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Valiron method and Ishizaki-Wen’s binomial series method. The classical problem on finding
conditions on the polynomial coefficients P;(z) (j = 0,1,2) and F(z) to guarantee that all
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1 Introduction and main results

We assume that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna value distribution of meromorphic functions, see, e.g. [7, 8, 14, 20].
For a meromorphic function f(z) in the complex plane C, the order p(f) and the lower order
wu(f) are defined by, respectively,

+ +
p(f) = ligs;}p bngg(:’f) and u(f) = lirrggolf loglng(:,f).
If f is entire, then the Nevanlinna characteristic T'(r, f) can be replaced with log M (r, f), where
M(r, f) = max{|f(z)| : |2] < r}.
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It is well known that if the coefficients P;(z) (j = 0,1,---,n) are polynomials, then the

order of “most” solutions of equation
P,(2)f(z+n)+---+Pi(2)f(z+ 1)+ Py(2)f(2) =0 (1.1)

are not less than 1, see e.g. [2—4, 6]. On the other hand, there are equations of the form (1.1)
that possess a nontrivial solution with order less than 1. For example, using Wiman-Valiron

method, Ishizaki and Yanagihara [11] paid attention to difference equation

Qn(2)A"f(2) + -+ + Q1(2)Af(2) + Qo(2)f(2) = 0, (1.2)

where Q,,(z2), - ,Qo(z) are polynomials, and obtained the following theorem.

Theorem 1.1 ([11, Theorem 1.1]) Let f(z) be a transcendental entire solution of (1.2)
and of order x < 1/2. Then we have

log M(r, f) = Lr*(1+ o(1)),

where a rational number x is a slope of Newton polygon for the equation (1.2), and L > 0 is a
constant. In particular, we have y > 0.

Putting a formal solution of the form

I'(z+1)
(z+1—=X+n)’

fz)= Z anzy(n), za(n) = T ag # 0,
n=0

Ishizaki et.al. proved that the difference equation
bsz(z —1)(z — 2)A3 f(2 — 3) + boz(z — 1)A%f(2 — 2) + b12Af (2 — 1) + (coz + bo) f(2) =0

has an entire solution with order 1/3.
Define

Af(z) = f(z+1) = f(z) and A"f(z) = A" f(2)) (n =2,3,--),

and then

n n

A”f(z) =Y (D" f(z+7) and f(z+n) =Y (1A f(2).

§=0 §=0
Therefore, equation (1.1) and equation (1.2) can be expressed in terms of each other.
o0
Ishizaki and Wen [12] considered the convergence of binomial series > a2, where 2% = 1
n=
and 2% = z(z —1)---(z —n+1) n = 1,2,---, and constructed a difference Riccati equation
possessing a transcendental entire solution of order 1/2, which is represented by a binomial

series.

Naturally, two questions arise:

Question 1.2 Under what conditions on polynomial coefficients, does difference equation
(1.1) admit a transcendental meromorphic solution f(z) with order p(f) < 17

Question 1.3 Which values may be taken by the order of transcendental meromorphic

solutions f(z) of difference equation (1.1) with polynomial coefficients?

The above two questions are very important. But so far, there are just two papers involving
the Question 1.3. By Wiman-Valiron theory[11], 1/3 and 1/5 can be the numbers of order for

entire solutions to difference equation (1.2). By binomial series[12], 1/2 can be the number
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of order for entire solution to a certain type of difference Riccati equation. However, Chen

considered a first order linear difference equation and obtained the following theorem.

Theorem 1.4 ([5, Theorem 1.3]) Let p2(z) # 0,p1(2), F(z) be polynomials, ca,c1(#
¢2) be constants. Suppose that f(z) is a finite order transcendental meromorphic solution of

difference equation

p2(2)f(z + c2) +p1(2) f(z + 1) = F(2),
then p(f) > 1.

Remark 1.5 Theorem 1.4 shows that a first order linear difference equation with polyno-
mial coefficients does not admit any transcendental meromorphic solution with order p(f) < 1,
which gives a negative answer to Question 1.2.

The study of linear homogeneous difference equations in the complex plane was active in
the early 19’s, e.g., Jordan[13], Landau[15], Milne-Thomson[16], Nérlund[17] and Whittaker[19].
They have considered different methods to construct meromorphic solutions deeply. The result
due to Praagman [18] in 1986 contributed to the existence of meromorphic solutions, which
is important in this area. Asymptotic method is definitely powerful tools for non-existence
of solutions, however somewhat weak for existence of solutions. Thus, it is an important and
interesting problem to detect the slowly growing solutions of second order linear difference
equations by asymptotic method, and try to answer Question 1.2 and Question 1.3. We obtain
the following theorems.

Theorem 1.6 Suppose that f(z) is a transcendental meromorphic solution of difference

equation
Py(2)f(z+2) + Pi(2)f(z + 1) + Fo(2) f(2) = 0, (1.3)

where Pj(z) (j = 0,1,2) are polynomials. Then every transcendental solution f(z) satisfies
p(f) > 1, except for the slowly growing order p(f) = 1/2 when

(i)
Pj(2) = a;2" + B;(2), (1 =0,1,2),
where n € N, a;(# 0) are constants with as = ag, and §;(z) (j = 0, 1,2) are polynomials of
degree deg(f;) < n — 1 satisfying
deg(Py + P1 + P2) = deg(Bo + B1 + B2) =n — 1,

and
(ii) f(z) has finitely many poles at most.
Theorem 1.7 Suppose that f(z) is a transcendental meromorphic solution of difference
equation
Py(2)f(z+2)+ Pi(2)f(z+ 1) + Ro(2) f(2) = F(2), (1.4)
where P;j(z) (j = 0,1,2), F(z) are polynomials. Then the same statements of Theorem 1.6 still
hold.

Example 1.8 Consider the equation

(A4z4+6)f(z+2)— (8z+9)f(z+ 1)+ 42+ 4)f(z) =0, (1.5)
@ Springer
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where the coefficients Py(z) =4z 46, P1(2) = —(82+9), Po(z) = 4z + 4 satisfy the exception
(i) of Theorem 1.6 with
deg Py = deg P = deg P, =1, ag = az =4,
deg(P0+P1—|—P2):n—1:0< 1.

Therefore, we see that equation (1.5) admits an slowly growing entire solution f(z) with p(f) =

1/2. In fact, equation (1.5) can be rewritten as

(42 + 6)A%f(2) + 3Af(2) + f(2) = 0. (1.6)
Ishizaki and Wen [12, Example 4.3] have shown that equation (1.6) has an entire solution in
the form of binomial series which has slowly growing order 1/2.

Example 1.9 The equation
Fe+2)+2f(z+1) = (2> + D f(2) = 2° +2 (1.7)

has solutions fi(z) = z and fa(2) = tan(wz) + 2, where Py(2) = 1, Pi(2) = 2% and Py(z) =
—(2%2 4+ 1) don’t satisfy the exceptions of Theorem 1.7. Thus, we see that every transcenden-
tal meromorphic solution f(z) of equation (1.7) satisfies p(f) > 1 since f1 and fy are linear

independent with p(fz) = 1.

2 Preliminary lemmas

Following Hayman[9, p.77], we define an e—set to be a countable union of open discs not
containing the origin and subtending angles at the origin whose sum is finite. If E is an e—set,
then the set of > 1 for which the circle S(0,r) meets E has finite logarithmic measure, and for
almost all real 6 the intersection of E with the ray argz = 6 is bounded. Now, we state some
lemmas which are important for the proofs of theorems. Lemmas 2.1—2.3 are the asymptotic
formulas among derivatives, shifts and difference operators of meromorphic functions with order
less than one, which are given by Bergweiler and Langley [1].

Lemma 2.1 ([1, Lemma 3.3]) Let g(z) be a function transcendental and meromorphic in

the plane of order less than one. Let h > 0. Then there exists an e-set E such that

M%O and mﬁl, as z—o00 in C\E,

uniformly in ¢ for |¢| < h. Further, E may be chosen so that for large z not in E the function

g(z) has no zeros and poles in | — z| < h.

Lemma 2.2 ([1, Lemma 3.5]) Let f(z) be a transcendental meromorphic function of order
less than one. Let h > 0. Then there exists an e-set E such that

f(z—l—c)—f(z):cf/(z)(l—i-o(l)) as z — 00 in (C\El

uniformly in ¢ for |¢| < h.

Lemma 2.3 ([1, Lemma 4.2]) Let n € Ny. Let f(z) be a transcendental meromorphic
function of order less than 1. Then there exists an e-set E,, such that

A"f(2) ~ fM(z) (n=1, ---) as z— o0 in C\ E,.
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Lemma 2.4 Suppose that f(z) is a transcendental meromorphic solution of equation

(1.3) with only finitely many poles. Set f(z) = {;((ZZ)), where f1(z) is an entire function, P(z) is

a polynomial formed by the poles of f(z). Then, equation (1.3) can be rewritten as
Ds(2) fi(z +2) + D1(2) fi(z + 1) + Do(2) f1(2) = 0, (2.1)

where D;(z) (j = 0,1,2) are polynomials. Suppose that, for equation (1.3), Pj(z) (j =0,1,2)
satisfy the exception (i) of Theorem 1.6. Then D;(z) (j = 0,1,2) also satisfy the exception (i)
of Theorem 1.6.

Proof Substituting f(z) = ’;((:)) into equation (1.3), we obtain equation (2.1), where

Dy(z) = Py(2)P(2 + 1)P(2), (2.2)
Dy(z) = Pi(2)P(z + 2)P(2), (2.3)
Dy(z) = Py(2)P(z+2)P(z + 1). (2.4)

Since Pj(z) (j = 0,1, 2) satisfy the exception (i) of Theorem 1.6, we see that
Pj(z) = a;2" + Bj(z), az =ag, (a; #0, j=0,1,2 are constants),

and §;(z) (j = 0,1,2) are polynomials satisfying

deg3; <n—1,
and
deg(Po+ P1 + P2) =deg(Bo + 1 + B2) =n — 1. (2.5)
Set
Bi(2) = bjn-1)2" "+, (2.6)
P(2) = dpnz" + dp12" " 4o, din #0, (2.7)

where dp (K = m,m —1,---,0), bj(_1), -~ ,bjo (j = 0,1,2) are constants. By (2.5), we see
that

ba(n—1) + bi(n—1) + bo(n—1) # 0. (2-8)
Thus, by (2.2), (2.6) and (2.7), we obtain
D2(Z) = (G’?Zn + b2(n—1)zn71 T )(dmzm + (mdm + dmfl)zmi1 + - )

(2™ 4 dyy 2™ ) (2.9)

= ad?, 2" 4+ (209dpdm—1 + aomdZ, + bop_1ydi, )2 AT 4
By (2.3), (2.6) and (2.7), we obtain

Dy(2) = (a12™ + bl(n_l)z”*1 + N dp 2™ + (2mdy, + dpyy_1)2™ T 4
(d 2™ 4 dyp1 2™ ) (2.10)

= aldgnzn+2m + (2a1dmdm_1 + 2a1md,2n + bl(n,l)dfn)z"”m_l + e
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By (2.4), (2.6) and (2.7), we obtain
Dy(2) = (ap2"™ + bo(n,l)z"_l + ) (dpm 2™ + (2mdy, + dy1) 2™ )
Adp 2™ + (mdpy, + dp_1)2™ 4 ) (2.11)
= agd?, 2" + (200 dm 1 + Bagmd?, + bo(n—1)d2,)z L 4

By (2.9)—(2.11), we obtain
Do (2) + D1(2) + Do(2) = (ap + a1 + ag)d2,z"2m
+{2dmdm_1(a0 +a; + CLQ) + mdfn(?)ag + 2&1 + a2) (212)
+d$n(b0(n—1) +b1(n—1) + bQ(n—l))}2n+2m_1 +ee

In what follows, we show that D;(z) (j = 0, 1,2) satisfy the exception (i) of Theorem 1.6.
Since Pj(z) (j = 0,1, 2) satisfy the exception (i) of Theorem 1.6, we see that

aog + a1 + as = 0 and as = ay, (2.13)
S0, a1 = —2as9, and
(ap + a1 + ag)d?, = 0. (2.14)
Hence
asd?, = apd?,, (2.15)
and

deg(Do + D1 + D2) < n + 2m.
By (2.8) and (2.13), we see from (2.12) that
2d,dyn—1(ag + a1 + az) + md2,(3ag + 2a; + as) = 0,
and
d2, (bo(n—1) + bi(n—1) + ba(n—1)) # 0.
Then
deg(Dg + D1+ D3) =n+2m — 1. (2.16)

Hence, for equation (2.1), by (2.9)—(2.12) and (2.14)—(2.16), we obtain that D;(z) (j =
0, 1,2) satisfy the exception (i) of Theorem 1.6. O

Remark 2.5 From the proof of Lemma 2.4, we can prove that if for equation (1.3),
Pi(z) (j = 0,1,2) do not satisfy the exception of Theorem 1.6, then for equation (2.1),
Dj;(z) (j = 0,1,2) also do not satisfy the exception of Theorem 1.6. This means that in
the proofs of Theorem 1.6 and Theorem 1.7, without loss of generality, we can assume a tran-
scendental meromorphic solution of finitely many poles to be an entire solution.

Lemma 2.6 ([3, 4]) Let F(z) and Pj(z) (j = 0,1,---,n) be polynomials such that
FP, Py # 0. Suppose that f(z) is a meromorphic solution with infinitely many poles of equation

P,2)f(z4+n)+ Po1(2)f(z+n—1)4+ -+ Py(2)f(2) = F(2),

(or equation (1.1)), then p(f) > 1.
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Lemma 2.7 ([6, Theorem 9.4]) Let P;(z) (j =0,1,--- ,n) be polynomials such that there

exists an integer [,0 <[ < n satisfying

deg P, deg P; Y.
eg z>ogjrr£%§¢l{ eg Pj}

Suppose f(z) is a meromorphic solution of (1.1), then p(f) > 1.
Lemma 2.8 ([3, 4]) Let P;j(z) (j =0,1,---,n) be polynomials such that P, Py # 0 and

deg(P, + -+ Fy) = max{degP;, j=0,--- ,n} > 1.

Then every finite order transcendental meromorphic solution f(z)(# 0) of equation (1.1) satis-

fies p(f) > 1, and f(z) assumes every non-zero value a¢ € C infinitely often and A\(f —a) = p(f).

3 Asymptotic method

In this section, we mainly introduce asymptotic method, see, e.g. [7, P.183-184], [10,
P.227-229]). We discuss the propositions of asymptotic method and apply them to difference
equations.

Suppose that f(z) = > apz". The maximum term u(r, f) of f(z) is defined by
n=0
w(r, ) := max{|ay|r"™ : n > 0},
and the central index v(r, f) of f(z) is defined by

v(r, f) = max{n : |an|r" = p(r, f)}-

Theorem 3.1 ([10, 14]) Suppose that f(z) is a transcendental entire function, for any
given 0 < § < 1/8, there exists a set H of finite logarithmic measure such that

() (4 v(r n
= (D) o, el =r et (3.1)

whenever |f(2)| > M(r, f)v(r, f)féJr‘;.
Suppose that Pj(z) (j =0,1,---,n), F(z) are polynomials, and consider linear differential

equation
Po(2) [ (2) + Paca (2)f" D (2) + - + Po(2) f(2) = F(2), (3.2)
and corresponding homogeneous linear differential equation
Po(2)f"(2) + Paca() "7V (2) + -+ Po(2) f(2) = 0. (3.3)

If a solution f(z) of (3.2) (or (3.3)) is a transcendental entire function, then from Theorem
3.1, for a set H C (1,+00) having finite logarithmic measure, we can choose z satisfying
|z| =7 ¢ [0,1]UH and |f(z)| = M(r, f) such that

D) olr PN
ff(z()) :( (Z,f)) (1+0(1)), (j=1,2,--- ). )

Substituting (3.4) into (3.2) and (3.3), respectively, we obtain that, for all r ¢ [0,1] U H,

z z

Pa(2) (122) (1 + o(1)) + Po i (2) (M)"_la +o(1)) +---+ Py(z) =o(1),  (35)
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and

P2 (H20) (14 0) + Pt () (H22) T (o) -+ Bi(5) =0, (36)

Suppose that A; # 0 and Pj(z) = A;2™ (1 +0(1)) (j =0,1,--- ,n) as r — oo. By (3.5) and
(3.6), we obtain that, for all » ¢ [0,1] U H,
Anv(r, fYm2m =" (1+ 0(1)) + Ap_yv(r, f)rtemn1= (=D (1 4+ o(1)) (3.7)
+- 4 Az (1 + o(1)) = o(1),
and
Anv(r, )2 (1 4+ 0(1)) + Ap_qv(r, ) tzmn—1=(=1(1 4 0(1)) (3.8)
++ Agz™ (14 0(1)) = 0.

Since solutions of algebraic equations (3.7) and (3.8) are continuous functions of coeffi-
cients, solutions v(r, f) of equations (3.7) and (3.8) must asymptotically equal to the solution

of equation
Apv(r, Y727+ Ap_qv(ry f)"’lzmnflf(nfl) o Agz™o = 0. (3.9)

Since the solution v(r, f) of (3.9) is algebraic function of z, we set the principal part of
v(r, f) to be a(p)z” (a, p are nonzero real numbers) in the neighborhood of z = oo, i.e.,

vir, f) =a(p)z’(1+ o(1)) in the neighborhood of z = co. (3.10)

By (3.9) and (3.10), it is easy to see that the degrees of all terms of the left side of (3.9)

are, respectively,
np+my—n, (n—Dp+my_1—(n—1), -, mog. (3.11)
Since v(r, f) is the solution of (3.9), we see from (3.11) that there are two terms at least such
that they are the largest numbers and equal, and the sum of coefficients of their corresponding
terms in (3.9) is zero. Hence, p satisfies
ip+m;—i=jp+m;—j for i<j (i,j=0,1,---,n). (3.12)
Thus, we see that p is a rational number, at most n such rational numbers which are not less
than 1/n. Thus, we further have

Proposition 3.2 Suppose that f(z) is a transcendental entire solution of difference e-

quation
Ri(2)A"f(2) + Ri—1(2) AP f(2) + - + Ro(2) f(2) = 0, (3.13)
where
Rj(2) = bjn, 2" + bjn,—1)2™ " 4+ bjo, (j=0,1,--- k) (3.14)
are polynomials, and by (# 0),bj(n, -1y, - , bjo are constants.

If the order p(f) = o < 1, then o can be obtained from
ilc—1)+n;=jlc—1)+n;, (i<yj, i,j=0,1,--- k), (3.15)
where i(c — 1) +n; and j(o — 1) + n; are two largest numbers in numbers

so+mns—s, (s=0,1,--- k). (3.16)
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Proof Since the order p(f) = 0 < 1, we see from Lemma 2.3 that there exist e-sets E;
(j=1, -+, k) such that

A f(z) = f9(2)(1+0(1)) as z — oo in C\E;. (3.17)

Set H; = {|z| =r:z€ U?:l Ej}. Then H; is a set of finite logarithmic measure.
Since f(z) is a transcendental entire function, then by Theorem 3.1, there exists a set Ho
of finite logarithmic measure such that
f9(z)
f(2)
where |f(2)] = M(r, f), |2| =r & H1 U Ha, v(r, f) is the central index of f(z).
Substituting (3.17) and (3.18) into (3.13), we obtain

_ (”(Zf))j(wo(l)), G=1,--- k), (3.18)

k k—1
Ri(2) (120) (14 0(1)) + Reca(2) (222) 7 (14 0(1)) 519
+--+Ro(2) =0, |z|=r¢H UHo,.
By (3.14) and (3.19), we obtain
k k—1
ny [ v(r.f) np_1 [ ¥(r.f)
b2 (X22) (14 0(1)) + by, 2 (ML) (14 0(1)) 5.20)

+o 4 bongz™(14+0(1)) =0, |z|=r¢ Hy UH,,

By asymptotic method, we see that solutions v(r, f) of equation (3.20) must be asymptotically
equal to solutions of equation

k k—1
Bion, 2 (@) bty 2" (@) b by 2™ = 0, (3.21)
Again by asymptotic method and p(f) = o < 1, we may assume that
v(r, f) =a(0)z7(1 + o(1)) in the neighborhood of z = o, (3.22)

where a is a nonzero real number, ¢ is a rational number satisfying o > %
From (3.21) and (3.22), it is easy to see that the degrees of all terms of the left of (3.21)

are, respectively,
ko+np—k (k—1o+ng_1—(k—1), -, mno. (3.23)
Thus, o can be obtained from
i(o—1)+ni=jlo—1)+n;, (i<j, ije{0,1,---,k}), (3.24)
where i(c — 1) + n; and j(o — 1) + n; are equal and the largest numbers in numbers
so+ns—s, (s=0,1,---,k).
O
Example 3.3 Suppose that f(z) is a transcendental entire solution of difference equation
(62% 4+ 192 + 15) A% f(2) + (2 + 3) A% f(2) — Af(2) — f(2) = 0. (3.25)
If p(f) = 0 < 1, we obtain that o can be represented in
3c—-1)+2, 2(c—-1)+1, 1(c—-1)+0, 0
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by similar calculation to Proposition 3.2. Obviously,
3c—1)4+2>2(c-1)+1, 3(c—1)+2>1(c—1)+0.
Thus, we get 0 = § by 3(c — 1) +2 = 0.
Remark 3.4 The method of Proposition 3.2 can only roughly give the orders for entire
solutions with p(f) < 1 for linear difference equations with polynomial coefficients. It can not

determine under what conditions, linear difference equation with polynomial coefficients admits
an entire solution with p(f) < 1.

However, by adding some assumptions to the coefficients R;(z) (j = 0,1,--- ,k), we can
determine a linear difference equation with polynomial coefficients does not admit an entire
solution with p(f) < 1.

Proposition 3.5 Consider difference equations (3.13) and

Ry(2)AF f(2) + Ri—1(2) A1 f(2) + -+ Ro(2) f(2) = F(2), (3.26)
where F(z) is a polynomial, R;(z) (j =0, ---, k) are defined as in (3.14). If deg R;(2) = n;
satisfy
max{n;, j=s+1, -k} <ng, (3.27)
and
ng>ng+(s—d), d=s—-1, ---, 0, (3.28)

then difference equations (3.13) and (3.26) do not admit any transcendental entire solution with
order p(f) < 1.
Proof We see from (3.13) that the corresponding numbers in (3.16) of Proposition 3.2

are
jlo=1+n; (G=k-,s+1), (3.29)
s(lc—1)+ns, dlco—1)+ng(d=s—-1,---,0).
By j > s and (3.27), we have
jle=1)+n;<s(c—1)+ns, j=k,---,s+1 (3.30)
By d < s and (3.28), we have
s(co=1)+ns—[dlo—1)4+ng)=(c—1)(s—=d) +ns—ng > (s —d)o > 0.
These yield
s(c—1)+ns > d(oc— 1)+ ng. (3.31)

Thus, by (3.30) and (3.31), we see from (3.29) that there exists only one term s(o — 1) +ng
which is the largest number, a contradiction.
Hence, difference equation (3.13) do not admit any entire solution with order p(f) < 1.

The same assertion can be reached for equation (3.26). 0

Corollary 3.6 Consider difference equations (3.13) and (3.26), where F(z) is a polyno-
mial, R;(z) (j =0, ---, k) are defined as in (3.14). If deg R;(z) = n; satisty

max{njv j = ]-7 e ak} S no, (332)
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then difference equations (3.13) and (3.26) do not admit any transcendental entire solution with
order p(f) < 1.

Example 3.7 Consider again (3.25), we see that
deg R3 =n3 =2 and deg Ry =ng =0,

do not satisfy (3.28) in Proposition 3.5. Indeed, Example 3.3 shows that equation (3.25) admits

a transcendental entire solution of order 1/3.

Example 3.8 Consider equation
(42 + 6)A%f(2) + 3Af(2) + f(2) = 0. (3.33)
We see that
degRo =no =1, degR;=n7, =0, and degRy=mng=0,

do not satisfy (3.28) in Proposition 3.5. We note that equation (3.33) can turn into (1.5).
Indeed, Example 1.8 shows that equation (3.33) admits a transcendental entire solution of
order 1/2.

Example 3.9 Consider equation
A?f(2) + (22 +2)Af(2) +0 =22+ 2. (3.34)
We see that
degRo =ny =0, degRy =n1 =2, and degRy=mno=0,

satisfy (3.27) and (3.28) in Proposition 3.5. Hence, all transcendental entire solutions of (3.34)
are of order not less than one. Example 1.9 also shows that equation (1.7), which is the form
of (3.34), does not admit a transcendental entire solution of order p(f) < 1.

Proposition 3.10 Consider difference equation
Bs3(2) A% f(2) + Ba(2)A% f(2) + Bi(2)Af(2) + Bo(2) f(z) =0 (3.35)
and
B3(2)A3f(2) + Ba(2) A f(2) + Bi(2)Af(2) + Bo(2) f(2) = F(2), (3.36)

where B;(z) (j =0,1,2,3) and F(z) are polynomials, deg B;j(z) = n;.
If f(2) is an entire solution of (3.35) or (3.36) with order p(f) = o < 1,theno € {3, 5, 2}.
Further,
(1) ifn3:n1+1orngzno—i—l,theno:%;
(2) if ng =ng + 1, then o =
(3) if ng =ng + 2, then o =
Proof When n =3 and p(f) =oc < 1, the numbers in (3.23) are

b

I Wl

30’+77,373, 20+n272, 0'+77,171, no,

where n; (j =0,1,2,3) are nonnegative integers.
Ifjo+n;—j=(G—1)oc+n;_1—(j—1) for j € {1,2,3}, then we have 0 = 1+n;_1 —nj,
a contradiction.
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If 3c +ng —3 =jo+n; —j for j € {0,1}, then o0 = (ng —n3 +3)/3, 0 = (n1 —n3z +2)/2

respectively.

Noting % < o < 1. Thus, we have 0 = % if ng—nmg=—-1and o = % if ng —nzg = —2. We
also have o = % if ny —ng = —1.

If 20 +ny — 2 = ng, then we have 0 = (ng — ng +2)/2. This case comes from ng —ng = —1,
and so 0 = . O

2

4 Proofs of Theorem 1.6 and Theorem 1.7

In this section, we will give a complete proof of Theorem 1.6. Theorem 1.7 can be reached
similarly.
Proof Firstly, we prove the exception of Theorem 1.6 holds.

Assume that
Pj(z) = a;z" + Bj(2), a2 = ag, (a;(#0, j=0,1,2) are constants), (4.1)

and 3;(z) (j =0,1,2) are polynomials satisfying

deg(B;) <n—1, deg(Py+ P1+ P>) =deg(Bo + 1+ f2) =n— 1. (4.2)
Then we have a; = —2ag = —2as. Set
Po(2) + Py(2) + Pa(2) := Pu(2) = bz" "+, (b#0is a constant), (4.3)
and
Bi(z) =bz""+-- (1=0,1,2), (4.4)

where b; (j =0,1,2) are constants. Since deg P, = n — 1, we have
bo + by + by # 0.

Suppose that equation (1.3) possesses a meromorphic solution f(z) with p(f) < 1 and
finitely many poles at most. Without loss of generality, we may suppose that f(z) is an entire
function with o(f) < 1 by Lemma 2.4.

We note that equation (1.3) can be written as

Py(2)A%f(2) + (Py(2) + 2P (2))Af(2) 4 (P2(2) + Py(2) + Po(2)) f(2) = 0. (4.5)
Thus, applying Lemma 2.3 to (4.5), there exists an e-set E such that

Py(2)f" (2)(1+ 0(1)) + (Pi(2) + 2P2(2)f (2)(1 + 0(1) + Pu(2)f(2) =0, (4.6)

for 2 ¢ E. Here, H = {|z| =7 : z € E} is a set with finite logarithmic measure.
We see from Theorem 3.1 that there exists a set H’ with finite logarithmic measure, such
that

’

J;((ZZ)) = (MDY 0 4o, J}((j)) =D 4o, (4.7)
where |f(z)| = M(r, f),|z| = r € [0,1] U H'. Obviously, (4.6) and (4.7) yield
P (Y (o) + (o) + 22 E D o) 1 Ry =0, )
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where [f(2)] = M(r,f), |2l = r ¢ [0,1]UH U H'. Since ay = ag and as + a; + ap = 0, then

a1 = —2as, and for some constant c,
2Py (z) + Pi(2) = 282(2) + p1(z) = 2P+, h<n-—1. (4.9)

By applying asymptotic Method to (4.8), we see from (4.3)and (4.9) that the solution v(r, f)
of (4.8) is asymptotically equal to the solution v(r, f) of algebraic equation

as2"2u(r, )P + ez w(r, f) + 02" =0, (4.10)

where b is a constant.
Since p(f) = o < 1, ¢ is a rational number not less than § and v(r, f) ~ ar? as r — oo for
some nonzero real number a. Three terms in the left hand side of (4.10) are, respectively,

agalrn T2 cqphTito el (4.11)

We have h — 14+ 0 <n—2+ 20 since h <n — 1. Thus, o = % byn—2+20c=n-1.

Secondly, we prove that all other meromorphic solutions satisfy p(f) > 1. Contradicting
to the exception, we will have the following three steps.

Step 1. f has infinitely many poles. It follows from Lemma 2.6 that p(f) > 1.

Step 2. If there exists some P;j(z) =0 (5 € {0, 1, 2}), then by Theorem 1.4, we have that
p(f) = 1.

If Pj(2)(j = 0,1,2) satisty deg(Py + P1 + P») = max{degP;,j = 0,1,2} > 1, then by
Lemma 2.7 and Lemma 2.8, we have p(f) > 1.

If Pj(z) (j =0,1,2) all are constants. On the contrary, we suppose that f(z) is an entire
solution of equation (1.3) with order p(f) < 1. Equation (1.3) can be rewritten as

al?f(2) +bAf(2) +cf(2) =0, (4.12)
where a = Py(z), b= Pi(2) +2Py(z), c¢= Py(z)+ Pi(2) + P»(2). Using the same method as
in the proof of the exception of Theorem 1.6, we obtain

af”(2)(1+0(1)) + bf (2)(1 +0(1)) + cf(z) = 0, (4.13)
where z ¢ F, F is an e-set. Set G = {|z| = r: z € F}. Then G is a set of finite logarithmic

measure, and
2
a(@) (1+ o(1)) +b(@)(1+0(1>) Ye=0, (4.14)
where |f(z)| = M(r,f), |2] = r € [0,1] UG UG’, where G is of finite logarithmic measure.
Again by applying asymptotic method to (4.14), we see that the solution v(r, f) of (4.14) is
asymptoticly equal to the solution v(r, f) of equation

az2v(r, f)2 + bz v(r, f) +c=0. (4.15)

Since p(f) = o < 1, then o is a rational number not less than 2 and v(r, f) ~ dr? as
r — oo for some nonzero real number d. Thus, three terms in the left hand side of (4.15) are,

respectively,
ad*r?7 =2 bdro 1, or”. (4.16)

Obviously, we have 0 > o — 1 > 20 — 2, a contradiction. Hence, when P;(z) (j =0, 1,2) are all

constants, all entire solutions of equation (1.3) satisfy p(f) > 1.
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Step 3. In what follows, we consider
deg(Po+ P + P») < max{deg P;, j =0,1,2} =n,

and f(z) is an entire solution with p(f) < 1. We divide this proof into the following two cases.

Case 1. deg P, = deg Py = deg Py = n > deg P, := deg(P> + P + P).

If ay = ag and deg(Py + P; + P) = deg P, = n — 1, then the exception of Theorem 1.6
holds. Hence, we only need to consider the following two subcases.

Subcase 1.1. as = ag and deg(Py) = k1 <n —2.

Using the same method as in the proof of the exception of Theorem 1.6, we see (4.5)-(4.8)
still hold.

Since as = ag, az + a1 + ag = 0, we have a; = —2as. Thus, we assume
P +2Py =02 +---, (s<n—1), P=cp, 2" +--- (k1 <n—2),
where by, ¢k, are nonzero constants, and so we obtain from (4.8) that
a2 2u(r, )21+ o(1)) 4+ bez* v (r, f)(1 4+ o(1)) + e, 2" (1 + o(1)) = 0. (4.17)

By asymptotic Method, v(r, f) is asymptotically equal to the solution v(r, f) of algebraic equa-

tion
n—2 2 s—1 ki _
a2z " v(r, f)° 4+ bs2° v(r, f) + ¢, 27 = 0. (4.18)

Since p(f) = 0 < 1, o is a rational number not less than 1/2, and v(r, f) ~ ar? as r — 0o

for some nonzero real number a. Thus, three terms in the left hand side of (4.18)(or (4.17)) are
agd®r" 22 boars TN oy P (4.19)

Since k1 <n—2,s<n-—1,0> %, we conclude from (4.19) that there exists only one term

aa%r™2+29 with the highest degree, a contradiction.

Hence, if P;(z) (j = 0,1,2) satisfy conditions of Subcase 1.1, every meromorphic solutions
of equation (1.3) satisfies p(f) > 1.
Subcase 1.2. as # ag and deg(Py) = ko <n — 1.

Since as + a1 + ag = 0 and as # ag, we have
ar +2az # 0,
which yields deg(P; + 2P,) = n. Thus, we assume, for a constant b(# 0),
PLt 2Py =b2" 4o

Similarly as in the proof of Subcase 1.1, (4.5)-(4.8) still hold, and the solution v(r, f) of
(4.8) is asymptoticly equal to the solution v(r, f) of algebraic equation

CLQZn_Ql/(Tﬂ f>2 + bzn_ly(ra f) + ckzzk2 = 07 (420)

where Py(z) + Py(2) + Pa(2) = g, 2" + -+, e, (5 0) and b # 0 are nonzero constants.
Since p(f) = o < 1, o is a rational number not less than 1/2 and v(r, f) ~ ar? as r — 0o

for nonzero real number a. Thus, three terms in the left hand side of (4.20) are, respectively,
asa’rn T2t pgrn—ito, CkQ?"kz. (4.21)

@ Springer



No.3 Z.X. Chen et al: SLOWLY GROWING SOLUTIONS 851

We easily obtain from % <o <1and ks <n-—1that
n—2+20c<n—14+0 and ks <n—-1+o.

Thus, there exists only one term with the highest degree n — 1+ ¢ in (4.21), which contradicts
with (4.20).

Case 2. Assume that there are only two polynomials P;(z), (j = 0,1,2) with highest
degree and deg(Py + P + Py) := deg P, < n. We would consider the following six subcases.

Subcase 2.1. deg P> = deg Py = n > deg Py, deg Py < deg(Py + P3) < deg P;.

Equation (1.3) can be rewritten as

P(2)[f(z42) = fz+ D]+ (PL(z) + P2(2)) f (2 + 1) + Po(2) f(2) = 0. (4.22)

By Lemmas 2.1-2.3 and the hypothesis that f(z) is an entire solution with p(f) < 1, we obtain
there exists e-sets F; and E,; such that

f+2)—fz+1D) =Ff(z+1)(1+0(1)), z¢E; and z — o0, (4.23)
f(2)=fz+1)(140(1)), z¢E, and z — . (4.24)

Substituting (4.23) and (4.24) into (4.22), we obtain
Py(z) ((Z + 1))( +0(1))+ P (2)+ Po(2)(1+0(1)) =0, 2 ¢ E1 U E; and z = oo, (4.25)

where Py (z) = Pi(z) + Pa(2).
Set Hy = {|z| = 7,2 € By UE,}. Then H; is a set of finite logarithmic measure. By
applying Theorem 3.1 to (4.25), we obtain
v(r, f(z+1))
PO
where |f(z41)] = M(r, f(z41)), |z| ¢ [0,1]UH,, v(r, f(241)) is the central index of f(z+1).
Rewrite (4.26) as

(14 0(1)) + P; (=) + Po(2) (1 + o(1)) = 0, (4.26)

Py(2) Po(2)
—v(r, f(z+1))(1 4+ 0(1)) —~(140(1)) =0. (4.27)
(z+1)P(2) Pr(2)
Since deg P;" > deg Py, we have, for a constant d,
Py(
P?‘ ‘_d<ooasz—>oo (4.28)
Since deg P, > deg((z + 1)Py) , we have, for a constant dy,
P,
— 1 >d d . 4.2
’(Z—Fl)Pl* >d; >0and z = o0 (4.29)

Since v(r, f(z+1)) = oo as r & Hy U Hy and r — oo, (4.27), (4.28) and (4.29) yield a
contradiction.
Subcase 2.2. deg P> = deg Py > deg Py > deg(P; + P).
Similarly as in the proof of Subcase 2.1, we also have (4.22)-(4.26), where Ey, E;, H,
and H, are defined as in the proof of Subcase 2.1.
Rewrite (4.26) as
Py(z

) Pr(z)
(z + 1)Po(2)

v(r, f(z+1))(1 +o(1)) + 1%(2)

+(1+0(1)) =0, (4.30)
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where Pj(2) = Py(z) + Pa(z) and |f(z +1)| = M(r, f(z+1)), |z + 1| ¢ Hi UH,, (H, UH, is
of finite logarithmic measure), v(r, f(z 4+ 1)) is the central index of f(z + 1).
Since deg P, > deg Py and deg P;" < deg Py, we have

P(2) Pi(z)
R m’ 0 as 2 — oo (4.31)
Thus, we again deduce a contradiction from (4.30) and (4.31) since v(r, f(z + 1)) — oo as
r¢ HyUH, and r — oo.

Subcase 2.3. deg P> = deg Py > deg P; and deg P; < deg(Ps + Py) < deg Ps.

Equation (1.3) can be rewritten as

Py(2)(f(z+2) = f(2)) + Pu(2) f(z + 1) + (Pa(2) + Po(2)) f(2) = 0. (4.32)

‘Zd2>0,

By Lemmas 2.1-2.3 and the hypothesis that f(z) is an entire solution with p(f) < 1, we see
that there exists e-sets Es and Ey, such that for z & Fs U Ej,

flz4+2) = f(z) =2 (2) A +0(1), f(z+1)= f(z)(1+0(1)) as z — co. (4.33)

Set Hs = {|z| =,z € E3 U E;}. Then Hs is a set of finite logarithmic measure.
Substituting (4.33) into (4.32), we have

2P N 14 o) 4 A+ o) + B0 =0, [l =r gt (431)
where P (z) = P2(z) + Py(z). By Theorem 3.1, we obtain
QPQ(Z) Pl(z) _
ZP;(Z)V(T, L +o0(1)) + P () (I+o0(1)+1=0 (4.35)

holds outside an exceptional set Hy of finite logarithmic measure, |f(z)] = M (r, f) and v(r, f)
is the central index of f(z).
Together with the hypotheses of Subcase 2.3, we have

deg Py > deg Py, deg Py < deg Ps,
and so

2P (2)
>b>0 . 4.36
ng‘(z)‘_ >0as z— o0 (4.36)

Pi(2)
el

for positive constants a and b .

)

Equations (4.35) and (4.36) again yield a contradiction since v(r, f) — oo as r ¢ Hs U H,
and r — oo.
Subcase 2.4. deg P, = deg Py > deg Py > deg(P2 + Fy).
Similarly as in the proof of Subcase 2.3, we also have (4.32)-(4.34).
Again by Theorem 3.1, we obtain
2P (z)
2Py (2)

b3 (z)
P1 (Z)
holds outside a exceptional set Hy of finite logarithmic measure, |f(z)] = M (r, f), v(r, f) is the
central index of f(z).

From the assumption of Subcase 2.4, we have

v(r, ) (L+0(1))+14+0(1)+

=0 (4.37)

deg Py(z) > deg P1(z), degPi(z) > deg Py,
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and so
2P2 (Z)
2P (z)

By (2)
P1 (Z)

>0,

— 0 as z = 0. (4.38)

Equations (4.37) and (4.38) again yield a contradiction since v(r, f) — oo as r ¢ Hs U H,
and r — oo.

Subcase 2.5. deg Py = deg P, > deg P5 and deg Py < deg(Py + Py) < deg P;.

Rewrite (1.3) as

Py(2)f(z+2) + Pi(2)(f(z +1) = f(2)) + (P1(2) + Po(2)) f(2) = 0. (4.39)

Similarly as in the proof of Subcase 2.3, by Lemmas 2.1-2.3, there exists e-sets F5 and Eé,, such
that for z ¢ E5 U Ey and z — oo,

f+1) = f(2) = f (A +o(1), f(z+2)= ()1 +o0(1)): (4.40)

Set Hs = {|z| =,z € E5s U E;}. Then Hj is a set of finite logarithmic measure.
Substituting (4.40) into (4.39), we obtain

Py(2)f(2)(1+0(1)) + Pi(2)f (2)(1 + o(1) + P} (2)f(2) = 0, |z| =r & Hy, (4.41)
where P (z) = Pi(z) + Po(2).

By Theorem 3.1, there exists a set Hy of finite logarithmic measure, such that for |z| = r &
Hg, |f(2)] = M(r, f),
Py(2) Pi(2)
F5(2) 2P5(2)
where v(r, f) is the central index of f(z).

From the assumption of Subcase 2.5, we have

(14 0(1)) + vir, Y (1+o(1))+1=0, (4.42)

deg P¥ > deg Py, deg Py > deg PZ,

and so for positive constants a and b,

Py

z) Pi(2)
135(3)‘§a<oo7 1

2P5(2)

‘2b>Oasz—>oo. (4.43)

Equations (4.42) and (4.43) yield a contradiction since v(r, f) — oo as |z| = r ¢ Hs U Hy
and |f(2)] = M(r, f), r — 0.

Subcase 2.6. deg Py = deg P; > deg P> > deg(P; + Fy).

Similarly as in the proof of Subcase 2.5, we see (4.39)-(4.41) also hold.

By Theorem 3.1, we obtain that

Pi(z) Pi(z) _
(I1+0(1))+ Po2) v(r, H(1+0(1)) + Pols) 0 (4.44)

holds outside a exceptional set Hé of finite logarithmic measure, v(r, f) is the central index of
f(2). From the assumption of Subcase 2.6, we easily obtain

‘ Pi(z) P (z)
2P (2) Py(2)

’Za>0,

‘ — 0 as z — oo. (4.45)

Equations (4.44) and (4.45) yield a contradiction since v/(r, f) — 0o as r ¢ HgUHg and r — oc.
g
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5 Discussions

We discuss the propositions of asymptotic method and apply them to difference equations.
We verify the existence of the slowly growing solutions to difference equations obtained by
Ishizaki-Yanagihara’s Wiman-Valiron method and Ishizaki-Wen’s binomial series method. By
asymptotic method, we give positive answers to Questions 1.2 and 1.3 for first order and second
order difference equations. It is also worth discussing how to detect the slowly growing solutions

of higher order linear difference equations by asymptotic method.
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