s+t>3.

For n = 6, G = B?’l, but B?’l is controllable by calculation. For n = 7, G can
only be isomorphic to B2? or B3'. However, (u,v)(w:,ws)(ug,v2) € Aut(B>?) and
(ug,us) € Aut(B>"). For n > 8, G has at least one pair of duplicate vertices of degree 1
that are both adjacent to u (or v). Then G 2 B‘;’t fors>1,t>1 s+t>3.

Case 3: GEB for s >0,t>0,s+¢t>1.
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For n = 6, G can only be isomorphic to B}, or BY;'. However, B;;”(= B>') and BY;'
are controllable by calculation. For n = 7, G can only be isomorphic to Bflo, Bhl, B?f.
However, both B3’ and BY}* have one pair of duplicate vertices of degree 1, and B3 is
almost controllable with dlam(B11 ) = 3. For n > 8, G has at least one pair of duplicate
vertices of degree 1 that are both adjacent to u (or v). Thus we have G & Bl’l.

Combining the above discussion, we have diam(G) € {2,3}, and diam(G) = 3 if and

only if G = Bllll. O

Let G be a controllable graph. Then |Aut(G)| = 1 by [23]. By the proof of Lemma 4.2,
we have the following result.

Theorem 4.3. Let G be a controllable bicyclic graph of order n (> 6). Then diam(G) €
{2,3}. Moreover, diam(G) = 3 if and only if G € {Bg’l,Bg’l,B?il}.

Lemma 4.4. Let G be an almost controllable bicyclic graph of order n
dlam( ) € {2 3} Moreover dlam(G) =3 if and only if G € B.

v
o
oy

I

Proof. By calculation, each graph in B is an almost controllable bicyclic graph with
diam(G) = 3.

If diam(G) = 2, then the result follows.

Suppose diam(G) # 2, now we show G € B. Firstly, G has an edge uv such that
N(u)UN(v) = V(G) by Proposition 3.3, and then there exist some s (> 0), ¢ (> 0) and
i (1 <i<11) such that G = Bf’t by Lemma 4.1.

By Lemma 2.1, we can suppose Aut(G) =< (z,y) >. Then z,y is the unique pair of
(co-)duplicate vertices in G, and thus it is easy to check that d(x) = d(y) < 3, otherwise
G has |E(G)| > |V(G)| + 1 which contradicts with G being bicyclic. Now we consider
the following three cases.

Case 1: d(z) =d(y) =1

It is easy to check that there exist some s (> 0), t (> 0) such that G = B} for
i€ {6,7,11} since Aut(G) =< (x,y) >

If G= By for s > 1,t >0, s—l—t>3 then G € {BJ'', B3*}.

If G = Bgt for s >1,t>1, s+t >3, then G € {B>"', B”}. However, B>* has 6
main eigenvalues with |V (B2%)| = 8 by calculation, a contradiction. Thus G = B!,

IfG= Bflt for s >0,t >0,s+t>1,thenG € {B11 ,Bfll,B?lz,th} However, both
B?' and Bj;* have 6 main eigenvalues with [V (B3')| = |V (B?)| = 8 by calculation, a
contradiction. Thus G € {B?’, B);’}, where B}’ = B>

Case 2: d(x) = d(y) = 2.

It is easy to check that there exist some s (> 0), t (> 0) such that G = B} for
1 € {2,4,5,8,10} since each of the other graphs either has no such pair of vertices x,y
or satisfies |Aut(G)| > 2.

If G = B! for s > 0,6 >0, s+t >1, then G € {By"', By'}.
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Table 1
Number of connected almost controllable graphs G with diam(G) > 2.

Order Tree  Unicyclic Bicyclic Tricyclic  Tetracyclic  Pentacyclic

5 1 2 2(1) 0 0 0

6 0 2 2 2 5(2) 3(2)
7 0 0 9 17 30(1) 38(3)
8 0 0 1 18 68 150
9 0 0 0 10 101 386
10 0 0 0 0 25 293
11 0 0 0 0 6 165
12 0 0 0 0 0 ?

IfG= BZ’t for s > 1,t > 1, s +t > 4, then there is no such G since |V(G)| > 6 and
[Aut(G)| = 2.

IfG= Bg’t for s >2,t>0,s+t>3, then G € {B§’17B§”1}.

If G = BY' for s > 2, >0, then G € {B3", Ba''}.

If G = By for s >1,6>0, s+t >2, then G = B}

Case 3: d(x) = d(y) = 3.

It is easy to check that there is no such G by |[V(G)| > 6 and |Aut(G)| = 2.

Combining the above arguments, we have G € B if diam(G) # 2, and thus diam(G) =

3 if and only if G € B, then diam(G) € {2,3}. O
By Lemmas 2.1, 4.2 and 4.4, we have the following result.

Theorem 4.5. Let G be an almost controllable bicyclic graph of order n (> 6). Then
diam(G) € {2,3}. Moreover, diam(G) = 3 if and only if G € {B}}'} UB.

5. Some problems for further research

In this section, based on the results in Sections 3 and 4, two conjectures about the
(almost) controllable graphs are proposed.

For (almost) controllable trees, unicyclic and bicyclic graphs, we note that the diam-
eters of their complements are less than 4 by the discussion in Section 3 and Section 4.
Naturally, we want to know if this result also holds for tricyclic, tetracyclic and penta-
cyclic (almost) controllable graphs. Then we calculate the number of tricyclic, tetracyclic
and pentacyclic (almost) controllable graphs G of order less than 13 and diam(G) > 2
(see Table 1, Table 2), where the number a(b) in Table 1 indicates that b of the a graphs
have disconnected complements.

During the calculation, we find that there are only four almost controllable pentacyclic
graphs G, G2, G3, G4 and one controllable tetracyclic graph G5 has connected comple-
ments with diam(G;) > 3 (actually all equal to 4) for i € {1,2,3,4,5} (see Fig. 9).

From Table 1 and Table 2, we propose two conjectures as follows.

Conjecture 1. Let t > —1 and G be an almost controllable connected graph of order n
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Table 2 -
Number of connected controllable graphs G with diam(G) > 2.

Order Tree  Unicyclic Bicyclic Tricyclic  Tetracyclic  Pentacyclic

5 0 0 0 0 0 0
6 0 0 3 3 1 0
7 0 0 0 8 14 17
8 0 0 0 5 31 108
9 0 0 0 0 6 100
10 0 0 0 0 2 51
11 0 0 0 0 0 2
12 0 0 0 0 ? ?
2 3 1 2 3 1 2 3 2 3 1 2 3
1 4
5 4 7 6 4 7 6 4 6 4
3 3 76 5 3
G, G, G; Gy Gs

Fig. 9. Five (almost) controllable graphs G; with diam(G;) =4 (i = 1,2, 3,4, 5).

Conjecture 2. Let t > —1 and G be a controllable connected graph of order n (> 6). If

|E(G)| =n+t and diam(G) > 2, then n < 2t 4 4.

Obviously, Conjecture 1 holds for t € {—1,0,1} by Theorem 3.6, Theorem 3.11 and
Theorem 4.5. Conjecture 2 holds for ¢t € {—1,0,1} by Corollary 3.5, Corollary 3.10 and
Theorem 4.3.

6. Integral almost controllable graphs

A graph is called integral if its spectrum consists entirely of integers. In this section,
all integral almost controllable graphs are determined.
The following lemmas are useful and interesting.

Lemma 6.1 (([6]). The only integral controllable graph is graph K.

Lemma 6.2 (/6]). Let G be a graph with n vertices. If G has n distinct integral eigenvalues,
then n < 10.

Lemma 6.3. Let G be a graph of order n (> 2) with integral spectra. If G has n — 1
distinct eigenvalues, then n < 13.

Proof. By G is an integral graph of order n with n —1 distinct eigenvalues, we know that
G has n — 2 simple eigenvalues and an eigenvalue with multiplicity 2. Let Spec(G) =
{A1, A2, -+, Ap}. Then we complete the proof in the following two cases.

Case 1: n = 2t.
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It is evident that Y A? has the minimum value when Spec(G) = {0%,£1,--- , £(t—
1<i<n
1)}. Then we have 2 < n < 14 by solving inequalities

2xw>2|l€ ZV_# (1)

1<i<n

If n = 14, then |E(G)| = 91 by inequalities (1), and thus G = K;4. However, K14 has
exactly two distinct eigenvalues, a contradiction. Hence n < 12 when n is even.
Case 2: n = 2t + 1.

Similarly, > A? has the minimum value when Spec(G) = {02, +1,--- , £(t — 1), t}.
1<i<n
Then we have 2 < n < 13 by solving inequalities

n(n—1) s tt=1)2t=1) o
2x ——= >2|E(G bY >— t°. O 2
X = | 1<;n P 2 3 + (2)

Lemma 6.4. There is no connected integral almost controllable graph of order 13.

Proof. Let G be an integral almost controllable graph of order 13. Then we have t = 6
and 78 > |E(G)| > 73 by inequalities (2) of Lemma 6.3. Thus G can only be obtained
by K3 after deleting at most 5 edges e; (i = 1,2,3,4,5).

If e1,eq,e3, 64,65 have no common vertices in G, then there will be 3 vertices of
degree 12 in (G, and thus each two of the 3 vertices is a pair of co-duplicate vertices,
which contradicts with |[Aut(G)| € {1,2}.

If e1, ez, €3, €4, €5 have common vertices in G, or G is obtained by K3 after deleting
less than 5 edges, then there are at least 4 vertices of degree 12 in GG, and thus each two

of these vertices of degree 12 is a pair of co-duplicate vertices, which contradicts with
[Aut(G)| € {1,2}. O

Now we determine all integral almost controllable graphs.

Theorem 6.5. Let G be an integral almost controllable graph of order n. Then G €
{P,2K,,P,UK;}.

Proof. We complete the proof by the following two cases.

Case 1: GG is connected.

Since the main eigenvalues are different from each other, G has n — 1 or n distinct
eigenvalues by G is almost controllable.

If G has n distinct eigenvalues, then n < 10 by Lemma 6.2. All connected integral
graphs of order up to 10 have been listed in [1], and only P is almost controllable with
all distinct eigenvalues by calculation.

If G has n — 1 distinct eigenvalues, then n < 13 by Lemma 6.3. All connected integral
graphs of order up to 12 have been listed in [1-3], and there is no almost controllable
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graph with n — 1 distinct eigenvalues with n < 12 by calculation. Moreover, we have
n # 13 by Lemma 6.4.

Thus in this case, P; is the unique connected almost controllable graph with integral
spectra.

Case 2: (G is disconnected.

Let | > 2, G £ HyUHs U---U H; where H; is a connected integral graph
for ¢ € {1,---,l}. By the definition of main eigenvalues, it is easy to check that

1

[MainSpec(G)| < > |[MainSpec(H;)| where MainSpec(G), MainSpec(H;) denote the set
i=1

of all main eigenvalues of G, H;, respectively. Then there is at most one H; (1 < i <)
that is almost controllable and all others are controllable since G is almost controllable.
If all Hy, Hs,--- , H; are controllable, then G = 2K; by Lemma 6.1.
If there is exactly one H; is almost controllable, then G = P, U K1 by Lemma 6.1 and
Case 1. O
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